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Abstract

The normal form theory for polynomial vector fields is extended to those for C* vector
fields vanishing at the origin. Explicit formulas for the C* normal form and the near identity
transformation which brings a vector field into its normal form are obtained by means of the
renormalization group method. The dynamics of a given vector field such as the existence
of invariant manifolds is investigated via its normal form. The C* normal form theory is
applied to prove the existence of infinitely many periodic orbits of two dimensional systems
which is not shown from polynomial normal forms.

1 Introduction

The Poincaré-Dulac normal form is a fundamental tool for analyzing local dynamics of
vector fields near fixed points [?, ?, ?]. It gives a local coordinate change around a fixed
point which transforms a given vector field into a simplified one in some sense. The normal
form theory have been well developed for polynomial vector fields; if we have a system of
ordinary differential equations dx/dt = x = f(x) on R" with a C* vector field f vanishing
at the origin (i.e. f(0) = 0), we expand it in a formal power series as

x=Ax+gx) +gx)+---, xeR” (1.1)

where A is a constant matrix and g;(x)’s are homogeneous polynomial vector fields of degree
k. Then, normal forms, simplified vector fields, for polynomials g,, g3, - - - are calculated one
after the other as summarized in Section 2. A coordinate transformation x +— y which brings
a given system into a normal form is of the form

x=h) =y+h(+h)+---, (1.2)

where /;’s are homogeneous polynomials on R” of degree k that are also obtained step by
step. It is called the near identity transformation. Since h(y) is constructed as a formal
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power series, it is a diffeomorphism only on a small neighborhood of the origin. In order
to investigate the local dynamics of a given system, usually its normal form and the near
identity transformation are truncated at a finite degree. We will refer to this method as the
polynomial normal form theory.

In this paper, we establish the C* normal form theory for systems of the form x =
Ax + €f(x) by means of the renormalization group (RG) method, where A is a diagonal
matrix, f is a C* vector field vanishing at the origin and ¢ is a small parameter. The RG
method has its origin in quantum field theory and was applied to perturbation problems of
differential equations by Chen, Goldenfeld and Oono [?, ?]. For a certain class of vector
fields, the RG method was mathematically justified by Chiba [?, ?, ?]. Our method based
on the RG method allows one to calculate normal forms of vector fields without expanding
in a power series. For example if f is periodic in x, its C* normal form and a near identity
transformation are also periodic. As a result, the C* normal form may be valid on a large
open set or the whole phase space and it will be applicable to detect the existence of invariant
manifolds of a given system.

In Sec.2, we give a brief review of the polynomial normal forms. In Sec.3.1, we provide
a direct sum decomposition of the space of C* vector fields vanishing at the origin, which
extends the decomposition of polynomial vector fields used in the polynomial normal form
theory. Properties of the decomposition will be investigated in detail to develop the C*
normal form theory. In Sec.3.2, we give a definition of the C* normal form and explicit
formulas for calculating them are derived by means of the RG method. In Sec.3.3, we
consider the case that the linear part of a vector field is not hyperbolic. In this case, it is
proved that if a C* normal form has a normally hyperbolic invariant manifold N, then the
original system also has an invariant manifold which is diffeomorphic to N. This theorem
will be used to prove the existence of infinitely many periodic orbits of a two-dimensional
system in Section 4.

2 Review of the polynomial normal forms

In this section, we give a brief review of the polynomial normal forms for comparison with
the C* normal forms to be developed in the next section. See Chow, Li and Wang [?],
Murdock [?] for the detail.

Let us denote by PX(R") the set of homogeneous polynomial vector fields on R” of degree
k. Consider the system of ordinary differential equations on R”

d
d—); =x=Ax+en(x)+g(x0)+---, xeR" (2.1)
where A is a constant nxn matrix, g; € PY(R") fork = 2,3, ---, and where & € R is a dummy

parameter which is introduced to clarify steps of the iteration described below. Note that if
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we have a system X = f(x) with the C* vector field f satisfying f(0) = O, putting x — &x
and expanding the system £x = f(ex) in € yields the system (??).
Let us try to simplify Eq.(??) by the coordinate transformation of the form

x=y+eh(), h e P*R". (2.2)

Substituting Eq.(??) into Eq.(??) provides

oh
(id + 8a—;(y))y' = A(y + ehy(y) + £82(y + () + £°g3(y + el () + -+ . (2.3)

Expanding the above in &, we obtain
. ahZ o~
y=Ay+e(g0) - a—y(y)Ay + ALY |+ e g+, (2.4)

where g3 € P3(R"). Let us define the map £, on the set of polynomial vector fields to be

0
LuUH = L oAx- Af(. 2.5)

In components, this implies
INGEEDY a—)fAj,kxk - D Auifi).
jk=1 """ j=1

Since L, keeps the degree of a monomial, it gives the linear operator from P*(R") into
P¥(R™) for any integer k. Thus, the direct sum decomposition

PR") = Im Lyl pr ey ® Ci (2.6)

holds, where C; is a complementary subspace of Im L4|p«g+. One of the convenient choices
is Cr = Ker (Lalpigrn)*, where (La|prgn)* is the adjoint operator with respect to a given
inner product on P*(R"). In particular, it is known that (L] pkrn)” = La|pewny holds for a
certain inner product, where A* denotes the adjoint matrix of A:

PAR") = Im L] pi ey ® Ker L | prro.- (2.7)

Here we note that the equality £,(f)(x) = 0 is equivalent to the equality f(e?'x) = e f(x)
fort € R;

Ker Ly:|pirn = {f € PR | f(e x) = e f(x)).
Since Eq.(??) is written as
¥ = Ay +&(22(0) — La(h)(y) + 2835 + -+, (2.8)
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there exists i, € P2(R") such that g, — L (/) € Ker Ly-|p2 .
Next thing to do is to simplify g3 € P*(R") by the transformation of the form

y=z+&hiz), h;e PPR". (2.9)

It is easy to verify that this transformation does not change the term g, — £L4(h,) of degree
two and we obtain

¥ = Ay + 8(g2(0) = Lal)) + £ (@) — Lal)() + O(EY). (2.10)

In a similar manner to the above, we can take /3 so that g3 — L4(h3) € Ker L+|psgn).
We proceed by induction and obtain the well-known theorem.

Theorem 2.1. There exists a formal power series transformation
X =7+ eh(z) + Ehy(z) + - (2.11)

with i € PX(R") such that Eq.(2??) is transformed into the system
t=Az+eR(2) +ERy(D) + -+ -, (2.12)

satisfying R; € Ker £4- N P*(R") for k = 2,3, - - . The transformation (??) is called the near
identity transformation and the truncated system

2=Az+ Ry (2) + ER3(2) + - - + €"R,u(2) (2.13)

is called the normal form of degree m.

Remark 2.2. A few remarks are in order. The near identity transformation (??) is a dif-
feomorphism on a small neighborhood of the origin. Egs.(??) and (??) are not convergent
series in general even if Eq.(??) is convergent. See Zung [?] for the necessary and suffi-
cient condition for the convergence of normal forms. Note that a normal form (??) is not
unique. It is because there are many different choices of 4, in Eq.(??) which yield the same
R, := g» — L4(hy), while such different choices of &, may change Rz, Ry, - - -. The simplest
form among different normal forms are called the hyper-normal form [?, ?].

It is known that if A = diag(4;,---,4,) is a diagonal matrix, Im £, and Ker L4- (=
Ker £L,) are given by

Im £, N PY(RY) spanf{ x{'x3* - - - xe; | Z Aq; # A, Z g =k}, (2.14)
= =)

Ker L. N P(R") (f € PARY | f(e"'x) = " f(x))

span{ x?'xP ... xIe; | Z/quj = A, Z qg;=kl,  (2.15)
=1 =1
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respectively, where ey, - - - , e, are the canonical basis of R". Indeed, we can verify that
n
LA xlre) = (Y gy = A)x{ X - xe. (2.16)
=1

The condition }_; 1;q; = 4; is called the resonance condition. This implies that Ry consists
of resonance terms of degree k.

3 C* normal form theory

In this section, we develop the theory of normal forms of the system

d

d—j —i=Ax+en(n)+ () +-, xeR’ 3.1)
for which g, is a C* vector field, not a polynomial in general. We suppose that a matrix A is
a diagonal matrix. If A is not semi-simple, by a suitable linear transformation and the Jordan
decomposition, we can assume that A is of the form A = A + &N, where A is diagonal and
N is nilpotent. By replacing g,(x) to g,(x) + Nx, we can assume without loss of generality

that A is a diagonal matrix.

3.1 Decomposition of the space of C* vector fields

Let Py(R") be the set of polynomial vector fields on R” whose degrees are equal to or larger
than one. Define the linear map L4 on Py(R") by Eq.(??). Then, Eq.(??) gives the direct
sum decomposition

PyR") =Im L, ®Ker L,. 3.2)

Note that Ker £, = Ker L4 because A is diagonal by our assumption. By the completion,
the direct sum decomposition (??) is extended to the set of C* vector fields vanishing at the
origin.

Theorem 3.1. Let K C R” be an open set including the origin whose closure K is compact.

Let X7 (K) be the set of C* vector fields f on K satisfying f(0) = 0. Define the linear map
Ly XJ(K) — X7 (K) by Eq.(??). Then, the direct sum decomposition

X (K) =V, ® Vg (3.3)

holds, where
V] = Im.EA, (34)
Vi :=Ker Ly = {f € Xy (K) | f(e*x) = &' f(x)}. (3.5)



Proof. Since the set of polynomial vector fields is dense in X7 (K) equipped with the C*
topology (Hirsch [?]), for any u € X (K), there exists a sequence u, in Py(R") such that
u, = uasn — ooin Xg(K). Let u, = v, + w, with v, € Im Ly|p,rn), W, € Ker Lylpyrr)
be the decomposition along the direct sum (??). Since u, is a Cauchy sequence in X7 (K),
u,(x) — u,(x) is sufficiently close to zero with its derivatives uniformly on any compact sub-
sets in K if n and m are sufficiently large. Hence, u, — u,, is a polynomial whose coefficients
are sufficiently close to zero. Since v, and w,, consist of non-resonance and resonance terms,
respectively, they do not include common monomial vector fields. This shows that v, — v,
and w, — w,, are also Cauchy sequences in X7(K), thus v, and w, converge to v and w,
respectively. Since L, is a continuous operator on X7(K), Lyw, = 0 proves w € Ker Ly.
For v, € Im Ly, take F,, € Py(R") satisfying v, = L4 F, and F,, € Im £, that is uniquely
determined through Eq.(??);

n
-1 n _ -1
(Lalm )™ G xlre) = () Aq; = )7 6 x5 - e
j=1

This proves that F), is also a Cauchy sequence converging to F € X7(K) and v = LyF €
L X7 (K). The desired decomposition u = v + w is obtained. O

We define the projections #; : X (K) — V; and Px : XJ(K) — Vi. For g € V;, there
exists a vector field F € X7 (K) such that

oF
La(F) = Ix DAx — AF(x) = g(x). (3.6)

Such F(x) is not unique because if F satisfies the above equality, then F' + h with h € Vi
also satisfies it. We write F' = Q(g) if F satisfies Eq.(??) and Px(F) = 0. Then Q defines
the linear map from V; to V. In particular, we have

Qo Ly(F)=F, Ly0oQ@Q) =g, (3.7)

for any F,g € V;. We show a few propositions which are convenient when calculating
normal forms.

Proposition 3.2. The following equalities hold for any g € V.

i) PxkoQ(g =0, (3.8)
(i) Q[Dg-Q(g)+DA(g) - gl = PiIDA(g) - A2)], (3.9)
(iii) e g(e®x) = %(e‘A“'Q(g)(eAsx)), seR, (3.10)

where D denotes the derivative with respect to x.



Proof. Part (i) of Prop.3.2 follows from the definition of Q. To prove (ii), we write F' = Q(g).

By using Eq.(??), it is easy to verify the equality
0 (OF
ox \ ox

It is rewritten as

LA[DQ(g) - QA(g)] = Dg - Q(g) + DQ(g) - g

oF 0 oF
() F (X)) Ax—-A (a—(X)F (X)) = —g(X)F (x) + —(x)g(x).
X 0x ox

(3.11)

Applying Q in the both sides and using (??) proves (ii). Part (iii) of Prop.3.2 is shown as

% (e Q(g)(e*0)

e L4 0Qg) (M x) = e g(e™x). O

We define the Lie bracket product (commutator) [ -, -] of vector fields by

0 0
(£.8100 = L g - oo,
o0x 0x
Proposition 3.3. If g,h € Vg, then Dg - h € Vg and [g, h] € V.
Proof. It follows from a straightforward calculation. O

Proposition 3.4. For g € V; and h € Vi, the following equalities hold:

. Og 9g,\ _ Q)
M) 6xh€vl’ Q(axh)_ Ox h

ox ox
(i) [g.hl €V, Qg h]) = [Q(g),h].

Proof. Put F' = Q(g). Note that g and 4 satisfy the equalities Eq.(??) and

oh oh oh
(i) —geV, Q(—g) = aQ(g),

%(X)Ax —Ah(x) =0.
ox

By using them, we can prove the following equalities
F F
g 6—(X)h(X) Ax—-A 6—(X)h(X) = %(X)h(X),
0x 0x 0x

ox

0

Jh oh oh
P (a(x)F(X)) Ax—A (a(X)F(X)) = a(x)g(x)a

—Ae™Q(g)(e™x) + e DQ(g) (e x) - Ae™x

(3.12)

(3.13)

(3.14)
(3.15)

(3.16)

(3.17)

which imply that dg/dx - h € V; and 0h/dx - g € V;. The same calculation also shows that
OF/dx - h € V; and 0h/dx - F € V;. Since Q = L' on V;, (2?) and (2?) give (i) and (ii) of

Prop.3.4, respectively. Part (iii) immediately follows from (i) and (ii). O

Remark 3.5. Props.3.3 and 3.4 imply [Vg, Vk] C Vg and [V}, V] C V,. However, [V}, V;] C

V} is not true in general.



3.2 C* normal forms
Let us consider the system on R” of the form
X:Ax+8g1(x)+£2g2(x)+-~~ , xeR", (3.18)

where A is a constant n X n diagonal matrix, g;(x), g2(x),--- € XF(R") are C* vector fields
vanishing at the origin, and € € R is a parameter. To obtain a normal form of Eq.(??), we use
the renormalization group method. According to [?], at first, we try to construct a regular
perturbation solution for Eq.(??). Put

Xx=Rt)=xg+&x, +Ex+ - (3.19)

and substitute it into Eq.(??) :

i i = A i e x + i Skgk(i &'x;). (3.20)
k=0 k=0 k=1 =0

Expanding the right hand side with respect to & and equating the coefficients of each &, we
obtain the system of ODEs

Xo = AX(), (321)
X1 = Ax; +Gi(xp), (322)
X,- = Axi + Gi('x05 X150y xi—1)7 (3'23)

where the functions Gy, are defined through the equality

Z 8kgk(z ijj) = Z 8ka(xo, Xi,0 00, Xk-1)- (3.24)
k=1 j=0 k=1
For example, G, G, and Gj3 are given by
G1(x0) = g1(x0), (3.25)
d
Galixo, 1) = ZH(0)x1 + ga(xo). (3.26)
16? d d
G3(x0,¥1, %) = = =L (i) + B (o) + 2 (x)xy + g3(x0),  (3.27)
2 Ox ox ox

respectively. Since all systems are inhomogeneous linear equations, they are solved step by
step. The zeroth order equation &, = Ax is solved as x(f) = 'y, where y € R" is an initial
value. Thus, the first order equation is written as

X1 = Axy + g1(eMy). (3.28)
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A general solution of this system whose initial value is x;(0) = i (y) is given by

!
x1(1) = e"h V() + f e Mg (e™y)ds. (3.29)
0

Now we consider choosing 4" so that x;(f) above takes the simplest form. Put P;(g1) = g1;
and Pk(g1) = g1x- Then, Prop.3.2 (iii) is used to yield

t t
X1 (l,) eAth(l)(y) + eAt f e—ASg”(eAsy)ds + eAt f e—ASglK(eAsy)ds
0 0

ta !
e"h(y) + eA’f % (e_ASQ(gu)(eAS)’)) ds+ et f gik(y)ds
0 0

MhD () + Qgin(e™y) — e"QgiN ) + Mgkt (3.30)

Putting 7Y = Q(g,;), we obtain

xi(1) = Q(gu)(eAtY) + glK(eA[y)t- (3.31)

Note that the term g, x(e*'y)t is so-called the secular term. This is reduced to the resonance
term explained in Section 2, when g; is polynomial. Next thing to do is to calculate x;. A
solution of the equation of x;, is given by

! 0
() = HP(y) + e f e_AS(%(emy)(@(gu)(e“y) + g1k(e™y)s) + ga(ey) |ds, (3.32)
0

where h®(y) = x,(0) is an initial value. By choosing A® appropriately as above, we can
show that x, is expressed as

0Q(g11)
dy

10
x() = QPI(Ry)(eMy) + (PK(Rz) + guc) (@)t + =2 (Ay)g ik (MR, (3.33)

2 oy
where R, is defined by
0Q(g11)

Rz()’) = Gz(y,Q(gu)(y))— (')y (V)gll(()’)
= i + 200~ 2280 g, (3.34)
y dy

These equalities are proved in Appendix with the aid of Propositions 3.2 to 3.4. By proceed-
ing in a similar manner, we can prove the next proposition.

Proposition 3.6. Define functions Ry, k = 1,2,--- on R" to be

Ri(y) = g1(»), (3.35)



and

Ri(y) = Gi(y, QPI(RI)()’) QP (R)(Y), -+ , QP 1(Ri-1)(y))

0QP (R
Z ’( S PR ) (3.36)

for k =2,3,---. Then, Eq.(??) has a solution

x; = xi(1,y) = QPIR)(EMy) + p(e¥'y)t + p () + - + p (e, (3.37)
where p(l)’s are defined by
i—1
,. OQP (R
P00 = PeR)0) + > R o ko) (3.38)
k=1 0}’
_ 1 i-1 9 (_k)1
PO == — OO (=23, i 1), (3.39)
= oy
. 1 ap(_i—])
Pl0) = 7= OPKR)O) (3.40)
PP =0, (> . (3.41)

This proposition can be proved in the same way as Prop.A.1 in Chiba [?], in which Prop.3.6
is proved by induction for the case that all eigenvalues of A lie on the imaginary axis.
Now we have a formal solution of Eq.(??) of the form

x=20y) = My+ ) &ny)
k=1
= My+ ) & (QPIREMY) + pP(ety)t) + O(). (3.42)
k=1

This solution diverges as t — oo because it includes polynomials in . The RG method is

used to construct better approximate solutions from the above formal solution as follows
2,2,2,2.7].

oooooo

We replace polynomials #* in Eq.(??) by ( — 1), where 7 € R is a new parameter. Next,
we regard y = y(7) as a function of 7 to be determined so that we recover the original formal
solution :

2(t,y) = My(0) + Z (@P1(RIEy(@) + PP YN = 1) + O = 7)) (3.43)

Since X(,y) is independent of the “dummy” parameter 7, we impose the condition

dr

Xty)=0 (3.44)

7=t
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on Eq.(??), which is called the RG condition. This condition provides

(o8]

d 0 R d
0= eAtd_); +28k (%(eAty)eAtd_); _p(lk)(eAty)). (345)
=

Substituting Eq.(??) yields

0 = eAt@ + Z e (—8QPI(Rk)

By (e"'y)e

ardy
dt

(o)

0QP (R
—Ze:@K(Rk)(eAfy) Z Z ’( AP (PR e

(o9

_ At d_y_ j _ N kaQPl(Rk) At At
= ¢ [dt ;S?K(RJ)()/) +kZ::‘8 o (e™'y)e

dy >
=) ePu(R j)(y)] . (3.46)

j=1
Now we obtain the ODE of y as

[e9)

d :
2= PR, (3.47)

dt =
which is called the RG equation. This is equivalent to the polynomial normal form given in
Theorem 2.1 (up to the linear transformation z = ¢*”) when g;’s are polynomial. See [?] for
the detail. Since Eq.(??) is independent of 7, we put 7 = ¢ to obtain

i(t,y(0) = eMy(0) + ) QPR )(EVY(D), (3.48)
=1
where y(?) is a solution of Eq.(??). This X(z, y(¢)) gives an approximate solution of the system
(??) if the series is truncated at some finite order of &. Since Px(R)) satisfies Px(R,)(e*y) =
e Px(R;)(y), putting e*'y = z transforms Eqs.(??) and (??) into

d S
= = AZ+ZSJSDK(R,-)(Z), (3.49)
it eM2(t) = 20+ ) EQPIR)GE)), (3.50)
j=1

respectively. Since Px(R;) € Vi, we conclude that Eqs.(??) and (??) give a normal form
of the system (??) and a near identity transformation x +— z. Indeed, the next theorem is
reduced to Theorem 2.1 when g; € PX(R").

Theorem 3.7. Define the m-th order near identity transformation to be

x =72+ eQP1(R)(2) + EQPI(R)(2) + - - - + £"QP1(R,)(2). (3.51)
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Then, it transforms the system (??) into the system
2= Az + ePr(R)(2) + Pr(R) (@) + -+ - + &"Pr(R,)(2) + €S (z, €), (3.52)
where S (z, €) is a C* function with respect to z and £. We call the truncated system
2= Az+ ePx(R)() + EPx(R)R) + - - + &"P(Ry)(2) (3.53)

the m-th order normal form of Eq.(??). This system is invariant under the action of the
one-parameter group z — e*z, s € R.

Proof. By putting z = e*’y in Egs.(??) and (2?), we prove that the transformation
x =My + eQP(R)(€My) + -+ + £"QP(R,)(e™y) (3.54)
transforms (??) into the system
V= ePr(R)Y) + - - + E"Pr(R)Y) + ™18 (1, y, &). (3.55)

The proof is done by a straightforward calculation. By substituting Eq.(??) into Eq.(??), the
left hand side is calculated as

“ R “ R
dx =|eM + Z 8kw(eA’y)eAt v+ Aey + Z skw(eA’y)AeA’y. (3.56)

dt — ay - dy
Since QP (Ry) satisfies the equality
0QP (R

Eq.(??) is rewritten as

dx | 4 N yOQPIRY) . ar  ar). At N k At At
i [e t+;8 a—y(e ey + Ae’ly +;£ (Pl(Rk)(e y) + AQP;(R;)(e y)). (3.58)

Furthermore, P;(Ry) = Ry — Px(Ry), (2?) and (??) are put together to yield

% _ (eAt_l_ZSk@QP;(Rk)( Aty At]y+A€Aty+Z(9AQPI(Rk)(e y)
k=1 k=1

+ ), Gy, @Ry, -+, QPR )(y))

k=1

k-1 aa@
’( IXARD (YR eMy) - PRI, (3.59)

j=1
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On the other hand, the right hand side of Eq.(??) is transformed as

Aty + Y EQPIRIE ) + ) dguley + > QPR )(eMy)
k=1 k=1 j=1
= Ae'y+ ) AQP(R)(EMY)
k=1

+ Z gGi(eMy, QP (R)(eMy), - , QP1(Ri-1)(€y)) + O™, (3.60)
k=1

Thus Eq.(??) is transformed into the system
m -1
0QP;(R
eAz+ng QP( k)(eAty)eAt %
k=1 Oy
> &

k=1

<.
Il

PK<Rk)<eAfy>+Z QP’( /

j=1

—At [id + Z(—l)j [Z e"mgg—’y(R")(eA’y)] J X

=1

———(")Pr (R j)(eA’y)} +0("™)

m

R m—k .
Y EPRIO) + Z SR ey s%(R,-)(y)) + O™

i=1 i=1

m J m
skPK<Rk><y>+e‘AfZ<—1>J[Z e"%w/“y)] MY EPKR)G) + OE")

J=1 k=1 8y i=m—k+1

Il
M I

PxROY) + OE™).

k=1
This proves that Eq.(??) is transformed into the system Eq.(??). O

Remark 3.8. Eq.(??) is valid on a region including the origin on which the near identity
transformation (2?) is a diffeomorphism. In the polynomial normal form theory described
in Section 2, since £'QP;(R;)(z) is a polynomial in z of degree k, the near identity transfor-
mation may not be a diffeomorphism when z ~ O(1/¢) in general. For the C* normal form,
the near identity transformation may be a diffeomorphism on larger set. For example if
QP (R)(2), k=1,2,--- ,mare periodic as Example 4.1 below, Eq.(??) is a diffeomorphism
for any z € R" if ¢ is sufficiently small.

3.3 Non-hyperbolic case

If the matrix A in Eq.(??) is hyperbolic, which means that no eigenvalues of A lie on the
imaginary axis, then the flow of Eq.(??) near the origin is topologically conjugate to the
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linear system X = Ax and the local stability of the origin is easily understood. If A has
eigenvalues on the imaginary axis, Eq.(??) has a center manifold at the origin and nontrivial
phenomena, such as bifurcations, may occur on the center manifold. We consider such a
situation in this subsection. By using the center manifold reduction [?, ?], we assume that
all eigenvalues of A lie on the imaginary axis. We also suppose that A is diagonal as before.
In this case, the operators Px and QP; are calculated as follows:

Recall that the equality

! t t
f e—A(s—t)g(eA(s—t)x)ds — f e—A(S—I)Pl(g)(eA(S—l)x)ds + f e—A(S—I)PK(g)(eA(S—t)x)ds
0 0 0

= QPI(g)(x) — e"QP ()€™ x) + Pk(g)()t (3.61)

holds. We have to calculate QP;(g) and Px(g) to obtain the normal form (??). Since
e5g(e**x) is an almost periodic function with respect to s, it is expanded in a Fourier
series as e g(ex) = 3 cp (A, X)e V145, where A is the set of the Fourier exponents and
c(4;, x) € R" is a Fourier coefficient. In particular, the Fourier coefficient c(0, x) associated
with the zero Fourier exponent is the average of e *g(e**x):

!

1
c(0,x) =lim - | e g(e*x)ds. (3.62)

t—oo

Thus we obtain

!
f e—A(s—t)g(eA(.v—t)x)ds
0

!
f Z c(A;, x)e V-LAiGs=0 g ¢
0

/l,‘EA

> x/—% (s 91 —e VT o000 (3.63)

;%0

Comparing it with Eq.(??), we obtain

Pr(g)(x) = c(0,x) = tlim % fe_A“'g(eA‘Yx)ds, (3.64)
1 t
Q@i = Y, —Z—cllin) =l [ (Ve = Pulo)o) ds. (3.65)
A;#0 - i

where f " denotes the indefinite integral whose integral constant is chosen to be zero. These
formulas for Px and QP; allow one to calculate the normal forms systematically.

Now we suppose that the normal form for Eq.(??) satisfies Px(Ry) = - -+ = Px(R-1) =0
for some integer m > 1. By putting z = e*'y, Eq.(??) takes the form

¥ = &"Pk(Ry) + OE™). (3.66)

14



If € is sufficiently small, some properties of Eq.(??) are obtained from the truncated system
v = &"Pk(R,,). In this manner, we can prove the next theorem.

Theorem 3.9 [?, ?]. Suppose that all eigenvalues of the diagonal matrix A lie on the imag-
inary axis and that the normal form for Eq.(??) satisfies Px(R;) = - - = Px(R,,—1) = 0 and
Pk(R,) # 0 for some integer m > 1. If the truncated system dy/dt = &"Px(R,,)(y) has
a normally hyperbolic invariant manifold N, then for sufficiently small |g|, the system (??)
has an invariant manifold N, which is diffeomorphic to N. In particular the stability of N,
coincides with that of N.

This theorem is proved in Chiba [?] in terms of the RG method and a perturbation theory
of invariant manifolds [?]. For many examples, m = 1 and thus the dynamics of the original
system (??) is investigated via the first order normal form

dy

1 [ ;
= = PxRI) = () = - lim = f egi(e"y)ds, (3.67)

which recovers the classical averaging method. See [?, ?] for many applications for the
degenerate cases m > 2 and relationships with other perturbation methods.

4 Examples

In this section, we give a few examples to demonstrate our theorems.

Example 4.1. Consider the system on R?

{ X| = xp + 2&5sin xy, (4 1)

Xy = =X,
where € > 0 is a small parameter. We put x; = z; + 25, X = i(z; — z2) to diagonalize Eq.(??)
as .
R R e N
dt\z 0 —-i)\z sin(z; + 22)
where i = V—1. We calculate the normal forms of this system in two different ways, the
polynomial normal form and the C* normal form.

(I) To calculate the polynomial normal form, we expand sin(z; + z) as

d (Z1 iz 2+ Zz) € ((Zl +25)° ) € ((Z1 +2)° ) € ((Z1 +20)’ )
— =| 7 |+e - 3 |+ == s |- 2+
dt\z —izy 27+ 6\(z1+2) 120 \ (21 + z2) 5040 \ (z1 + z2)

4.3)
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The fourth order normal form of this system is given by

i(h) _ ( Iy1 )+8(}’1)_§(}’1(Y1)’2+i))
dr\y —iy> 2] 2\ y»0ny2-10)
i (yfyz(ylyz + 6,-)) & (yl(y?yi +39iyty; + 54y1y, + 18i)

- — : 7). 44
12\ y1y3(y1y2 — 6i) yz(y?y§—39ty%y§+54y1yz—181)) 4

144

Putting y; = re, y, = re™ yields

& 4.5)

: €3, &5 & .7 3
=&r— = —r - — 54r°),
{r er 2r—;—lzr 14(r+ r’)
)=1-=+— -6 — — (39" + 19).
0 > + B 6r 144(39r + 18)
Fixed points of the equation of r (i.e. the zeros of the right hand side) imply periodic orbits
of the original system (??). The near identity transformation is given by

1 1 3 2 3 5.5
=y + =2y = 6y1y; — ¥3) + 00y}, y3)
(zl):(y1)+8l- 2" 24 ! 22 SR (4.6)
)

2 Syt ﬁ()’? +6y1y2 = 2y3) + 007, 3)

and it is easy to see that this gives a diffeomorphism only near the origin.

(II) Let us calculate the C* normal form of Eq.(??). The first term Px(R;) of the normal
form is given by using Eq.(??) as

4.7)

) 1 t e—is 0 sin eis +€7ix
Pr(R)(1,v2) = lim — f ( . )( (€™, yz)) "

e™ )\ sin(e’y; + e 5y,)

Thus the first order normal form is given by

i(h):( i)"l )+ £ foz;e_.it Siin(éityl +€_.ity2)df . 4.8)
dt\y —1y2 2r fo e sin(e"y; + e "y,)dt
Putting y; = re, y, = re™ yields
e 27
= o f cost - sin(2r cos t)dt = £J,(2r),
R G (4.9)

0=1+ £ sint - sin(2rcost)dt = 1,
r Jo

where J,(r) is the Bessel function of the first kind defined as the solution of the equation

’7

X" +rx + (r* —n®)x = 0. By Eq.(??2), it is easy to verify that the first order near identity
transformation is periodic in y; and y, although we can not calculate the indefinite integral

in Eq.(??) explicitly. Thus there exists a positive number & such that if 0 < & < g, the near
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identity transformation is a diffeomorphism on R?. Since J;(2r) has infinitely many zeros,
Thm.3.9 proves that the original system (??) has infinitely many periodic orbits.

Example 4.2. Consider the system on R? of the form

{ 7:61 = x + 2eg(x1), 4.10)
X2 = —X1,
where the function g(x) is defined by
X, X€[2n,2n+1),
= 4.11
) {—x, xe2n+1,2n+2), @10

forn=0,1,2,--- and g(x) = —g(—x) (see Fig.1 (a)).

(a) (b)
gx) gx)

A / A /

W 4
<Y

N

Fig. 1: The graphs of the functions g(x) and g(x).

We add to Eq.(??) a small perturbation whose support is included in sufficiently small
intervals (n — 6,n + 0), n € Z so that the resultant system

X; = X + 2e8(xy),
Xy = =Xy,

(4.12)

is of C* class (see Fig.1 (b)). Like as Example 4.1, the first order C* normal form of this
system written in the polar coordinates is given by

21
f= L f cost - g(2rcost)dt := £ R(r),
T 0 2n (4.13)

e 27
9:1+—f sint-g(2rcost) = 1.
27T 0

17



On the outside of the support of the perturbation, the function R(r) is given by

R(r):{Zﬂr, re2n+6,2n+1-9), 4.14)

=2nr, re@n+1+06,2n+2-90).

By the intermediate value theorem, R(r) has zeros near r = n € Z. In particular, fixed points
near r = 2n + 1 is attracting. This and Thm.3.9 prove that Eq.(??) has stable periodic orbits.
Therefore Eq.(??) has attracting invariant sets near the stable periodic orbits of Eq.(??).

If we apply the polynomial normal form to Eq.(??) after expanding g(x) at the origin,
we obtain the normal form i = er, which is valid on a small neighborhood of the origin.

A Appendix

In this appendix, we derive Eq.(??) from Eq.(??). By integrating by parts, Eq.(??) is calcu-
lated as

! 0
x = MhP@y) +eY f e‘“(%(e“y)é?(gu)(e’“y)+gz(e“y))ds
0
t 6 ! S , 8 i ,
+e f e‘“%(e“y)gm(e“y)ds 1—e f ds f e %(e“ ygix(e" y)ds’
0 X 0 0 X
!
— eAth(Z)(y) + eAtfe—AS (%(eASy)Q(g”)(eAsy) + gZ(eASy)) dS
0 X

0
+et f e glK(e’“y)g k(€ y)ds - t+e f A g”(e*"y)g x(eMy)ds - t

—e fdsf glK(eAsy)g x(e y)ds' — fdsf g”(eAS V)€1 k(e y)ds'.

Since Dgix - g1x € Vkx and Dgy; - g1x € V; by Props.3.3 and 3.4, we obtain

x, = hPy)+ et f e‘AS(%(eASy)Q(gu)(eAsy)+gz(e“y))ds
0

Atagll(

(y)gm(y)t +Q(ﬁgm) eyt - A’Q(ﬂgm) )t

¢’ 6—K(\/)gu<(y)sds—e f( ‘AAQ(—gl )(eA"y)—Q(%gm)(y))ds
0 0 X

d 0 oRQ
= MhP@y) + e f e‘As(ﬁQ(gquz— a(i”)gm) (e*y)ds
0

1 ,.0
+§eAt%<y>gm<y>r2+ (g”)<e/*’y>g k(@y)r.
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Since R, is defined by Eq.(??), the above is rewritten as

! !
X2 = MhP(y) + e f e PR, (eMy)ds + e f e MPr(Ry)(e*y)ds
0 0

0
+36" EE (gk + a(g”)(e/”wg k(M)

= eAth(2’(y)+Q¢’1(Rz)(eA’y) QP I(Ro)(y) + e Pr(Ro) ()t

glK(y) KO)E + a(gll)

5€ (e*y)gik(e ).

Putting #¥ = QP;(R,), we obtain Eq.(??).
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