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Abstract

The renormalization group (RG) method for differential equations is one of the perturbation methods
for obtaining approximate solutions. This article shows that the RG method is effectual for obtaining
an approximate center manifold and an approximate flow on it, when applied to equations having a

center manifold.

1 Introduction

The renormalization group (RG) method of Chen, Goldenfeld and Oono [2,3] is one of the perturba-
tion methods for obtaining solutions which are approximate to exact solutions for a long time interval.
Over the last decade, various methods and techniques for deriving RG equations and approximate
solutions have been studied by many authors [2,3,4,5,6,7,9,11,12,13,15]. Kunihiro [11,12] showed
that an approximate solution obtained by the RG method is an envelope of a family of curves which
are constructed by the naive expansion. Ziane [15] and DeVille ef al. [6] defined the first order RG
equation by using an averaging operator and they proved that an exact solution of a given equation
and an approximate solution obtained by the RG method are sufficiently close to each other for a long
time interval. Chiba [4,5] defined the higher order RG equation on the idea of Kunihiro, Ziane, and
DeVille et al. to obtain higher order approximate solutions. He also proved that if the RG equation
has a normally hyperbolic invariant manifold N, the original equation also has an invariant manifold
which is diffeomorphic to N.

It has been shown that the RG method covers the traditional singular perturbation methods, such as
the multi-scaling method [2,3], the boundary layer theory [2,3], the averaging method [6], the normal
form theory [5,6]. In particular, Chen, Goldenfeld, Oono [3] and Ei, Fujii, Kunihiro [7] applied the
RG method to an equation whose linear part has eigenvalues on the left half plane and the imaginary
axis to construct an approximate center manifold, while many authors had studied the case that all
eigenvalues of the linear part lie on the imaginary axis.

This paper offers a rigorous proof of the fact that the RG method provides an approximate center
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manifold, and further the RG method is improved to raise accuracy of approximation by using the
higher order RG equation. An approximate flow on an approximate center manifold is derived as
well. Moreover, it is shown that if the RG equation has a normally hyperbolic invariant manifold, a
given equation also has an invariant manifold on the center manifold. This method for obtaining an
approximate center manifold and a flow on it is called the restricted RG method because a domain of
the RG equation is restricted to a center subspace of an unperturbed part of a given equation.

This paper is organized as follows: Sec.2 presents basic facts and definitions in dynamical systems.
In Sec.3, the restricted RG method is proposed and main theorems on the restricted RG method are

proved. Sec.4 presents a few examples.

2 Basic facts

Let f be a time independent C” vector field on a C" manifold M and ¢ : RX M — M its flow,
which satisfies ¢; o ¢; = @15, Qo = idy, where idy, denotes the identity map of M. For fixed ¢t € R,
¢; : M — M defines a diffeomorphism of M. We denote by ¢,(xp) = x(), t € R, a solution of the ODE
X = f(x) through xo € M at t = 0. We assume ¢; is defined for V¢ € R.

For a time-dependent vector field, let x(z, 7, £) denote a solution of an ODE x(¢) = f(t, x) through & at
t = 7, which defines a flow ¢ : RXRXM — M by ¢, (€) = x(¢,7,€). Forfixedt,7e R, ¢, M > M
is a diffeomorphism of M satisfying

Crr O Prr = Prrs P = idy. (2.1

Conversely, a family of diffeomorphisms ¢, ; of M, which is C' with respect to ¢ and 7, satisfying

the above equality for V7, 7 € R defines a time dependent vector field on M through

d
ft,x) = Tl @ra(X). (2.2)
T lr=t

Theorem 2.1. (Fenichel, [8])

Let M be a C" manifold (r > 1), and X" (M) the set of C” vector fields on M with C! topology. Let
f be a C" vector field on M and suppose that N € M is a compact connected normally hyperbolic
f-invariant manifold. Then, there is a neighborhood U c X" (M) of f s.t. for Vg € U, there exists an
unique normally hyperbolic g-invariant C" manifold N, C M near N. In particular if g € U is within
an O(e) neighborhood of f, N, lies within an O(g) neighborhood of N as well.

See [8],[10],[14] for the proof of Thm.2.1 and the definition of normal hyperbolicity.

Definition 2.2. Let ¢, be the flow of a vector field on a manifold M. A manifold N ¢ M is called a
locally invariant manifold if there exists anumber T = T'(x) > 0 for each x € N such that {¢;(x)| - T <
t<T}CN.



Theorem 2.3. (Center Manifolds Theorem) Consider the system

{ x=Ax+ f(x,y), xeR", (2.3)

y=By+g(x,y), yeR”,
where A and B are constant matrices such that all eigenvalues of A lie on the imaginary axis and all
eigenvalues of B lie on the left half plane. Suppose that f and g are C? vector fields which vanish
together with their derivatives at the origin. Then, there exists an n-dimensional locally invariant

manifold which is tangent to the x-plane at the origin. It is called a local center manifold.

See Carr [1] for the proof of Thm.2.3.

3 Restricted Renormalization Group Method

In this section, we propose the restricted RG method for obtaining a center manifold and a flow on
it approximately.

Let F be an n X n matrix all of whose eigenvalues lie on the imaginary axis or the left half plane.
We assume that at least one eigenvalue is on the imaginary axis because if all eigenvalues lie on the
left half plane, the origin remains to be a stable fixed point of the equation under small perturbation
and topological properties of the flow near the origin is trivial. Further, we suppose that the Jordan
block corresponding to the eigenvalues on the imaginary axis is semisimple. Let g(z, x, €) be a time-
dependent vector field on R"” which is C* class with respect to ¢, x and € € R. Let g(¢, x, &) admit a
formal power series expansion in &, g(t, x, &) = g1(t, x) + £g2(t, x) + g2 g3(t,x) +---. We suppose that
gi(t, x)’s are periodic in ¢ and polynomial in x, whose degrees are equal to or larger than 1, although
the results in this section still hold even if g;(¢, x)’s are almost periodic in € R as long as the set of

Fourier exponents of g;(#, x)’s has no accumulation points (see Chiba [4]).

Consider an ODE
x=Fx+eg(tx,e)
= Fx+s&g(t,x) + &gyt x) +---, xeR", (3.1)
where & € R is a small parameter. Replacing x in (3.1) by x = xq +&x1 +&°x5 +- - -, we rewrite (3.1) as
. . 2. _ 2 N i 2
Xo+exi+expy+---=F(xg+ex; +¢ xz+---)+28g,~(t,x0+sx1 +E X +-0). 3.2)

i=1

Expanding the right hand side of the above equation with respect to € and equating the coefficients of



each & of the both sides, we obtain ODEs for xg, X, X, - - - as

)'C() = FX(), (33)
X1 = Fxi +G(t, xp), (34)
X = Fxj + Gi(t, X0, X1, , Xi—1), (3.5)
where the inhomogeneous term G; is a smooth function of ¢, xg, x1, - - - , x;_1. For instance, G, G, and
G are given by
G1(t, x0) = g1(1, x0), (3.6)
0
Galt x0. 1) = ZE- (0, 0)x1 + galt, 30) (3.7)
10° 0 0
Gi(t, X0, X1, %2) = = =50 (6, %) + ok (1, x)x2 + o2 (1, x0)x1 + g3(1, X0), (3.8)
2 Ox ox ox

respectively. We denote by X(f) = e’ the fundamental matrix of the unperturbed equation xy = Fxq.
Let Ny be the center subspace, which is a hyperplane in R” spanned by the eigenvectors of F associated
with eigenvalues on the imaginary axis. Note that if A € Ny, then X(¥)A € Ny for all # € R.

Define functions R; : Ny — R” and hgi) Ny » R"withi=1,2,--- by

Ri(A):= lim % f X(s) " g1(s, X(s)A)ds, (3.9)
RV(A) = X(1) f (X(9)7'g1(s. X(5)4) = R(A)) ds, (3.10)

and

Ri(A) = lim % f (X' Gi(s. X(9A, hV(A), -+ WD (A))

i-1

~X(5)™" > (DAP)4R;_1(A))ds, (3.11)
k=1

1 (A4) = X(1) f (X5 Gils, X(9A K (A), -+ KD (A)

i-1
—X(5)™" > (DAP)4R;_1(A) - Ri(A))ds, (3.12)

k=1
fori = 2,3,---, where (Dhﬁk))A denotes the derivative of hgk)(A) with respect to A € R". Note that
hgk)(A) is differentiable as a function on R”. Integral constants of the indefinite integrals of the above
equations are taken to be zero. What this means is as follows: Since g;(#, x) is a polynomial in x and
since it can be expanded into the Fourier series with respect to ¢, it is easy to see that each integrand

in Egs.(3.9) to (3.12) can be written as a linear combination of functions of forms ¢**, ¢ € C. In
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particular, the integrand in Eq.(3.10) does not have a constant term because if the Fourier series of
X(s)~'g1(s, X(s5)A) has a constant term with respect to ¢, it has to be equal to the term R} (A). Therefore
we can take the integral constant of the indefinite integral f t(X ()7 'g1(s, X(5)A) — R{(A))ds to be zero
so that the indefinite integral is written as a linear combination of functions of forms ¢*, & # 0. Func-
tions hgi)(A), i =2,3,--- are defined in a similar way so that X (t)‘lhgi)(A) are linear combinations of

functions of forms €', & # 0. Note that R;(A)’s are independent of integral constants in Eqs(3.9),(3.11).
Lemma 3.1. Functions R{(A), R2(A), - - - are well defined and
(i) each R;(A) satisfies R;(A) € Ny,

(ii) each A\ (A) is bounded uniformly in 7 € R.

Proof. We can assume that F is of the form

A
F = ’ Al 0 .
0 S
where eigenvalues A;,---,4; lie on the imaginary axis and eigenvalues A;1,---,4, of S lie on
the left half plane with Re(4;41) > --- > Re(d4,). Let m, and n; be the projections from R”
onto the center subspace Ny = {(x1,---,x5,0,---0)|x; € R} and its complementary subspace

NOl ={(0,---0,x41, -, x,) | x; € R}, respectively. Since g;(¢, x) and X(#)A with A € Ny are bounded
in ¢ € R, there exists a positive constant C such that ||g; (¢, X(1)A)|| < C for each A € Ny. Since the
integrand X(s)~'g1(s, X(s)A) in Eq.(3.9) is bounded in s < 0, it is easy to verify that the limit in
Eq.(3.9) converges and R;(A) is well-defined.

To prove the lemma (i) for i = 1, note that there exist positive constants D, ¢ such that |7, X 1 <

De Re@n)i=0t for t < (0 and —Re(A;41) — 8 > 0. Then, 7,R;(A) proves to satisfy

. I _
IRy A < lim — f I X(5) ™" 15, X()A)|ds
1 f
< lim — f CDe Rets=dsg6 — ),
t——oco0 —f
This means that Ry (A) € Ny. Next, to prove (ii) of the lemma, we evaluate ||7rsh§1)(A)|| to get

s s
VA < f X (= $)g1(5, X(9)A) = 1 X(OR (A)llds < f CDRU900-95 (313

Since the integral constant is equal to zero, we obtain IIﬂ‘YhEI)(A)II < —CD/(Re(A;;1) + 6). On the other
hand, nchgl)(A) satisfies

7 h(A) = m.X(1) f t(nL.X(s)_l g1(5. X()A) - R (A))ds. (3.14)
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Then, the boundedness of the nchgl) (A) results from Prop.A.4 of Chiba[4], in which the boundedness of
h;i)(A), i=1,2,--- is proved for the case that all eigenvalues of F lie on the imaginary axis. Therefore
KD (A) = nh P (A) + n.hV(A) is bounded uniformly in 7 € R.

Lemma 3.1 for R;(A), hgi)(A), i =2,3,--- is also proved by induction in the same manner as above.

By Lemma 3.1 (i), each R;(A) defines a vector field on Nj.
Definition 3.2. Along with R (A),---,R,(A) given by Eqs.(3.9),(3.11), we define the m-th order
restricted RG equation for Eq.(3.1) to be

A =eR(A) + ERy(A) + - + €"R,(A), A € N,. (3.15)

Using hgl)(A), e ,hE’")(A) given by Eqs.(3.10),(3.12), we define the m-th order RG transformation

a; : No — R" by
ai(A) = X(DA + ehV(A) + - - + "™ (A). (3.16)

Remark 3.3. A few remarks are in order. While R;(A) € Ny C R” is an n-dimensional vector, as many
as dim/y component equations in Eq.(3.15) are independent of one other. Thus we regard Eq.(3.15)
as a dimNy-dimensional differential equation. Since X(¢) is nonsingular and hgl)(A), e ,hgm)(A) are
bounded uniformly in ¢ € R, for sufficiently small |g|, there exists an open set U = U(g) C Ny
including the origin such that U is compact and the restriction of a; to U is diffeomorphism from U

into R". It is easy to verify that a,(0) = 0, thus @,(U) includes the origin.

Now we are in a position to state fundamental results of our restricted RG method.
Theorem 3.4. (Approximation of Orbits)
Let A = A(?) be a solution to the m-th order restricted RG equation (3.15). Define the curve x(¢) by

(1) = a(AD) = X(OA®W) + ehlV(A®D) + - - - + "W (A(1)). (3.17)

Then, there exist positive constants &y, C, T and a compact subset V = V(e) C ay(Ny) including
the origin such that for V|e| < g, every solution x(7) of Eq.(3.1) and x(r) defined by Eq.(3.17) with
x(0) = x(0) € V satisfy the inequality

[lx(2) = X(1)l| < Ce™, (3.18)
forO0<r<TJe.

Theorem 3.5. (Approximation of Vector Fields)

Let ¢ be the flow of the m-th order restricted RG equation for Eq.(3.1) and @, the m-th order RG
transformation. Then, there exists a positive constant &y such that the following holds for V|e| < gy:
(i) A map
1, (U) - R (3.19)

. RG
D,y 1= 0 Pr—ty © ¥y,
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defines a local flow on «,,(U) for each #y € R, where U = U(g) C Ny is an open set on which ¢, is a
diffeomorphism (see Rem.3.3). The ®,,, induces a time-dependent vector field F; through

d
Fs(t9 X) = % a:tq)a,f(x)e X € a’t(U)e (320)

whose integral curves are the approximate solutions x(7) defined by Eq.(3.17).

(ii) There exists a time-dependent vector field F, +(, x) such that

F.(t,x)=Fx+eg1(t,x)+ - +&"gu(t,x) + &V Fu(t,x), x € a,(U) (3.21)

where I::S(t, x) is C* class with respect to t,x and . In particular, Fg(t, x) and its derivatives are
bounded uniformly in # € R.

Theorem 3.4 and Theorem 3.5 are proved in the same manner as in Thm.A.8 and Thm.A.6 of
Chibal4], respectively, in which the theorems are proved for the case that all eigenvalues of F' lie

on the imaginary axis.

The following two theorems are concerned with an autonomous equation

¥=Fx+eg(x)+&g(x)+---, xeR", (3.22)

where € € R is a small parameter. Like Eq.(3.1), F' is an n X n matrix all of whose eigenvalues lie on
the left half plane or the imaginary axis, and the Jordan block corresponding to the eigenvalues on the
imaginary axis is semisimple. Further g;(x)’s are polynomial vector fields on R" whose degrees are

equal to or larger than 1.

Theorem 3.6. (Inheritance of the Symmetries)

(i) Suppose that a Lie group G acts on the center subspace Ny spanned by eigenvectors of F' asso-
ciated with eigenvalues on the imaginary axis. If vector fields Fx and g;(x), g2(x), - -, are invariant
under the action of G, then the m-th order restricted RG equation for Eq.(3.22) is also invariant under
the action of G.

(i1) The m-th order restricted RG equation commutes with the linear vector field Fx with respect to

Lie bracket product. Equivalently, each R;(A), i = 1,2, - - - satisfies

X(MRi(A) = Ri(X(HA), A € Nj. (3.23)

Theorem 3.7. (Existence of Invariant Manifolds)

Let *R;(A) be a first non-zero term in the RG equation (3.15). If the vector field Ry (A) on Ny has
a compact normally hyperbolic invariant manifold My C N, then the original equation (3.22) also has
a normally hyperbolic invariant manifold M., which is diffeomorphic to My, for sufficiently small |g|.

In particular, the stability of M, and of M, coincide.



Theorem 3.6 and Theorem 3.7 are proved in the same manner as in Thm.A.9 and Thm.A.7 of
Chibal4], respectively, in which the theorems are proved for the case that all eigenvalues of F lie

on the imaginary axis.

If degrees of polynomials g;(x)’s in Eq.(3.22) are equal to or larger than 2, Eq.(3.22) has a dimNy-
dimensional local center manifold tangent to Ny at the origin. If g;(x)’s have linear parts, Eq.(3.22) no
longer has a dimNy-dimensional center manifold because the linear part of right hand side of Eq.(3.22)
no longer has dimN, eigenvalues on the imaginary axis in general. However, even in this case, there
exists a locally invariant manifold which is diffeomorphic to a dimNy-dimensional closed ball. This
fact is explained as follows: Recall that Ny is a normally hyperbolic invariant hyperplane of the vector
field Fx. Fix an n-dimensional closed ball K including the origin. We can perturb the vector field Fx in
a small neighborhood of the boundary of K so that Ny N K is a normally hyperbolic invariant manifold
of the resultant perturbed vector field, say Fx+ h(x). If € > 0 is sufficiently small, by Thm.2.1, a vector
field Fx + h(x) + €g1(x) + - - - has a normally hyperbolic invariant manifold N, which is diffeomorphic
to Ny N K. Since h(x) has its support in a small neighborhood of the boundary of K, Eq.(3.22) has N,
as a locally invariant manifold. In what follows, a locally invariant manifold in the above sense is also

called a center manifold.

a:(No)

\\/ "
Fig. 1: A center subspace Ny, a center manifold N,, and an approximate center manifold «,(Np).

Now our purpose is to construct a center manifold of Eq.(3.22) approximately. Before showing the

main theorem, we need a lemma.

Lemma 3.8. The set «,(Ny) := {@,(A)|A € Ny} is independent of r € R, where «, is the m-th order
RG transformation for Eq.(3.22).

Proof. At first, we prove that h”,(A) = h”(X(#')A) hold for i = 1,2,--- and V' € R. Since

t+t



R/(X(1)A) = X(1)Ri(A) holds by Thm.3.6 (ii), 1" (X(1)A) is calculated as
KP(X()A) = X(1) f I(X(s)‘lGl(X(s)X(t’)A) - Ri(X(t)A))ds
= X()X(t') f t(X(t’)_lX(s)_lGl(X(s)X(t’)A) - RI(A)) ds
= X(t+1) f [(X(s +1)7'G1(X(s + 1)A) - R(A)) ds.
By putting s + ¢ = ', the above equation results in
KYX(E)A) = Xt +1) f " (X()'G1(X(s)A) = Ri(A)) ds” = 1), (A). (3.24)

The equalities R (A) = hfi)(X(t’)A) fori =2,3,--- are proved in a similar manner by induction. Since

t+t
X(?) is a diffeomorphism on Ny, we obtain K (Ny) = h;i)(No) and this proves a,+r(Ng) = a,(Ny). ®

t+t

Theorem 3.9. (Approximation of Center Manifolds)

Let a, be the m-th order RG transformation for Eq.(3.22) and W c U be a compact subset including
the origin, where U C Ny is an open set on which «; is a diffeomorphism (see Rem.3.3). Then, the set
a;(W) lies within an O(£"*") neighborhood of a center manifold N, of Eq.(3.22).

Proof. By Thm.3.5, the approximate vector field F, defined on a,(U) is C' close to the restriction
of the original vector field Fx + £g;(x) + - -+ to a,(U) within an O(¢"*!). Let K be an n-dimensional
closed ball including W and «,(W). We can extend F, to a vector field F defined on K such that
Fllkna,w) = Felkna,w) and FJ is C! close to the original vector field Fx + £g;(x) + --- on K within
an O(£"™*"). Since a,(W) is a locally invariant manifold of F -, our theorem immediately follows from
Thm.2.1. [ ]

The present method for obtaining an approximate center manifold and an approximate flow on the
manifold defined by Eq.(3.19) is called the restricted RG method because the domain of the RG equa-

tion and the RG transformation are restricted to Ng.

4 Examples

In this section, we show two simple examples of the restricted RG method.

Example 3.10. Consider the system on R?,

e 0 1 0)(x yZ?
7 yi=|l-1 0 0 y|+e - . 4.1
"z 0 0 -1z V2 + Xz



A general solution of the unperturbed part is given by

X0 Acost+ Bsint pe' + pe~it
yo |=| —Asint+ Bcost | = | ipe —ipe™ |, (4.2)
20 Ce™ Ce™

where (A, B, C) € R? is an initial value and p is defined by p = A/2 + B/(2i). Introducing the complex
variable p makes it simple to work with the RG equation. The center subspace for the unperturbed
equation is expressed as Ny = {(A, B,0) | A, B € R}. The first order restricted RG equation and the first
order RG transformation for Eq.(4.1) are given by

d 3i 2
dpy_sie( PP e (4.3)
dr\p 2 \-plpl
cost sint 0 A
a,(A,B)=| —sint cost O ||B
0 0 e*'J1lo
%63”_Z|p|2pelt+%e—Szt_leFﬁe—zt
3p .. 3 . 3p 3 )
+& i(%e:ilt_i_ lelzpen_ %e—?ut_ Z|P|2ﬁ€_”) s (44)
2 —2
P i 2 - o
——e" +2|pI" + ——
Tr¢ TAPE e

respectively. Therefore, an approximate center manifold of Eq.(4.1) is expressed as

ao(No) = {(A, B,ep(A, B)}, 4.5)
2 —2
4 2 P 2.5, 35, 2
A.B) = P+ —P = ZA2 4 2B 4 ZAB. 46
$AB) = T AP+ T = 5AT R 5B+ S (4.6)

2
Equivalently, the approximate center manifold is expressed as the graph of the function z = egx2 +

2
55 ¥V + 8§xy in (x, y, z) space. This result coincides with an approximate center manifold obtained by

amethod in [1]. The restricted RG equation (4.3) is solved as
1 3
p@) = Ea expi(ggazt + 9) ,

where a, 6 are arbitrary constants. With this p(¢), an approximate solution defined by Eq.(3.17) on the

center manifold of (4.1) is given by

—~ 3 3 9 3ea’ 3
x(1) = acos({azt +1+ 6’) + 2 cos (—Sazt + 3¢+ 30) _ 2T cos(—gazt +1+ 6’),

32 8 16 8
3 3
) = —a sin(:%gazt +1+ 6’) - 338—; sin(%azt +3t+ 30) - 318—2 sin(%gazt Fr+ 6)),

2 2 3 2 3
=0 (Z 2t 29) RN (Z 2+ 29).
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0.0

0.04+

z 0.03

0.02+

Fig. 2: An exact solution (solid line) to Eq.(4.1) and the approximate solution on the center mani-
fold (dashed line).

Numerical observation for £ = 0.01 is presented in Fig.2. The solid line denotes an exact solution
to Eq.(4.1) with initial value (x,y,z) = (1,0, 3), which is out of the center manifold, and dashed line

denotes the above-stated approximate solution with @ = 1,0 = 0 on the approximate center manifold.

Example 3.11. We can show that the Hopf bifurcation occurs in the Lorenz equations by applying

Thm 3.7. Consider the Lorenz equations

X =—10x + 10y,

y=proy o “7)

= —gz + Xy,
where p € R is a parameter. This system has three fixed points:
0,0,0), (a(p),alp),p = 1), (=alp),—a(p),p = 1), (4.8)

where a(p) = / %(p — 1). To show the presence of a bifurcation from the fixed point (a(p), a(p),p — 1),
we change the coordinate by x — x+a(p), y — y+a(p), z — z+ (p—1). Then the system is rewritten

as
X =—10x + 10y,

y=x—-y—alp)z- XSZ’ (4.9)
z=a(p)x + a(p)y — §Z + xy.
When p = pg := 470/19, the derivative of the right hand side of the above system at the origin has the

41 110
=, 4B =4d—i. 4.1
@ 3 B == T (4.10)

This means that the origin is not hyperbolic fixed point, so that the Hopf bifurcation may occur. Since

eigenvalues

we are interested in the behavior of the system near the origin and near the value of the parameter

a = a(pog) = +/8/3(po — 1), we change the coordinates by
x=¢X, y=¢gY, z=¢Z, “4.11)

11



and put

alp) =a—&*, a= +/8/3(po— 1) = 4/3608/57. (4.12)

Substituting (4.11),(4.12) into the system (4.9), we obtain

J(X) (-10 10 0 (X 0 0
—lvl=l 1 =1 =a ||Y|+e|=-XZ|-&| -z |. (4.13)
dr| , a a -83)\z Xy X+Y

Further, we change the coordinate so that the matrix in the right hand side of the above is brought
into the diagonal matrix diag (8, =8, @). Then, the center subspace of the unperturbed equation of the
resultant system is expressed as Ny = {(X, ¥,0) | X, Y € R} and the second order restricted RG equation

for the system is given by

190
FYRT V514144 914388885204°8 2086 V6154 714354199417 || {7 A’B
=- -1 -1 ,
© 47779 18481807848339 47779 55445423545017

190
_38VSI4I4B 91438888520A8% 2086 V6Isp 714334199417y TTAB?
47779 " 18481807848339 47779 55445423545017

B/s2 =

14)
Note that the first order restricted RG equation R; vanishes. On putting A = re’ and B = A, Eq.(4.14)
is brought into

7= —82p1r+82p21"3,
0= —&201 — 20,62
= =€ QI & Q2 )

(4.15)
190
3851414 91438888520  2086V6ls /1435419941777
PY= 7779 P2 T 18481807848339° 11 T T 47779 17 T T55445423545017

The equation of r has two fixed points r = O and r = rp := \/;sz, and it is easy to show that the
fixed point ry is unstable. This proves that the RG equation (4.14) has an unstable normally hyperbolic
invariant circle. By Thm.3.7, the equation (4.9) also has an unstable periodic orbit if a(p) is slightly
smaller than @ = v/3608/57.
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