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Phase Separated Structures of Polymer Materials

Polymer Blends

Block Copolymers

1µm

A. K. Khandour, S. Fröster, F. S. Bates, I. W. Hamley, 

A. J. Ryan, W. Bras, K. Almdal, K. Mortensen, 

Macromolecules, 29, 8796 (1995)

Macro Phase Separation

Micro Phase Separation

“Polymer Blends and Alloys”, edited by G. O. Shonaike 

and G. P. Simon
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Micro Phase Separation

Nanoscale structuring by changing 

copolymerization ratios, molecular 

weights, and miscibility of polymers.

Polymer particles with phase separated structure?

morphology: copolymerization ratio, χN, periodicity: N



• Metamorphose from lamellar to onion

• Ashura particle for three homopolymers

Questions

What we did

• Mathematical modeling and computations for these phenomena

• Appropriate parameters for temperature change?

• Answer to mutual exclusiveness among polymers of Asyura



Modeling of diblock copolymer

What is an appropriate free energy!
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W(v)

Cahn-Hilliard equation: Mass is conserved

Allen-Cahn equation: Non-conservative

or 

No phase separation

Macro phase separation

Free energy

Double well potential

No bondings

No chemical bonding



Free energy for block 

copolymers
micro-phase separation

A and B are bonded

Bulk Phase (No solvent)



?

Chemical bonding Micro-phase separation

Fourier space

𝒌𝟐 𝒌−𝜷

These two opposite effects characterize the micro-phase wave number .  

𝒌𝒄

𝒌𝒄

𝜷 Is determined by experiments

Model the bonding

Decrease the interface area Increase the interface area

Converges weakly to zero

v oscillates rapidly around v^bar

𝒌𝒄



Ohta, Kawasaki (86,90)

Reformulated: Nishiura,Ohnishi (94),  Choksi, Ren(03)

junction point

incompatible

u(r, t) : local concentration at the position r, time t

They are repulsive, but bonded together.

Segregation Bonded: nonlocal



Block Copolymer Melts
Two different types of homopolymers are bonded

3d double gyroid

T.Teramoto and Y. Nishiura : Dynamics and morphologies of micro-phase Separation, 
JJIAMJ 27 (2010), 

3D image by X-ray computerized tomography 
by Prof.Jinnai



A short history of Ohta-Kawasaki dynamics

Y.Nishiura and I.Ohnishi, Physica D (1995) 31

Many mathematicians started to work on this problem after this.

R.Choksi, M.Peletier, J. Williams, …

Singular Limit Equations

Modified Hell-Shew equations



Application of ChomP

to copolymer problem.

Scaling law for Betti numbers 

T.Teramoto and YN, J.Phys.Soc.Japan (2002)

Exploring 3D morphology 

T.Teramoto and YN, JJIAM (2010)
Morphological characterization of the diblock copolymer problem with

Topological computation



Rigorous Existence 

for Double Gyroids

*T. Wanner, 1D problem, Disc. And Cont. Dyn.Sys., 37(2) (2017)

*J.-P.Lessard, E. Sander, and T.Wanner, J.Comp.Dyn. (2018), bif. point

*Jan Bouwe van den Berg and J.F.Williams, preprint (2018)

Contraction mapping in a gyroid symmetric space in 3D



Introduce the solvent
Particles are floating in water!

Bulk phase to Particle phase



Modeling the trilateral problem

• P1: Confinement effect 
• Divide copolymer-rich and solvent-rich phases.

• We introduce a new variable separating two regimes.

• Shape itself is formed spontaneously (not always spheres)

• P2: Micro-phase separation
• Two polymers are bonded, but repel each other
• Non-local effect

• P3: Compatibility to external solvent
• Each component of diblock copolymer may have different 

affinity to solvent.
• If outside is water, then hydrophilic (phobic) one prefers closer 

(distant) place to water. 
• We introduce a new term in the potential W(u,v)



Internal vs External

How to compromise?

repulsion

compatibility incompatibility

Solvent

 Shape variable: Cahn-Hilliard equation
 Microphase separation: Diblock copolymer model



Model free energy for 
constrained

Diblock Copolymer

Confined particle by solvent
micro-phase separation occurs inside only

E.Avalos, T. Higuchi, T. Teramoto, H. Yabu and Y. Nishiura：“Frustrated phases 
under three-dimensional confinement simulated by a set of coupled Cahn–

Hilliard equations”, Soft Matter 27 (2016)12 : 5905--5914（2016）



Minimize the Free Energy
u: shape variable
v: micro-phase variable

b1: affinity to solvent
Hydrophilic or Hydrophobic

b2: shape parameter

σ: strength of bonding

+

• E.Avalos, T. Higuchi, T. Teramoto, H. Yabu and Y. Nishiura：“Frustrated phases 
under three-dimensional confinement simulated by a set of coupled Cahn–
Hilliard equations”, Soft Matter 27 : 5905--5914（2016）



Coupled Cahn-Hilliard equations 

for constrained di-block copolymer

+

+

u divides copolymer-rich and solvent-rich phases.

v describes micro-phase separation

V = ±1: A-polymer-rich, B-polymer-rich
V = 0 : No copolymer

u : shape variable 

v : phase-separation variable 



Shape variable “u” 
uv^2 forms particle shape

A new variable u defines the shape coupled with 
uv^2 term



A and B polymers exist only 
in the region of u = 1.

Monomial −𝒖𝒗𝟐 is a good candidate!

Micro-phase separation occurs only inside of confinement
u=1

u: 

v: 
This term decreases energy when v oscillates between 1 and -1.

−𝒖𝒗𝟐 𝐫𝐞𝐩𝐞𝐫𝐞𝐬𝐞𝐧𝐭𝐬 𝐭𝐡𝐞 𝐞𝐟𝐟𝐞𝐜𝐭 𝐨𝐟 𝐜𝐨𝐧𝐟𝐢𝐧𝐞𝐦𝐞𝐧𝐭



Affinity toward solvent
(Trilateral)

The product uv plays a key role for affinity effect



Compatibility or incompatibility to external solvent

Near the boundary of confinement,  
u changes its sign from positive to negative.

Monomial 𝒖𝒗 is a good candidate!
Parallel or Crossing 

u changes sign from 
positive to negative
near the interface.

v=1: hydrophilic (A-polymer),   
v=-1: hydrophobic (B-polymer)

𝒖𝒗 𝐫𝐞𝐩𝐞𝐫𝐞𝐬𝐞𝐧𝐭𝐬 𝐭𝐡𝐞 𝐞𝐟𝐟𝐞𝐜𝐭 𝐨𝐟 𝐜𝐨𝐦𝐩𝐚𝐭𝐢𝐛𝐢𝐥𝐢𝐭𝐲

u  v           u      v



Metamorphose
from lamellar to onion

"Transformation of block copolymer nanoparticles from ellipsoids with striped lamellae 
into onion-like spheres and dynamical control via coupled Cahn–Hilliard equations"
Avalos, E., Teramoto, T., Komiyama, H., Yabu, H., Nishiura, Y. ACS Omega (2018)



annealed in a water bath at 40˚C

microwave annealing

2~4 weeks

2~4 min.

Onion

Onion

Transition

Transition

Stacked lamellar

Stacked lamellar

Disorder

Disorder

Microwave Annealing

Macromolecules, 46(10), 4064-4068 (2013)PAT. P. JP2009-188892



Lamellae Transition Onion

-60˚<θ<60˚, step 2˚

Transformation Process from Lamellae to Onion: Electron Tomography

Macromol. Rap. Commun. 2010, 31(20), 1773-1778



Transformation Process from Lamellae to Onion: Size Effect

Macromol. Rap. Commun. 2010, 31(20), 1773-1778

Thermal phase transition

Dis.

S. L.

Trans.

Oni.

10˚C as prepared

15˚C

20˚C

25˚C 40˚C
S. L.

Oni.

Oni.

Oni.

30˚C
S. L.

Oni.

S. L.

Dis.

Dis.



Temperature T is related to one of the parameters 
in our model through the following two relations.



Direct Immersion Annealing (DIA)

:Annealing in solvent

Flory-Huggins (F-H) χ Parameter 

between polymer A and B

Solubility Parameter 

of Polymer 1

Solubility Parameter 

of Polymer 2

Solubility Parameter 

of Solvent

molar volume

F-H χ Parameter 

between polymer 1 

and solvent

F-H χ Parameter 

between polymer 2 

and solvent
gas constant

temperature

(χ1s-χ2s)2↑ Temperature ↑ χ12↑

( )2

+

Macromolecules 1972, 5, 513−516. 

Relation between temperature and χ



Relation between Interfacial Thickness and χ

F-H χ Parameter 

between polymer A and B

Interfacial Thickness of 

Polymer A and B

Length of Monomer Unit

χ12↑ w↓

Increase of b1 ･･･ increase of (χ1s-χ2s)2

Increase of epsilon v ･･･ decrease of interfacial thicknesses ･･･ increase of χ12 

( increase of (χ1s-χ2s)2  and temperature)



Experiments

𝜺𝒗

𝜺𝒗 ∝ 



𝜺𝒗 becomes smaller

Simulation

𝜺𝒗

0.0020  0.018  0.014  0.010𝜺𝒗

Temperature is increased

Experiments



𝜺𝒗 is decreased

Small difference of 
compatibility

initially

b1 = 0.40



If b1 =0, no morphological change even if 𝜺𝒗 becomes smaller!

No affinity difference, nothing happens!



Reverse-onion?

Reverse onion is also confirmed experimentally!

b1 > 0 b1 < 0

Our model has predicted this phenomenon.



Asyura
（阿修羅）

3 different homopolymers





Self-ORganized Precipitation method (SORP)

Possible to make sub-micron particles



3 homopolymer blends



Electron Tomograpy of Asyura particles



2 homopolymers  3 homopolymers



Free energy for Ashura

Ashura Particles: Experimental and Theoretical Approaches for
Creating Phase-Separated Structures of Ternary Blended Polymers
in Three-Dimensionally Confined Spaces, ACS-omega (in press),
Yutaro Hirai, Edgar Avalos, Takashi Teramoto, Yasumasa Nishiura and Hiroshi Yabu



w                z

4-component model

3 homopolymers (v,w,z)＋shape u



2D・3D Asyura and the energy decay



Parameters: ϵu = 0.08, ϵv = ϵw = ϵz = 0.04, b1 = −0.08, b2 = −0.8, b3 =−0.4, b4 = −0.5, b5 = 0.0, 

τu = τv = τw = τz = 1.0. 
.



Summary

• Control of shape and phase separation

• Confinement dynamics: u-dynamics

• Micro-phase separation: v-dynamics

• Metamorphose when temperature is changed.

• Ashura particles (confined three polymers) can be 
produced both in experiments and simulations.

• Cubic term vwz is necessary!



Mathematical challenge
• Variational problem

• Rugged landscape

• Atlas for meta-stable patterns

• Singular Perturbation (Slow-Fast system) for 1D

• 8d ODE problem                                                                      

for stationary patterns



Thank you for listening!

Funding:

Modeling and Computation

Edgar Avalos     Takashi Teramoto

Experiments

Hiroshi Yabu


