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Abstract

The Kuramoto model is a system of ordinary differential equations for describing syn-
chronization phenomena defined as a coupled phase oscillators. In this paper, a bifurcation
structure of the infinite dimensional Kuramoto model is investigated. A purpose here is
to prove the bifurcation diagram of the model conjectured by Kuramoto in 1984; if the
coupling strength K between oscillators, which is a parameter of the system, is smaller
than some threshold K., the de-synchronous state (trivial steady state) is asymptotically
stable, while if K exceeds K., a nontrivial stable solution, which corresponds to the syn-
chronization, bifurcates from the de-synchronous state. One of the difficulties to prove
the conjecture is that a certain non-selfadjoint linear operator, which defines a linear part
of the Kuramoto model, has the continuous spectrum on the imaginary axis. Hence, the
standard spectral theory is not applicable to prove a bifurcation as well as the asymptotic
stability of the steady state. In this paper, the spectral theory on a space of generalized
functions is developed with the aid of a rigged Hilbert space to avoid the continuous spec-
trum on the imaginary axis. Although the linear operator has an unbounded continuous
spectrum on a Hilbert space, it is shown that it admits a spectral decomposition consist-
ing of a countable number of eigenfunctions on a space of generalized functions. The
semigroup generated by the linear operator will be estimated with the aid of the spectral
theory on a rigged Hilbert space to prove the linear stability of the steady state of the sys-
tem. The center manifold theory is also developed on a space of generalized functions. It
is proved that there exists a finite dimensional center manifold on a space of generalized
functions, while a center manifold on a Hilbert space is of infinite dimensional because of
the continuous spectrum on the imaginary axis. These results are applied to the stability
and bifurcation theory of the Kuramoto model to obtain a bifurcation diagram conjectured
by Kuramoto.
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Fig. 1: The order parameter of the Kuramoto model.

1 Introduction

Collective synchronization phenomena are observed in a variety of areas such as chemical
reactions, engineering circuits and biological populations [38]. In order to investigate such
phenomena, Kuramoto [26] proposed the system of ordinary differential equations

do; K< .
EZwi+NjZ]SIH(9j—0,~), i=1,--- N, (1.1)
where 6; = 6;(t) € [0,2n) is a dependent variable which denotes the phase of an i-th
oscillator on a circle, w; € R denotes its natural frequency, K > 0 is a coupling strength,
and where N is the number of oscillators. Eq.(1.1) is derived by means of the averaging
method from coupled dynamical systems having limit cycles, and now it is called the
Kuramoto model.

It is obvious that when K = 0, 6;(¢) and 6;(¢) rotate on a circle at different velocities
unless w; is equal to w;, and this fact is true for sufficiently small K > 0. On the other hand,
if K is sufficiently large, it is numerically observed that some of oscillators or all of them
tend to rotate at the same velocity on average, which is called the synchronization [38, 43].
If N is small, such a transition from de-synchronization to synchronization may be well
revealed by means of the bifurcation theory [12, 28, 29]. However, if N is large, it is
difficult to investigate the transition from the view point of the bifurcation theory and it is
still far from understood.

In order to evaluate whether synchronization occurs or not, Kuramoto introduced the

order parameter r(t)e V-"® by
L&
V-1u(t) . _ V=16;(1)
r(t)e =5 ,-251 eV Y, (1.2)

where 1,y € R. The order parameter gives the centroid of oscillators. It seems that if
synchronous state is formed, r(¢) takes a positive number, while if de-synchronization is
stable, r(f) is zero on time average (see Fig.1). Further, this is true for every r when N
is sufficiently large so that a statistical-mechanical description is applied. Based on this
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Fig. 2: Typical bifurcation diagrams of the order parameter for the cases that (a) g(w) is
even and unimodal (b) g(w) is even and bimodal. Solid lines denote stable solutions and
dotted lines denote unstable solutions.

observation and some formal calculations, Kuramoto conjectured a bifurcation diagram
of () as follows:

Kuramoto conjecture

Suppose that N — oo and natural frequencies w;’s are distributed according to a proba-
bility density function g(w). If g(w) is an even and unimodal function such that g”(0) # 0,
then the bifurcation diagram of r() is given as Fig.2 (a); that is, if the coupling strength K
is smaller than K, := 2/(7g(0)), then r(¢) = 0 is asymptotically stable. On the other hand,
if K is larger than K, the synchronous state emerges; there exists a positive constant r,
such that r(t) = r. is asymptotically stable. Near the transition point K., r. is of order
O((K = Ko)'/?).

A function g(w) is called unimodal (at w = 0) if g(w;) > g(w,) for 0 < w; < w, and
g(wy) < g(wy) for w; < w; < 0. Now the value K. = 2/(ng(0)) is called the Kuramoto
transition point. See [27] and [43] for Kuramoto’s discussion.

In the present paper, the Kuramoto conjecture will be proved in the following sense:
At first, we will define the continuous limit of the model in Sec.2 to express the dynamics
of the infinite number of oscillators (N — o). The trivial steady state of the continuous
model corresponds to the de-synchronous state » = 0. For the continuous model, the
following theorems will be proved.

Theorem 1.1 (instability of the trivial state). Suppose that g(w) is even, unimodal and
continuous. When K > K, := 2/(rg(0)), then the trivial steady state of the continuous
model is linearly unstable.

This linear instability result was essentially obtained by Strogatz and Mirollo [44].
Although we do not give a proof of a local nonlinear instability, it is proved in the same
way as the local nonlinear stability result below.

Theorem 1.2 (local stability of the trivial state). Suppose that g(w) is the Gaussian
distribution or a rational function which is even, unimodal and bounded on R. When
0 < K < K, there exists a positive constant ¢ such that if the initial condition /(6) for the



continuous model (2.1) satisfies

21
f eV R0)do
0

<6, j=L2,---, (1.3)

then the continuous limit 7(¢) of the order parameter defined in (2.1) decays to zero expo-
nentially as t — oo.

This stability result will be stated as Thm.6.1 in more detail: under the above assump-
tions, the trivial state of the continuous model proves to be locally stable with respect
to a topology of a certain topological vector space constructing a rigged Hilbert space.
Thm.1.2 is obtained as a corollary of Thm.6.1.

Theorem 1.3 (bifurcation). Suppose that g(w) is the Gaussian distribution or a rational
function which is even, unimodal and bounded on R. For the continuous model, there
exist positive constants gy and ¢ such that if K. < K < K, + & and if the initial condition

h(0) satisfies
21

e V"I h(0)de
0

<5 j=1,2---, (1.4)

then the continuous limit 7(¢) of the order parameter tends to the constant expressed as

f -16
r(t) = [n()| = m VK -K.+OK - K,), (L.5)

as t — oo. In particular, the bifurcation diagram of the order parameter is given as Fig.2

(a).

This result will be proved in Thm.7.10 with the aid of the center manifold theory on a
rigged Hilbert space. Again, a bifurcation of a stable nontrivial solution of the continuous
model will be proved with respect to a topology of a certain topological vector space.

A few remarks are in order.

e Our bifurcation theory is applicable to a certain class of distribution functions g(w). It
will turn out that one of the most essential assumptions is the holomorphy (meromorphy)
of g(w). For example, let us slightly deform the Gaussian g(w) so that it sags in the center
as it becomes bimodal function. In this case, since g”(0) > 0, |(¢)| above is positive when
K < K.. This means that a subcritical bifurcation occurs and the bifurcation diagram
shown in Fig.2 (b) is obtained at least near the bifurcation point K = K.

e [tis proved in [11] that the order parameter (1.2) for the N-dimensional Kuramoto model
converges to that of the continuous model (2.1) as N — oo in a certain probabilistic sense
for each t > 0.

e In [10], bifurcation diagrams of the Kuramoto-Daido model (i.e. a coupling function
includes higher harmonic terms such as sin2(6; — 6;)) are obtained in the same way as
the present paper, although the existence of center manifolds has not been proved for the
Kuramoto-Daido model.

e In this paper, only local stability is proved and global one is still open.



In the rest of this section, known results for the Kuramoto conjecture will be briefly
reviewed and our idea to prove the above theorems are explained. See Strogatz [43] for
history of the Kuramoto conjecture.

In the last two decades, many studies to confirm the Kuramoto conjecture have been
done. Significant papers of Strogatz and coauthors [44, 45] investigated the linear sta-
bility of the trivial solution, which corresponds to the de-synchronous state r = 0. In
[44], they introduced the continuous model for the Kuramoto model to describe the situ-
ation N — oo. They derived the Kuramoto transition point K. = 2/(g(0)) and showed
that if K > K, the de-synchronous state is unstable because of eigenvalues on the right
half plane. On the other hand, when 0 < K < K, a linear operator 7, which defines
the linearized equation of the continuous model around the de-synchronous state, has no
eigenvalues; the spectrum of 7'} consists only of the continuous spectrum on the imaginary
axis. This implies that the standard stability theory of dynamical systems is not applicable
to this system. However, in [45], they found that an analytic continuation of the resolvent
(1 — Ty)"! may have poles (resonance poles) on the left half plane for a wide class of
distribution functions g(w). They remarked a possibility that resonance poles induce a
decay of the order parameter r by a linear analysis. This claim will be rigorously proved
in this paper for a certain class of distribution functions by taking into account nonlinear
terms (Thm.1.2). In [34], the spectra of linearized systems around other steady states,
which correspond to solutions with positive r = r,, are investigated. They found that lin-
ear operators, which is obtained from the linearization of the system around synchronous
states, have continuous spectra on the imaginary axis. Nevertheless, they again remarked
that such solutions can be asymptotically stable because of the resonance poles.

Since results of Strogatz et al. are based on a linearized analysis, effects of nonlin-
ear terms are neglected. To investigate nonlinear dynamics, the bifurcation theory is often
used. However, investigating the bifurcation structure near the transition point K. involves
further difficult problems because the operator 7'; has a continuous spectrum on the imag-
inary axis, that is, a center manifold in a usual sense is of infinite dimensional. To avoid
this difficulty, Bonilla et al. [2, 7, 8] and Crawford et al. [13, 14, 15] added a perturbation
(noise) with the strength D > 0 to the Kuramoto model. Then, the continuous spectrum
moves to the left side by D, and thus the usual center manifold reduction is applicable.
When g(w) is an even and unimodal function, they obtained the Kuramoto bifurcation
diagram (Fig.2 (a)), however, obviously their methods are not valid when D = 0. For
example, in Crawford’s method, an eigenfunction of 7 associated with a center subspace
diverges as D — 0 because an eigenvalue on the imaginary axis is embedded in the con-
tinuous spectrum as D — 0. Thus the original Kuramoto conjecture was still open.

Despite the active interest in the case that the distribution function g(w) is even and
unimodal, bifurcation diagrams of r for g(w) other than the even and unimodal case are
not understood well. Martens et al. [31] investigated the bifurcation diagram for a bimodal
g(w) which consists of two Lorentzian distributions. In particular, they found that stable
synchronous states can coexist with stable de-synchronous states if K is slightly smaller
than K, (see Fig.2 (b)). Their analysis depends on extensive symmetries of the Kuramoto
model found by Ott and Antonsen [36, 37] (see also [32]) and on the special form of g(w),
however, such a diagram seems to be common for any bimodal distributions.

In this paper, the stability, spectral and bifurcation theory of the continuous model



of the Kuramoto model will be developed to prove the Kuramoto conjecture. Let T}
be a linear operator obtained by linearizing the continuous model (2.1) around the de-
synchronous state. The spectrum and the semigroup of 7'; will be investigated in detail.
The operator T| = T,(K) defined on the weighted Lebesgue space L*(R, g(w)dw) has the
continuous spectrum o.(7) on the imaginary axis for any K > 0. For example, when
g is the Gaussian distribution, then o .(T}) = V=1R. At first, we derive the transition
point (bifurcation point) K, for any distribution function g(w); When K > K., T has
eigenvalues 4 = A(K) on the right half plane. As K decreases, A(K) goes to the left side,
and at K = K, the eigenvalues are absorbed into the continuous spectrum on the imagi-
nary axis and disappear. When 0 < K < K, there are no eigenvalues and the spectrum
of T consists of the continuous spectrum. As a corollary, the Kuramoto transition point
K. = 2/(ng(0)) is obtained if g(w) is an even and unimodal function. When K > K, it is
proved that the de-synchronous state is unstable because the operator 7'} has eigenvalues
on the right half plane.

On the other hand, when 0 < K < K, the operator 7 has no eigenvalues and the
continuous spectrum lies on the imaginary axis. Thus the stability of the de-synchronous
state is nontrivial. Despite this fact, under appropriate assumptions for g(w), the order
parameter proves to decay exponentially to zero as t — oo because of the existence of
resonance poles on the left half plane, as was expected by Strogatz et al. [45]. To prove
it, the notion of spectrum is extended. Roughly speaking, the spectrum is the set of
singularities of the resolvent (1 — T)~!. However, if g(w) has an analytic continuation,
the resolvent has an analytic continuation if the domain is restricted to a suitable function
space. The analytic continuation has singularities, which are called resonance poles, on
the second Riemann sheet. By using the Laplace inversion formula for a semigroup, we
will prove that the resonance poles induce an exponential decay of the order parameter.
This suggests that in general, linear stability of a trivial solution of a linear equation on an
infinite dimensional space is determined by not only the spectrum of the linear operator
but also its resonance poles.

Next purpose is to investigate a bifurcation at K = K.. To handle the continuous
spectrum on the imaginary axis, a spectral theory of the resonance poles is developed
with the aid of a rigged Hilbert space (Gelfand triplet). A rigged Hilbert space consists of
three topological vector spaces

XcHcX,

a space X of test functions, a Hilbert space H (in our problem, this is the weighted
Lebesgue space L*(R, g(w)dw)) and the dual space X’ of X (a space of continuous lin-
ear functionals on X called generalized functions). A suitable choice of X depends on
g(w). In this paper, two cases are considered: (i) g(w) is the Gaussian distribution, (ii)
g(w) is a rational function (e.g. Lorentzian distribution g(w) = 1/(n(1 + w?))). For the
case (i), X := Exp, is a space of holomorphic functions ¢(z) defined near the real axis
and the upper half plane such that supy,, ., |¢(2)le P is finite for some & > 0 and 5 > 0.
For the case (i1), X := H, is a space of bounded holomorphic functions on the real axis
and the upper half plane. For both cases, we will show that if the domain of the resolvent
(1 —T)) ! is restricted to X, then it has an X’-valued meromorphic continuation from the
right half plane to the left half plane beyond the continuous spectrum on the imaginary
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axis. Although (1 — T})! diverges on the imaginary axis as an operator on H because
of the continuous spectrum, it has an analytic continuation from the right to the left as
an operator from X into X’. Singularities of the continuation of the resolvent is called
resonance poles 4, (n = 0,1,---). We will show that there exists a generalized function
U, € X’ satisfying

f,un = ﬁnﬂm

where 77 : X" — X' is a dual operator of T’ and y, is called the generalized eigenfunction
associated with the resonance pole. Despite the fact that 7' is not a selfadjoint operator
and it has the continuous spectrum, it is proved that the operator 7, admits the spectral
decomposition on X’ consisting of a countable number of generalized eigenfunctions:
roughly speaking, any element ¢ in X is decomposed as

¢ = iﬂn(¢) *Hn-
n=0

Further, it is shown that for the case (i1), the decomposition is reduced to a finite sum be-
cause of a certain degeneracy of the space X = H,. We further investigate the semigroup
generated by 7' and the projection to the eigenspace of w,,. It is proved that the semigroup
e’ behaves as

=) @)
n=0

for any ¢ € X. This equality completely determines the dynamics of the linearized Ku-
ramoto model. In particular, when 0 < K < K, all resonance poles lie on the left half
plane: Re(4,) < 0, which proves the linear stability of the de-synchronous state. When
K = K_, there are resonance poles on the imaginary axis. We define a generalized center
subspace E. on X’ to be a space spanned by generalized eigenfunctions associated with
resonance poles on the imaginary axis. It is remarkable that though the center subspace in
a usual sense is of infinite dimensional because of the continuous spectrum on the imagi-
nary axis, the dimension of the generalized center subspace on X’ is finite in general. The
projection operator to the generalized center subspace will be investigated in detail.

Note that the spectral decomposition based on a rigged Hilbert space was originally
proposed by Gelfand ef al. [19, 30]. They proposed a spectral decomposition of a self-
adjoint operator by using a system of generalized eigenfunctions, however, it involves
an integral; that is, eigenfunctions are uncountable. Our results are quite different from
Gelfand’s one in that our operator 7 is not selfadjoint and its spectral decomposition
consists of a countable number of eigenfunctions.

Finally, we apply the center manifold reduction to the continuous Kuramoto model by
regarding it as an evolution equation on X’. Since the generalized center subspace is of fi-
nite dimensional, a corresponding center manifold on X’ seems to be a finite dimensional
manifold. However, there are no existence theorems of center manifolds on X’ because
X’ is not a Banach space. To prove the existence of a center manifold, we introduce a
topology on X in a technical way so that the dual space X’ becomes a complete metric



space. With this topology, X’ becomes a topological vector space called Montel space,
which is obtained as a projective limit of Banach spaces. This topology has a very conve-
nient property that every weakly convergent series in X’ is also convergent with respect the
metric. By using this topology and the spectral decomposition, the existence of a finite di-
mensional center manifold for the Kuramoto model will be proved. The dynamics on the
center manifold will be derived when g(w) is Gaussian. In this case, the center manifold
on X’ is of one dimensional, and we can show that the synchronous solution (a solution
such that r > 0) emerges through the pitchfork bifurcation, which proves Thm.1.3.

This paper is organized as follows: In Sec.2, the continuous model for the Kuramoto
model is defined and its basic properties are reviewed. In Sec.3, Kuramoto’s transition
point K, is derived and it is proved that if K > K, the de-synchronous state is unsta-
ble because of eigenvalues on the right half plane. In Sec.4, the linear stability of the
de-synchronous state is investigated. We will show that when 0 < K < K, the order
parameter decays exponentially to zero as t — oo because of the existence of resonance
poles. In Sec.5, the spectral theory of resonance poles on a rigged Hilbert space is de-
veloped. We investigate properties of the operator 7, the semigroup, eigenfunctions,
projections by means of the rigged Hilbert space. In Sec.6, the nonlinear stability of the
de-synchronous state is proved as an application of the spectral decomposition on the
rigged Hilbert space. It is shown that when 0 < K < K, the order parameter tends to
zero as t — oo without neglecting the nonlinear term. The center manifold theory will
be developed in Sec.7. Sec.7.1 to Sec.7.4 are devoted to the proof of the existence of a
center manifold on the dual space X’. In Sec.7.5, the dynamics on the center manifold is
derived, and the Kuramoto conjecture is solved.

2 Continuous model

In this section, we define a continuous model of the Kuramoto model and show a few
properties of it.

For the N-dimensional Kuramoto model (1.1), taking the continuous limit N — oo,
we obtain the continuous model of the Kuramoto model, which is an evolution equation
of a probability measure p, = p,(6, w) on S' = [0, 27r) parameterized by r € R and w € R,
defined as

6pt 0 K - )
o " a0 (( + F—(n(t)e —n(t)e 16)),0,) -0,

21
n() = f ¥ 1p (0, w)g(w)dbdw, (2.1)
RJO
pO(Qa CL)) = h(@),

where h(6) is an initial condition and g(w) is a given probability density function for
natural frequencies. We are assuming that the initial condition 4(6) is independent of w.
This assumption corresponds to the assumption for the discrete model (1.1) that initial
values {6; (O} -1 and natural frequencies {w j}N , are independently distributed, and is a
physically natural assumption often used in hterature However, we will also consider w-
dependent initial conditions h(6, w), a probability measure on S parameterized by w, for
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mathematical reasons, in Sec.7. Roughly speaking, p,(6, w) denotes a probability that an
oscillator having a natural frequency w is placed at a position 6 (for example, see [1, 15]
for how to derive Eq.(2.1)). Since & and p, are measures on S !, they should be denoted
as dh(6) and dp,(0, -), however, we use the present notation for simplicity. The n(z) is
a continuous version of (1.2), and we also call it the order parameter. 7n(t) denotes the
complex conjugate of 77(). We can prove that Eq.(2.1) is a proper continuous model in
the sense that the order parameter (1.2) of the N-dimensional Kuramoto model converges
to 17(¢) as N — oo under some assumptions, see Chiba [11]. The purpose in this paper is
to investigate the dynamics of Eq.(2.1).

A few properties of Eq.(2.1) are in order. It is easy to prove the low of conservation

of mass: . o
f f 000, w)g(w)dbdw = f f h(0)g(w)dbdw = 1. 2.2)
RJO RJO

By using the characteristic curve method, Eq.(2.1) is formally integrated as follows: Con-
sider the equation

dx = w+ L(n(r)e_ V-lx _ We ‘/jx), x € [0,2m), (2.3)

dr 2vV-1

which defines a characteristic curve. Let x = x(z, s; 6, w) be a solution of Eq.(2.3) satisfy-
ing the initial condition x(s, s; 6, w) = 6 at an initial time s. Then, along the characteristic
curve, Eq.(2.1) is integrated to yield

K (" e
pi(60: @) = h(x(0,1:0, w)) exp| f (n(s)e™VIO00 4 p()e VIO gg| - (2.4)
0

see [11] for the proof. By using Eq.(2.4), it is easy to show the equality

2 27
f a8, w)p,(8, w)do = f a(x(t,0; 0, w), w)h(6)do, (2.5)
0 0

for any measurable function a(6, w). In particular, the order parameter () are rewritten
as

21
n(t) = f f e VIKt00.0) o (N h(0)dOdw. (2.6)
RJO

These expressions will be often used for a nonlinear stability analysis. Substituting it into
Eqgs.(2.3) and (2.4), we obtain

d 2
Ta(t.5:6.0) = w + K f f sin(x(r, 0; 0/, ') = x(t, 5: 6, ))g(@)(@)dO dew’,  (2.7)
RJO

and
pi0,w) = hx(0,1;0,w)) x

t 27
exp|K | ds- cos(x(s, 0: 6/, &) = x(s. 1: 0, w) )h(#)g(w)de/ du | (2.8)
0 RJO

10



respectively. They define a system of integro-ordinary differential equations which is
equivalent to Eq.(2.1). Even if h(6) is not differentiable, we consider Eq.(2.8) to be a weak
solution of Eq.(2.1). Indeed, even if & and p, are not differentiable, the quantity (2.5) is
differentiable with respect to t when a(6, w) is differentiable. It is natural to consider the
dynamics of weak solutions because p; is a probability measure and we are interested in
the dynamics of its moments, in particular the order parameter. In [11], the existence and
uniqueness of weak solutions of Eq.(2.1) is proved.

3 Transition point formula and the linear instability

A trivial solution of the continuous model (2.1), which is independent of 6 and ¢, is given
by the uniform distribution p,(6, w) = 1/(2x). In this case, 1(¢) = 0. This solution is called
the incoherent state or the de-synchronous state. In this section and the next section, we
investigate the linear stability of the de-synchronous state. The nonlinear stability will be
discussed in Sec.6. The analysis of the spectrum of a linear operator obtained from the
Kuramoto-type model was first reported by Strogatz and Mirollo [44].

Let
27

27
Zitw) = | eV p,0, w)do = f ¢ V1000 b ) dp 3.1)
0 0
be the Fourier coefficients of p,(6, w). Then, Zy(t, w) = 1 and Z; satisfy the differential
equations

dzZ, K K—

— = V=1wZ; + =n(t) — =n()Z,, 32

o wZy + —n(t) = 52 (3.2)
and

dzZ; . K —

—L = jN=1wZ;+ 0 - 1020, (3.3)
for j = 2,3,---. The order parameter 7(¢) is the integral of Z(¢, w) with the weight
g(w). The de-synchronous state corresponds to the trivial solution Z; = 0 for j =
1,2,---. Eq.(3.1) shows |Z;(t,w)| < 1 and thus Z;(t,w) is in the weighted Lebesgue

space L*(R, g(w)dw) for every t :

nanmmwmzfmmm@MMSL
R

In order to investigate the linear stability of the trivial solution, the above equations are
linearized around the origin as

dz, K
= (\/—1M+ E50)21, (3.4)
and
dzZ;
_dtf = jV=-IMz, (3.5

11



for j=2,3,---, where M : g(w) = wq(w)is the multiplication operator on L*(R, g(w)dw)
and P is the projection on L*(R, g(w)dw) defined to be

Pq(w) = fR g(w)g(w)dw. (3.6)

If we put Po(w) = 1, P is also expressed as Pq(w) = (g, Py), where ( , ) is the inner
product on L*(R, g(w)dw) defined as

(q1,92) = j; g1(w)gr(w)g(w)dw. (3.7

Note that the order parameter is given as n(t) = PZ, = (Z;, Py). To determine the linear
stability of the de-synchronous state and the order parameter, we have to investigate the

K
spectrum and the semigroup of the operator 7y := V-1M + 573.

Remark. We need not assume that the Fourier series ), Z;(t, w)e V=10 converges to
(0, w) in any sense. It is known that there is a one-to-one correspondence between a
measure on S and its Fourier coefficients (see Shohat and Tamarkin [41]). Thus the dy-
namics of {Z;(z, w)}>,, uniquely determines the dynamics of p,(6, w), and vice versa. In
particular, since a weak solution of the initial value problem (2.1) is unique (Chiba [11]),
so is Eqs.(3.2),(3.3). In what follows, we will consider the dynamics of {Z;(z, w)}~,, in-
stead of p;,.

3.1 Analysis of the operator V—1M

Before investigating the operator 7, we give a few properties of the multiplication op-
erator M : g(w) — wg(w) on L*(R, g(w)dw). The domain D(M) of M is dense in
L*(R, g(w)dw). Tt is well known that its spectrum is given by o(M) = supp(g) C R,
where supp(g) is a support of the function g. Thus the spectrum of V—1M is

o(V=IM) = V-1 -supp(g) = { V-11|1 € supp(g)} € V-1R. (3.8)
Since M is selfadjoint, V=1 M generates a C° semigroup ¢ V-""M given as ¢ V""Mg(w) =
e ‘/‘_lw’q(a)). In particular, we obtain
(V" Mgy, q0) = f V1) (W) ga(W)g(w)dw, (3.9)
R

for any ¢, ¢» G_Lz(R, g(w)dw). This is the Fourier transform of the function ql(w)Mg(w).
Thus if ¢ (w)g2(w)g(w) is real analytic on R and has an analytic continuation to the upper
half plane, then (e \/‘_IM’ql, q») decays exponentially as t — co, while if ql(w)Mg(w) 18
C’, then it decays as O(1/t") (see Vilenkin [49]). This means that e V=Mt qoes not decay in
L*(R, g(w)dw), however, it decays to zero in a suitable weak topology. A weak topology
will play an important role in this paper. These facts are summarized as follows:

Proposition 3.1. A solution of the equation (3.5) with an initial value g(w) € L*(R, g(w)dw)
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is given by Z;(t, ) = e/ V" "M g(w) = ¢/V"1“g(w). The quantity (e/V-"Mg,, g,) decays ex-
ponentially to zero as t — o if g(w), ¢;(w) and g,(w) have analytic continuations to the
upper half plane.

This proposition suggests that analyticity of g(w) and initial conditions also plays an
important role for an analysis of the operator 7). The resolvent (1 — V—1M)~! of the
operator V—1M is calculated as

1
(A= V=IM)"q1,92) = f — \/_lwa(w)qz(w)g(w)dw (3.10)
We define the function D(A1) to be
D) = (1= V=1M)"'P,, Py) = f g(w)a’w (3.11)
R

(recall that Py(w) = 1). It is holomorphic in C\o( V-1M) and will be used in later
calculations.

3.2 Eigenvalues of the operator 7 and the transition point formula

The domain of T, = V-1M + g?’ is given by D(M) N D(#) = D(M), which is dense
in L2(R, g(w)dw). Since M is selfadjoint and P is bounded, T is a closed operator [23].
Let o(T) be the resolvent set of T, and o(T,) = C\o(T) the spectrum. Let o ,(T) and
o.(T) be the point spectrum (the set of eigenvalues) and the continuous spectrum of 77,
respectively.

Proposition 3.2. (i) Eigenvalues A of T4, if they exist, are given as roots of
2
D) = T A e C\o(V=-1M). (3.12)

Furthermore, there are no eigenvalues on the imaginary axis.
(i1) T4 has no residual spectrum. The continuous spectrum of 7 is given by

oo(Ty) = o(N=1M) = V=1 - supp(g). (3.13)

Proof. (i) Suppose that A € o,(T))\o( V=1M). Then, there exists x € L*(R, g(w)dw)
such that

K
Ax = (V-1M+ ESD)x, x#0.
Since A ¢ o( V=1M), (1 — V=1 M)~! is defined and the above is rewritten as

x = (/l—\/—_lM)_lng

g(x, Po)(A = V=1 M) Py(w).

13



By taking the inner product with Py(w), we obtain
K K
=@~ V=1M)"' Py, Py) = 5D, (3.14)

This proves that roots of Eq.(3.12) are in o ,(T)\o( V=1M). The corresponding eigen-
vector is given by x = (4 — \/—_IM)‘IPO(w) = 1/(1 - V=lw). If 2 € V=IR, x ¢
L*(R, g(w)dw). Thus there are no eigenvalues on the imaginary axis. In particular, there
are no eigenvalues on o ( \/—_1/\/().

(ii) Since M is selfadjoint, V—1M is a Fredholm operator without the residual spectrum.
Since K is M-compact, T also has no residual spectrum due to the stability theorem of
Fredholm operators (see Kato [23]). The latter statement follows from the fact that the
essential spectrum is stable under the bounded perturbation [23]: the essential spectrum
of T} is the same as o-( V—1M). Since there are no eigenvalues on o ( V=1M), it coincides
with the continuous spectrum. ]

Our next task is to calculate roots of Eq.(3.12) to obtain eigenvalues of 7) = V—-1M+
£#. By putting 4 = x + V—1y with x,y € R, Eq.(3.12) is rewritten as

X 2

T s(wdw==,

fo2 o (3.15)
0

w-Yy
o gt

The next lemma is easily obtained.

Lemma 3.3.

(1) If an eigenvalue A exists, it satisfies Re(1) > 0 for any K > 0.

(i1) If K > 0 is sufficiently large, there exists at least one eigenvalue A near infinity.
(iii) If K > 0 is sufficiently small, there are no eigenvalues.

Proof. Part (i) of the lemma immediately follows from the first equation of Eq.(3.15):
Since the right hand side is positive, x in the left had side has to be positive. To prove part
(i1) of the lemma, note that if |4| is large, Eq.(3.12) is expanded as

1 1 2

-+0(=) =—=.
A (/12) K
Thus Rouché’s theorem proves that Eq.(3.12) has a root A ~ K/2 if K > 0 is sufficiently
large. To prove part (iii) of the lemma, we see that the left hand side of the first equation
of Eq.(3.15) is bounded for any x,y € R. To do so, let G(w) be the primitive function of
g(w) and fix 6 > 0 small. The left hand side of the first equation of Eq.(3.15) is calculated
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as
f xg(w)dw
Y+ (w—y)?
f * xg(w)dw . f V0 xg(w)dw . f " xg(w)dw
Xt (=P Jo ¥+H(w-y? Js ¥+ (w-y)?

f “ xg(w)dw N f V0 xg(w)dw
o (=72 Jo ¥+ (w-y)?
V40

X 2x(w - y)
+m (Gy+6)-Gly—9) + £—6 @+ (@—y)2)

The first three terms in the right hand side above are bounded for any x,y € R. By the
mean value theorem, there exists a number & such that the last term is estimated as

+0
f 20 cdw

(22 + (w —y)?)?

2
- f — xc:)z)z (GO + w) — Gy — w))dw

G(w)dw.

2xw

GH+0) -Gy - 0))f( T dw+(G(y+(5) G- 6))f(x2

Since G is continuous, the above is calculated as

(G(y +6) — G(y - 5))( ol )

If &£ # 0, this is bounded for any x,y € R. If £ = 0, Eq.(3.16) yields

w
w.
(1)2)2

2 2
f o 0 (GO + w) - Gy — w)dw = (G(y +6) — G(y — 6)) f s *

w?)?
Since G(w) 1s monotonically increasing, we obtain
GOy +w) -Gy -w =G6y+6)-G-9)

for 0 < w < 6. In particular, putting w = 0 gives G(y + ) — G(y — 6) = 0. Thus
GOy +w) -Gy —w) =0for0 < w < 6. This proves that the quantity (3.16) is zero. Now
we have proved that the left hand side of the first equation of Eq.(3.15) is bounded for any
x,y € R, although the right hand side diverges as K — +0. Thus Eq.(3.12) has no roots if
K > 0 is sufficiently small. ]

Lemma 3.3 shows that if K > 0 is sufficiently large, the trivial solution Z; = 0 of the
equation dZ,/dt = T,Z, is unstable because of eigenvalues with positive real parts. Our
purpose in this section is to determine the bifurcation point K, such that if K < K., the
operator 7 has no eigenvalues, while if K exceeds K., eigenvalues appear on the right

15



\ M (K)

supp(g)

Fig. 3: A schematic view of behavior of roots A of Eq.(3.12) when K decreases. Thick
lines denote the continuous spectrum. As K decreases, eigenvalues Ay, A,, - - - converge to
V—1y;, V=1y,,--- and disappear at some K = K, K>, - - -, respectively.

half plane (K, should be positive because of Lemma 3.3 (iii)). To calculate eigenvalues
A = A(K) explicitly is difficult in general. However, since zeros of the holomorphic
function D(1) — 2/K do not vanish because of the argument principle, A(K) disappears
if and only if it is absorbed into the continuous spectrum o ( \/—_IM), on which D(Q) is
not holomorphic, as K decreases. This fact suggests that to determine K, it is sufficient
to investigate Eq.(3.12) or Eq.(3.15) near the imaginary axis. Thus consider the limit
x — +01in Eq.(3.15):

X 2

lim f— (w)dw = —,

= e = K (3.17)
0.

lim w=y

i T @) g(wydw =

These equations determine K; and y; such that one of the eigenvalues 4 = 4;(K) converges
to V=1y; as K — K; + 0 (see Fig.3). To calculate them, we need the next lemma.

Lemma 3.4. If g(w) is continuous at w =y, then

) X
Proof. This formula is famous and given in Ahlfors [3]. [ |

In what follows, we suppose that g(w) is continuous. Recall that the second equation
of Eq.(3.17) determines an imaginary part to which A(K) converges as Re(A(K)) — +0.
Suppose that the number of roots yy, y,, - - - of the second equation of Eq.(3.17) is at most
countable for simplicity. Substituting it into the first equation of Eq.(3.17) yields

K, = ,7=1,2,---, (3.19)
T ong(y)) /
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which gives the value such that Re(4(K)) — 0 as K — K; + 0. Now we obtain the next
theorem.

Theorem 3.5. Suppose that g is continuous and the number of roots yi,y,,--- of the
second equation of Eq.(3.17) is at most countable. Put

2
K. :=infK; = ——. (3.20)
i msup; g(y))
If 0 < K < K_, the operator T has no eigenvalues, while if K exceeds K., eigenvalues of
T, appear on the right half plane. In this case, the trivial solution Z; = 0 of Eq.(3.4) is

unstable.

In general, there exists Kéz) such that 7'; has eigenvalues when K, < K < Kéz) but
they disappear again at K = K?: ie. the stability of the trivial solution Z; = 0 may
change many times. Such Kéz) is one of the values K;’s. However, if g(w) is an even and
unimodal function, it is easy to prove that 7'} has an eigenvalue on the right half plane for
any K > K, and it is real as is shown in Mirollo and Strogatz [33]. Indeed, the second
equation of Eq.(3.15) is calculated as

w — w
0= fl;xz +(w i y)? slwhde = jo‘ X2+ w? 80+ @)~ g0y ~ w)dw.

If g is even, y = 0 is a root of this equation. If g is unimodal, g(y + w) — g(y — w) > 0 when

y<0,w>0and g(y +w) — g(y —w) < 0wheny > 0,w > 0. Hence, y = 0 is a unique

root. This implies that an eigenvalue should be on the real axis, and (K,y) = (K., 0) is a

unique solution of Eq.(3.17). As a corollary, we obtain the transition point (bifurcation

point to the synchronous state) conjectured by Kuramoto [27]:

Corollary 3.6 (Kuramoto’s transition point). Suppose that the probability density func-
tion g(w) is even, unimodal and continuous. Then, K. defined as above is given by

2
K. = )
7g(0)

When K > K., the solution Z; = 0 of Eq.(3.4) is unstable. In particular, the order
parameter 7(t) = (Z;, Py) is linearly unstable.

(3.21)

4 Linear stability theory

Theorem 3.5 shows that K. is the least bifurcation point and the trivial solution Z; = 0 of
Eq.(3.4) is unstable if K is larger than K. If 0 < K < K, there are no eigenvalues and
the continuous spectrum of 7 lies on the imaginary axis: o(7T) = o( V=1 M). In this
section, we investigate the dynamics of Eq.(3.4) for 0 < K < K.. We will see that the
order parameter 7(¢) may decay exponentially even if the spectrum lies on the imaginary
axis because of the existence of resonance poles.

17



4.1 Resonance poles

Since V—-1M has the semigroup eV"™™ and since P is bounded, the operator T =
K
V=IM + ESD also generates the semigroup e’'’ (Kato [23]) on L*(R, g(w)dw). A so-

lution of Eq.(3.4) with an initial value ¢(w) € L*(R, g(w)dw) is given by e’'¢(w). The
semigroup e’! is calculated by using the Laplace inversion formula

x+ V-ly

T e - Ty lda, 4.1)

e’ = lim
Y2 2 V=1 Jx-v=1y

for t > 0, where x > 0 is chosen so that the contour (see Fig.5 (a)) is to the right of the
spectrum of T (Hille and Phillips [22], Yosida [50]). The resolvent (1 — 7)~! is given as
follows.

Lemma 4.1. For any ¢(w), ¥(w) € L*(R, g(w)dw), the equality

((A=T)"'¢, )
= (A= V=1IM)"¢p,y) + %((a — V=IM)', Po)((A = V=T M) Py, 1) (4.2)
holds.
Proof. Put
RO = (=T = (1= V=IM= 5P,
which yields

(A= V=-IMRD)p = ¢+ %’R(M =¢+ g(R(/l)qS, Po)P,.
This is rearranged as
R)$ = - V-IM) "¢+ g(R(/l)cp, Po)(A = V=IM)~' Py, (4.3)
By taking the inner product with P,, we obtain

K
(R(D)¢, Po) = (A — V=1M)"'¢, Py) + 5 (R()$, P)D().

This provides
1
R, Pg) = ———((1 = V=1M)"', Py).
(R(D)¢, Po) I—KD(/l)/Z(( M) ¢. Py)
Substituting it into Eq.(4.3), we obtain Lemma 4.1. ]
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Eq.(4.1) and Lemma 4.1 show that (e7'¢, ) is given by
1 X+ \/—_ly

o) = yh—>r?° 2 V-1 Je=v=1 em((’l ~V=1IM)"'¢,9)
- x—V-1ly
K/2
+T1/)u)/z(“ = V=IM)™p, P)((X = V=1M)™ Py, y))dA. (4.4)

In particular, the order parameter n(t) = (Z;, Py) for the linearized system (3.4) with the
initial condition Z;(0, w) = ¢(w) is given by n(¢) = (e''$, Py).

One of the effective ways to calculate the integral above is to use the residue theorem.
Recall that the resolvent (4 — T;)~! is holomorphic on C\o(T}). When 0 < K < K,
T, has no eigenvalues and the continuous spectrum lies on the imaginary axis : o(7) =
a(V=1IM) = V-1 - supp(g). Thus the integrand (1 — T})"'¢,¥) in Eq.(4.1) is holo-
morphic on the right half plane and may not be holomorphic on o(7T;). However, under
assumptions below, we can show that the integrand has an analytic continuation through
the line o(T;) from the right to the left. Then, the analytic continuation may have poles
on the left half plane (on the second Riemann sheet of the resolvent), which are called
resonance poles [39]. The resonance pole A affects the integral in Eq.(4.4) through the
residue theorem (see Fig.5 (b)). In this manner, the order parameter n(¢) can decay with
the exponential rate eRY’. Such an exponential decay caused by resonance poles is well
known in the theory of Schrodinger operators [39], and for the Kuramoto model, it is
investigated numerically by Strogatz et al. [45] and Balmforth et al. [4].

For an analytic function ¢/(z), the function ¥*(z) is defined by ¥*(z) = (7). At first, we
construct an analytic continuation of the function Fy(1) := (A — T})"'¢, ¥*) (the function
Y* instead of ¢ is used to avoid the complex conjugate in the inner product).

Lemma 4.2. Suppose that the probability density function g(w) and functions ¢(w), Y(w)
are real analytic on R and they have meromorphic continuations to the upper half plane.
Then the function Fy(A) := (A — T})"'¢, ¥*) defined on the right half plane has the mero-
morphic continuation F1(A) to the left half plane, which is given by

Fid) = (= V=TM)9,97) + 20(- N=T09(= V=T0g(= V=1

K/2
A #1014, ¥, 45
T KDY - 7Ka- \/—_M)Q[ 1014 ¢] (4.5)

where Q[ A4, ¢] is defined to be
O[A, ¢] = (A = V=1M)"'¢, Py) + 2mg(— V=1)¢(— V-1.). (4.6)

Note that Q[4, - | defines a linear functional for each A € C. Actually, we will define
a suitable function space in Sec.5 so that Q[4, - ] becomes a continuous linear functional
(generalized function).

Proof. Define a function F (1) to be

B (A= N=IM)'p,u%) (Re(1) > 0),
F() =1 limgeyoso((d = V=1IM)""¢, ") (Re() = 0),
(A= V=TM)"'¢,0") + 21p(— V=1)0(~= V=1D)g(- V=12) (Re(1) < 0).

4.7)
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By the formula (3.18), we obtain

lim (A= V=IM) g9 = lim (A= V-1TM)'¢,4)

Re(1)—+0

= 2r¢(Im(2)) - y(Im(2)) - g(Im(1)), (4.8)

which proves that limge()—+0 F (A) = limgea)--o0 F (A). Therefore, if we show that F (A) 1s
continuous on the imaginary axis, then F (1) is meromorphic on C by Schwarz’s principle
of reflection. To see this, put ¢(w)Y(w)g(w) = g(w). By the formula (3.18),

©
lim f ———q(w)dw
=0 J oA — V-lw

00 00

. X .
xILI?O _mmc](w)d(u + V-1 lim

7q(y) — n N=1V(y),

W=y
—_— d
m | Ty qg(w)dw

where 4 = x + V—1y and V(y) is the Hilbert transform of ¢ defined by

1 (™1
V(y) =p.v.— f —q(y — t)dt, 4.9)
TJ). ot

see Chap.VI of Stein and Weiss [42]. Since ¢g(y) is Lipschitz continuous, so is V(y)
(Thm.106 of Titchmarsh [46]). This proves that lim,_, ;o f_ O:O(/l - V-1lw) 'g(w)dw is con-
tinuous in y. Therefore, F(Q) is meromorphic on C. Now we have obtained the mero-

morphic continuation of (1 — V=1M)"'¢, ") from the right to the left. Applying this to
Eq.(4.2), we obtain the meromorphic continuation of Fy(1) as Eq.(4.5). [ |

Eq.(4.5) is rewritten as

- K/2 (
: | — KD(1)/2 — 7K g(~ V=11

2/K = D))((A = N=TM) g, ") + (A= V=IM)"'¢, Py) - (A = V=TM) "y, Py)

+ 2ng(- «/—_u)(%p(— V=10)y(- V=12) = D)¢(~ V=10 (- V=12)
~(A=N=IM"$,4") + (A= V=1M)"'¢, Py) - y(= V=12)
+((A = V=IM)"y, Py) - (- \/—_u))). (4.10)

This expression shows that poles of g are removable. Therefore, poles of F;(1) on the left
half plane and the imaginary axis are given as roots of the equation

D) + 27xg(- V-12) = 3, Re() < 0,
' K ) 4.11)
Re(I/%)IE+O D(/l) - Re(l/})—>—0 (D(/l) " 2ﬂg(_ \/__l/l)) - E, Re(/l) - O,
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K. <K 0<K <K,

Fig. 4: Asis discussed in Sec.3, an eigenvalue A(K) disappears from the original complex
plane at K = K. But it still exists as a resonance pole on the second Riemann sheet of the
resolvent.

and poles of the functions ¢(— V—14) and (- V—14). To avoid dynamics caused by a
special choice of ¢ and ¢, in what follows, we will assume that continuations of ¢ and
have no poles.

Definition 4.3. Roots of Eq.(4.11) on the left half plane and the imaginary axis are called
resonance poles of the operator T1.

Since the left hand side of Eq.(4.11) is an analytic continuation of that of Eq.(3.12),
at least one of the resonance poles is obtained as a continuation of an eigenvalue A(K)
coming from the right half plane when K decreases from K, (see Fig. 4). However, if g(1)
has an essential singularity, there exist infinitely many resonance poles in general, which
are not obtained as continuations of eigenvalues.

We want to calculate the Laplace inversion formula (4.4) by deforming the contour as
Fig.5 (b), and pick up the residues at resonance poles. We should show that the integral
along the arc C4 converges to zero as the radius tends to infinity. For this purpose, we have
to make some assumptions for growth rates of ¢(1) and ¥(A1) as |A| — oo. Since suitable
assumptions depend on the growth rate of g(1), we calculate the Laplace inversion formula
by dividing into two cases: In Sec.4.2, g(w) is assumed to be the Gaussian distribution. In
Sec.4.3, we consider the case that g(w) is a rational function.

4.2 Gaussian case

In this subsection, we suppose that g(w) = e /V2x, although the results are true for
a certain class of density functions. In this case, the transition point is given by K. =
2+/2/m. When K > K., there exists a unique eigenvalue of T, on the positive real axis.
When 0 < K < K, there are no eigenvalues, while resonance poles exist. The equation
(4.11) for obtaining the resonance poles is reduced to

1 s JI )
fm— T B + ng(= V=1 = /2(\@‘ [ e /de): 2@

Let Ay, Ay, - - be roots of this equation with 0 > Re(4y) > Re(4;) > ---. The following
properties are easily obtained.
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(i) If A, is a resonance pole, so is its complex conjugate A,,.
(ii) There exist infinitely many resonance poles. As n — oo, Re(1,) — —oo and they
approach to the rays arg(z) = 3n/4, 5r/4.
(iii) When K = K_, there exists a unique resonance pole 4y = 0 on the imaginary axis.
When 0 < K < K, all resonance poles lie on the left half plane.
(iv) All roots of Eq.(4.12) are simple roots.

To make assumptions for ¢ and i, we prepare a certain function space. Let Exp, (8, n)
be the set of holomorphic functions on the region C, := {z € C|Im(z) > —1/n} such that
the norm

I8llg, :=  sup e Pg(2)] (4.13)

Im(z)>-1/n

is finite. With this norm, Exp, (8, n) is a Banach space. Let Exp, (5) be their inductive
limit with respectton =1,2,---

Exp,(B) = limExp, (8,n) = U Exp, (B, n). (4.14)
nxl1 n>1

Thus Exp, (B) is the set of holomorphic functions near the upper half plane that can grow
at most the rate ¢/, Next, define Exp, to be their inductive limit with respect to 8 =
0,1,2,--

Exp, = lim Exp, (8) = | JExp, . (4.15)
B0 >0

Thus Exp, is the set of holomorphic functions near the upper half plane that can grow at
most exponentially ; ¢(z) in Exp, satisfies ||¢||g,, < oo for some S, n, and such 8 and n can
depend on ¢. Topological properties of Exp, will be discussed in Sec.5.2. In this section,
the topology on Exp, is not used. Note that when ¢ € Exp,, ¢*(z) = ¢(z) is holomorphic
near the lower half plane and ¢(— V—1z) is holomorphic near the left half plane. The main
theorem in this section is stated as follows.

Theorem 4.4. For any ¢,y € Exp,, there exists a positive number #, such that the
semigroup e’!’ satisfies the equality

("¢, 0") = Solp, Y1e + )" Rilg,ule™, (4.16)
n=0

for t > 1y, where & is the eigenvalue of 7'} on the right half plane (which exists only
when K > K,), Sol¢, e is a corresponding residue of Fy(1)e!, and where Ay, 4, - - -
are resonance poles of T such that || < [A;] < -+, and R,[¢, y]e"" are corresponding
residues of F;(2)e". When 0 < K < K,, it is written as

("¢, u) = ) Rilg.wle™, Re(4,) <0. 4.17)
n=0

In particular, the order parameter 7(f) = (e’''¢, Py) for the linearized system (3.4) decays
to zero exponentially as ¢ — oo.
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< > >
A
(@) (b)

Fig. 5: The contour for the Laplace inversion formula.

Proof. Let 6 > 0 be a sufficiently small number. There exist a positive constant A and a
sequence {r,} ", of positive numbers with r,, — oo such that

1 - 7Kg(-V-12) — gD(/l) > A, (4.18)

for A = r,e V1, /2 +6 < 6 < 31/2 — 5. Take a positive number d > 0 so that Re(&)) < d.
With these d and r,, take paths C; to Cg as are shown in Fig.5 (b):

C‘1 = {d+ V—l)’| — Iy S)’S rn}’
Cr={x+ V-1r,|0 < x < d},
Cs=1{reV™"|n/2 <0< n/2+5),
Cs=1{re¥ ™| n/2+6<6<3n/2-6),
and Cs and Cg are defined in a similar way to Cs and C,, respectively. We put C?® =
6
., C.
j=1>1J
Let Ay, A1, -+ - , An) be resonance poles inside the closed curve C™. By the definition

of r,, there are no resonance poles on the curve C ), By the residue theorem, we have

#(n)
2eN-1|Sold, wle + Z Ri[p,p]eV" | = f e"Fo()dA + f e"Fi()dA,
j=0 Ce+C1+C2 C3+C4+Cs

when r, is sufficiently large so that C™ encloses the eigenvalue &. Since the eigenvalue
and resonance poles are simple roots of Eq.(3.12) and Eq.(4.11) when g is the Gaussian,
So and R; are independent of ¢ (otherwise, they are polynomials in 7). Since the integral
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fcl e"Fo(A)dA/(2r V—1) converges to (e’''¢, y*) as n — oo, we obtain

#(n)

e, ") = Solo, w1 + ’}Lrg Z Rj[¢, YleY
=0

1
- lim f eV"Fo(D)dA —
27T V_ n—0e0 C6+C2

It is easy to verify that the integrals along C,, C3,Cs, Cg tend to zero as n — oco. For
example, the integral along C, is estimated as

' f eﬂfFo(A)da‘
C

lim f e Fi(DdA. (4.19)
C3+C4+C5

2 V=1 e

0
' f VTR (x4 \/—lr,,)dx‘
d

IA

d
ed’f |Fo(x + V=1r,)ldx,
0

where F is given as (4.2). Since [(1 — V=1M)~!| = 0 as |1| — oo, the integral along C,
proves to be zero as n — oo (r, — o). The integrals along Cs, Cs, C¢ are estimated in a
similar manner. The integral along Cj is estimated as

31/2-6
f e/“Fl(/l)d/ll f P’ |F (r,e V1) d6
Cy g

/246

IA

IA

/2
max  |F (e 2r, e g0
7/2+6<0<31/2-6 5

/2
< max  |F(r,eV1) f 2r,e 2l gg
7/2+6<6<37m/2—-06 5

T
< max  |Fy(r,eV)- = (e-%"”" - e—’nf) . (4.20)
m/2+6<0<31/2-6 1t

Since [(1 — V=1IM)~'| = 0 as |4| — oo, F|(2) given by Eq.(4.10) is estimated as

Dy +1g(=V=1)| - ID +D2p(~N—=12) + D3y(—V=12) + Dyp(—V=1)0(~V-1)|

Fi(D)] <
[F1 ()] |1_7TKg(—\/—_1/1)—§D(/1)|

where D, to D4 are some positive constants. Since ¢, € Exp_, there exist C;, C,, 81,52 >
0 such that |p(z)| < C]eﬁllzl’ lW(z)| < Czeﬁzlzl:

D() + (D] + DgCleﬂ”’” + D3C2€ﬁ2|ﬂ| + D4C1C2€<ﬁl+ﬂ2)ul) . |g(— V—l/l)l

Fi(1)| <
IF1() 1~ xKg(— V1) - £D)

Suppose that g(— V—1r,e \/‘_19) diverges as n — oo (r, — o0). Then, there exists Ds > 0,
which has an upper bound determined by constants C;, C,, 81 and 3,, such that |F(r,e ‘/‘_19)|

is estimated as
IF1(rye 71| < Dselrifom, 4.21)
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If g(— V—lr,,e‘/je) is bounded, Eq.(4.18) shows that there exists D¢ > 0 , which has an
upper bound determined by constants Cy, C,, 81 and 3,, such that

D
|F1(r,e V719 < few”ﬂ”’" |g(=V=Tr,e V1%, (4.22)

Therefore, we obtain

f e F1(dA

Cy

< % (e(ﬁ1+,32—25l/ﬂ)rn _ e(ﬁ1+ﬁ2—l)rn) , (423)

with some D7 > 0. Thus if > 1y := n(B; + B,)/(20), this integral tends to zero as n — oo,
which proves Eq.(4.16).

In particular when 0 < K < K, there are no eigenvalues on the right half plane
(Thm.3.5). Thus Eq.(4.16) is reduced to Eq.(4.17). [

Note that Exp,(0) is the set of bounded holomorphic functions near the upper half
plane. From the proof above, we immediately obtain the following.

Corollary 4.5. If ¢,y € Exp,(0), then Eq.(4.16) is true for any ¢ > 0.

4.3 Rational case

In this subsection, we suppose that g(w) is a rational function. Since g(w) does not decay
so fast as |w| — oo, we should choose moderate functions for ¢ and . Let C, = {z €
C|Im(z) > 0} be the real axis and the upper half plane. Let H, be the set of bounded
holomorphic functions on C,. With the norm

gl := sup [p(2)l, (4.24)

Im(z)>0

H. is a Banach space.

It is remarkable that if g(w) is a rational function, Eq.(4.11) is reduced to an algebraic
equation. Thus the number of resonance poles is finite. The proof of the following theo-
rem is similar to that of Thm.4.4 and omitted here.

Theorem 4.6. Suppose that 0 < K < K, and g(w) is a rational function. For any
¢,y € H,, the semigroup e’ satisfies the equality

M
("'p,u") = D Rt ¢, ple™, (4.25)
n=0
fort > 0, where Ay, - - - , A are resonance poles of T} and Ry[t, ¢, e, - -, Ry[t, ¢, e’
are corresponding residues of F;(1)e. In particular, when 0 < K < K, Ay, -+ , Ay are

on the left half plane and the order parameter n(t) = (e

(3.4) decays to zero exponentially as ¢t — oo.

¢, Py) for the linearized system

Since the right hand side of Eq.(4.25) is a finite sum, the semigroup e’!’ looks like an
exponential of a matrix. The reason of this fact will be revealed in Sec.5.3 by means of
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the theory of rigged Hilbert spaces.

Example 4.7. If g(w) = 1/(n(1 + w?)) is the Lorentzian distribution, a resonance pole
is given by 4 = K/2 — 1 (aroot of Eq.(4.11)). Therefore n(¢) decays with the exponential
rates e®/2=1" Note that the transition point is K. = 2/7/g(0) = 2.

5 Spectral theory

We have proved that when K > K, the de-synchronous state (77(¢) = 0) is linearly unstable
because of eigenvalues on the right half plane, while when 0 < K < K, it is linearly
stable because of resonance poles on the left half plane. Next, we want to investigate
bifurcations at K = K.. However, a center manifold in the usual sense is of infinite
dimensional because the continuous spectrum lies on the imaginary axis. To handle this
difficulty, we develop a spectral theory of resonance poles based on a rigged Hilbert space.

5.1 Rigged Hilbert space

Let X be a locally convex Hausdorff topological vector space over C and X’ its dual
space. X’ is a set of continuous anti-linear functionals on X. For u € X’ and ¢ € X, u(¢)
is denoted by (u|¢). For any a,b € C, ¢, € X and u, ¢ € X', the equalities

(ulag + by = alu| ) + b{u|v), (5.1
(ap + bE| @) = a{u| §) + b(&| ), (5.2)

hold. Several topologies can be defined on the dual space X’. Two of the most usual
topologies are the weak dual topology (weak * topology) and the strong dual topology
(strong * topology). A sequence {u;} C X’ is said to be weakly convergent to u € X if
(ujl ¢y — (u|¢) for each ¢ € X; a sequence {u;} C X’ is said to be strongly convergent to
u € X if {ujl¢) — (u|¢) uniformly on any bounded subset of X.

Let H be a Hilbert space with the inner product (-, -) such that X is a dense subspace
of H. Since a Hilbert space is isomorphic to its dual space, we obtain H C X’ through
H~H'.

Definition 5.1. If a locally convex Hausdorff topological vector space X is a dense sub-
space of a Hilbert space H and a topology of X is stronger than that of H, the triplet

XcHcCX (5.3)

is called the rigged Hilbert space or the Gelfand triplet. The canonical inclusioni : H —
X’ is defined as follows; for ¢ € H, we denote i(y) by (|, which is defined to be

iW)(@) =Wl =W, 9), (5.4
for any ¢ € X. Thus if H = L*(R, g(w)dw), then

iW)(p) = fR HW(w)g(w)dw.
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We will usually substitute ¢ instead of ¢ to avoid the complex conjugate in the right hand
side.

Let A : X — X be a linear operator on X. The (Hilbert) adjoint A* of A is defined
through (A¢, y) = (¢, A*y) as usual. If A* is continuous on X, the dual operator A* : X’ —
X’ of A* defined through

(Apulg) = (ulA"¢), ¢eX peX (5.5)

is also continuous on X’ for both of the weak dual topology and the strong dual topology.
We can show the equality

A%i(y) = i(Ay), (5.6)

for any ¢ € X, which implies that A* is an extension of A.

It is easy to show that the canonical inclusion is injective if and only if X is a dense
subspace of H, and the canonical inclusion is continuous (for both of the weak dual topol-
ogy and the strong dual topology) if and only if a topology of X is stronger than that of H
(see Tréves [47]). If X is not dense in H, two functionals on H may not be distinguished
as functionals on X. As aresult, H ¢ X’ in general.

Definition 5.2. When X C H is not a dense subspace of H, the triplet (X, H, X") is called
the degenerate rigged Hilbert space.

For applications to the Kuramoto model, we investigate two triplets, Exp_ ¢ L*(R, g(w)dw) C
Exp’, and a degenerate one (H_, L*(R, g(w)dw), H").

5.2 Spectral theory on Exp_ c L*(R, g(w)dw) C Exp”

In this subsection, we suppose that g(w) is the Gaussian. Since g decays faster than any
exponential functions e?!, we have Exp, C L*(R, g(w)dw), and indeed, Exp, is dense
in L*(R, g(w)dw) and the topology of Exp, is stronger than that of L*(R, g(w)dw) (see
Prop.5.3 below). Thus the rigged Hilbert space Exp, C L*(R, g(w)dw) C Exp’, is well
defined. Recall that Exp, (8, n) is a Banach space of holomorphic functions on C, =
{z|Im(z) > —1/n} with the norm || - ||s,,, and Exp_(f) is their inductive limit with respect
to n > 1. By the definition of the inductive limit, the topology of Exp_(8) is defined as
follows: a set U C Exp,(B) is open if and only if U N Exp, (B, n) is open for every n > 1.
This implies that the inclusions Exp, (8,n) — Exp,(B) are continuous for every n > 1.
Similarly, Exp, is an inductive limit of Exp, (), and its topology is induced from that of
Exp,(B): aset U C Exp, is open if and only if U NExp, (B) is open forevery 8 =0, 1,---.
The inclusions Exp, (8) — Exp, are continuous for every 8 =0, 1, ---. On the dual space
Exp’,, both of the weak dual topology and the strong dual topology can be introduced
as was explained. The space Exp_ is defined by Exp_ = {¢"|¢ € Exp,}, on which the

topology of Exp, is introduced by the mapping ¢ — ¢* (recall that ¢*(z) := ¢(z)). Then,
Exp_ is an inductive limit of Banach spaces Exp_(8, n), which are defined in a similar
manner to Exp, (8, n). A Gelfand triplet

Exp_ ¢ L*(R, g(w)dw) c Exp’. (5.7)
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has the same topological properties as Exp, ¢ L*(R, g(w)dw) C Exp’.. We will use the
triplet Exp_ ¢ L*(R, g(w)dw) C Exp’, however, functions in Exp, also play an important
role.

A topological vector space X is called Montel if every bounded set of X is relatively
compact. A Montel space has a convenient property that on a bounded set A of a dual
space of a Montel space, the weak dual topology coincides with the strong dual topology.
In particular, a weakly convergent series in a dual of a Montel space also converges with
respect to the strong dual topology (see Tréves [47]). This property is very important to
develop a theory of generalized functions.

The topology of Exp, has following properties. Obviously the space Exp_ has the
same properties.

Proposition 5.3. Exp, is a topological vector space satisfying

(1) Exp, is a complete Montel space.

(1) if {¢ j};‘;] is a convergent series in Exp,, there exist n > 1 and 8 > 0 such that {¢ j};il -
Exp,(B,n) and {¢ j}j.‘;l converges with respect to the norm || - |5 ..

(111) Exp, 1s a dense subspace of L*(R, g(w)dw).

(iv) the topology of Exp, is stronger than that of L*(R, g(w)dw).

Proof. (i) At first, we prove that Exp,(8) is Montel. To do so, it is sufficient to show
that the inclusion Exp,(8,n) — Exp.(8,n + 1) is a compact operator for every n (see
Grothendieck [21], Chap.4.3.3). To prove it, let A be a bounded set of Exp, (8, n). There
exists a constant C such that |||z, = sup,c, e PH|p(z)| < C for any ¢ € A. This means that
the set A is locally bounded in the interior of C,. Therefore, for any sequence {¢;}%2, C
A, there exists a subsequence converging to some holomorphic function ¢ uniformly on
compact subsets in C,, (Montel’s theorem). In particular, the subsequence converges to
on C,, and it satisfies ||ylg,+1 < C and ¢ € Exp, (8, n+1). This proves that the inclusion
Exp,(B,n) — Exp,(B,n+ 1) is compact and thus Exp, (8) is Montel. In a similar manner,
we can prove by using Montel’s theorem that the inclusion Exp_ (8) — Exp,(8+ 1)is a
compact operator for every g = 0, 1,---, which proves that Exp, is also Montel. Next,
we show that Exp, is complete. Since Exp, (8, n) is a Banach space, in particular it is a
DF space, their inductive limit Exp_ (8) is a DF space by virtue of Prop.5 in Chap.4.3.3 of
[21], in which it is shown that an inductive limit of DF spaces is DF. The same proposition
also shows that the inductive limit Exp, of DF spaces Exp, (5) is a DF space. Since Exp,
is Montel and DF, it is complete because of Cor.2 in Chap.4.3.3 of [21].

(i) It is known that if the inclusion Exp,(8) — Exp,(8 + 1) is a compact operator
for every g = 0,1,---, then, for any bounded set A C Exp,, there exists 8 such that
A C Exp,(B) and A is bounded on Exp, (8) (see Komatsu [24] and references therein). By
using the same fact again, it turns out that for any bounded set A C Exp,, there exist 8
and n such that A C Exp,, (8, n). In particular, since a convergent series {¢;}7, is bounded,
there exists S and n such that {¢ j}‘;.‘;l C Exp,(B,n) and it converges with respect to the
topology of Exp_ (8, n).

To prove (iii), note that L*(R, g(w)dw) is obtained by the completion of the set of poly-
nomials because the Gaussian has all moments. Obviously Exp, includes all polynomials,
and thus Exp, is dense in L*(R, g(w)dw).

For (iv), note that Exp, satisfies the first axiom of countability because it is defined
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through the inductive limits of Banach spaces. Therefore, to prove (iv), it is sufficient to
show that the inclusion Exp, — L*(R, g(w)dw) is sequentially continuous. Let {¢ j}j‘;l be
a sequence in Exp, which converges to zero. By (ii), there exist 5 and n such that {¢ j}‘J’.‘;l
converges in the topology of Exp, (8,n): [|¢;llsg, — 0. Then,

16 oty = f 16 /(@)Pg(w)dw

IA

sup i ()P f il g(w)dow

weR

162, f 9 g()do

IA

The right hand side exists and tends to zero as j — oo. This means that the inclusion
Exp, — L*(R, g(w)dw) is continuous. O

The topology of the dual space Exp’, has following properties, and so is Exp”
Proposition 5.4.

(i) Exp’, is a complete Montel space with respect to the strong dual topology.

(ii) Exp/, is sequentially complete with respect to the weak dual topology; that is, for a
sequence {u J-}j.';l, if (u;| ¢) converges to some complex number C, for every ¢ € Exp, as
J — oo, then there exists u € Exp, such that Cy = {(u|¢) and u; — p with respect to the
strong dual topology.

Proof. (i) It is known that the strong dual of a Montel space is Montel and complete, see
Tréves [47]. (i1) Suppose that {u; | ¢) converges to some complex number C, for every ¢ €
Exp,. This means that the set {1}, is weakly bounded and is a Cauchy sequence with
respect to the weak dual topology. As was explained before, on a bounded set of a dual
space of a Montel space, the weak dual topology and the strong dual topology coincide
with one another. Thus {x;}72, is a Cauchy sequence with respect to the strong dual
topology. Since Exp/, is complete with respect to the strong dual topology, 1; converges

to some element u € Exp’,. In particular, {(u; | ¢) converges to (u|¢) = Cy. [

Next, we restrict the domain of the operator 7y = V—-1M + %P to Exp,. We simply
denote T'|gyp, by T1. We will see that T, is quite moderate if restricted to Exp, . The next
proposition also holds for Exp_.

Proposition 5.5.

(i) The operator 7, : Exp, — Exp, is continuous (note that it is not continuous on
L*(R, g(w)dw)).

(ii) The operator T : Exp, — Exp, generates a holomorphic semigroup ¢! : Exp, —
Exp, on the positive ¢ axis (note that it is not holomorphic on L*(R, g(w)dw)).

Proof. (i) It is easy to see by the definition that if ¢ € Exp,, then T,¢ € Exp,. Let {¢ i
be a sequence in Exp, converging to zero. By Prop.5.3 (ii), there exist § > O and n > 1
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such that [|¢;l|z,, — 0. For any & > 0, ||T'/llg+,, 1s estimated as

K
IT1¢illgren < I V=1wdjllgsen + E|(¢j, Po)l - IPollg+en
~(B+ool K
< Ssupe lwe j(w)| + E||¢j||L2(R,g(w)dw)
weC,
—&lw| K
< llgjllgn - sup e w| + Ellgbj”Lz(R,g(w)dw),

weC,,

which tends to zero as j — oco. This proves that T'1¢; tends to zero as j — oo with respect

to the topology of Exp,, and thus 7', : Exp, — Exp, is continuous.

(ii) We know that the operator T generates the semigroup e’” as an operator on L*(R, g(w)dw)
(see Sec.4.1). In other words, the differential equation

d — K
Ex(ta C()) = Tlx(t’ (,()) = —1(,()X1(t, (,()) + E(x(ta ')’ PO) (58)
has a unique solution x(t,w) = e"¢(w) in L*(R, g(w)dw) if an initial condition ¢ is in
L*(R, g(w)dw). We have to prove that if ¢ € Exp,, then x(z,-) € Exp,. For this purpose,
we integrate the above equation as

eMp(w) = eV (w) + g f e V10 (eT15g, Po)ds. (5.9)
0

From this expression, it is obvious that if ¢ € Exp, (3, n), then e’"'¢(w) € Exp,. By the
same way as the standard proof of the existence of holomorphic semigroups [23], we can

show that e”'" is a holomorphic semigroup near the positive real axis. ]

Eigenvalues of T are given as roots of the equation D(1) = 2/K, Re(1) > 0, and

corresponding eigenvectors are

1
vi(w) = PRy e L’ (R, g(w)dw). (5.10)

If we regard it as a functional on Exp_ through the canonical inclusion i : L*(R, g(w)dw) —

Exp’, it acts on Exp_ as

1
- - dw,
(5.11)

for ¢ € Exp, (i.e. for ¢* € Exp_). Due to Eq.(4.7), the analytic continuation of this value
from the right to the left is given as

(V)@ = (al¢") = (i, ¢") = fR P(wv(w)g(w)dw = fR

f ;qﬁ(w)g(w)dw + 271(— V=12)g(— V-12). (5.12)
RA— \/—_lw

Motivated by this observation, let us define a linear functional u(1) € Exp’ to be
. 1
D] ¢7) = f—¢(w)g(w)dw +21p(= V=10)g(= V-12), (5.13)
RA—- V-lw
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when Re(1) < 0, and

1
D] o*) = i dw, 5.14
1) = tim, [ gt (5.14

when 4 = V—1y, y € R. Itis easy to verify that u(1) is continuous and thus an element of
Exp’. We expect that u(2) plays a similar role to eigenvectors. Indeed, we can prove the
following theorem.

Theorem 5.6. Let Ao, Ay, -+ be resonance poles of the operator T’y and 77 the dual
operator of 7 defined through

(Tyé1¢g™) = (€|T¢"), ¢ €Exp,, £€Expl. (5.15)

Then, the equality
T p(A,) = Auu(Ay) (5.16)
holds forn =0, 1,2, ---. In this sense, 4, is an eigenvalue of T, and u(4,) is an eigenvec-

tor. In what follows, u(A4,) is denoted by w, and we call it the generalized eigenfunction
associated with the resonance pole 4,,.

Proof. The proof is straightforward. Suppose that Re(4,) < 0. For any ¢ € Exp,,

1
: f = (1 9)@)g(@)dw + 2n(T1$)(~ V=11,)g(~ V=14,)
RA, — V-1w
V-lw K 1
= | — dw+ =~ | ————g(w)dw - d
v e+ 3 fR PRV O fR P)g(w)dow

2 (Mp(— V=14, + g f ¢(w)g(w)dw) g(—= V=14,
R

_— ( fR ﬂn_ﬁfﬁ(w)g(w)dw + 27 (= V=T A= x/—_un))

+E f P(w)g(w)dw (D(/l,,) +27g(- V—=14,) - 3)

2 Jx K
K 2
= )+ 5 f P(w)g(w)dw (D(ﬂn)+2ng<— V=14,) - E)' (5.17)
R

Since A, is a resonance pole, it is a root of Eq.(4.11). Thus we obtain

(TTul¢™) = 2ulin |97 = (Auptn 1 47),
which proves the theorem. The proof for the case Re(4,)) = 0 is done in the same way. B

Define a dual semigroup (e’'")* through

(@Yl g™y = (ul ™) ¢). (5.18)
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for any ¢ € Exp, and u € Exp’, where (e'")* is the (Hilbert) adjoint of ¢,

Proposition 5.7. (i) A solution of the initial value problem

d ,

Ef =T7¢, €0) =pueExpl (5.19)
in Exp’_ is uniquely given by &(1) = (e!'")*p.
(i) (e"'")* has eigenvalues eV, e’ - .- where Ay, A, - - are resonance poles of T}.

Proof. This follows from the standard (dual) semigroup theory [50]. [ |

If we define a semigroup e’1’ generated by T} to be the flow of (5.19), then Prop.5.7
(i) means e’1" = (eM")*. Prop.5.7 (i) also implies that a solution of the inhomogeneous
equation

d ’
SE=TiE+ [0, f() € Expl, (5.20)
is uniquely given by

£y = (@Y + f (") f(s)ds. (5.21)
0

This formula will be used so often when analyzing the nonlinear system (3.2),(3.3).
In what follows, we suppose that 0 < K < K, so that Eq.(4.17) is applicable. Since
R,[¢,y] is the residue of F;(A) given as Eq.(4.5), it is calculated as

K |
R.[¢,¥] = D W | @ Nt |7, (5.22)
where K
D, = lim —— (1 - 3D - 7Kg (- \/—_u)) (5.23)

is a constant which is independent of ¢, . Note that Q[A4, ¢] given by Eq.(4.6) is just the
definition of the functional u(A1). Thus Eq.(4.17) is rewritten as

@)=Y
n=0

K At * %
D¢ n | )t [7), (5.24)

fort > ty. Leti : L*(R, g(w)dw) — Exp’. be the canonical inclusion with respect to the
triplet (5.7). Since Exp, C L*(R, g(w)dw), i(y) € Exp. is well defined for ¢ € Exp Y
Sometimes we will denote i(y) by ¢ for simplicity. Thus the left hand side above is
rewritten as

(e, ") = i(e"Y)(¢") = (") iW)(¢") = (YY1 ¢7). (5.25)

Therefore, we obtain

- K
N I L (5.26)
n=0 n

for t > 1y and ¥ € Exp,. Since Eq.(5.26) comes from Eq.(5.24), the infinite series in the
right hand side of Eq.(5.26) converges with respect to the weak dual topology on Exp’.
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However, since Exp_ is Montel, it also converges with respect to the strong dual topology.
We divide the infinite sum in Eq.(5.24) into two parts as

K Aot . .
2 3p ¢ w6 ), (527)

n=M+1

Tt Y\ S K Ant * *
(.67 = ) 5 |67 |0 +
n=0 n

where M € N is any natural number. The second part )7, . [---] does not converge
when 0 < t < t, in general. However, since (e''y, ¢*) is holomorphic in r > 0 and
continuous at ¢t = 0, we obtain

K
2D,

M o0

kY K * * : Ant * *

W8 = ) 5 p k| 6010+ Tim D Smee G | 670 197, (5.28)
n=0 n=M+1

where the second term has a meaning in the sense of an analytic continuation in ¢. Through

the canonical inclusion, the above yields

M
K
i) = 3 5 b0 - pa + Rl (5.29)
n=0 n
: N K At *
Ruly] = lim Z D e 1Y) - s
n=M+1 n

which gives the spectral decomposition of i(y) € i(Exp,) in Exp’.

Theorem 5.8 (Spectral decomposition). Suppose that 0 < K < K.
(1) A system of generalized eigenfunctions {u,} . , is complete in the sense that if (u, [¢*) =
Oforn=0,1,---,theny = 0.

(ii) po, p1, - - - are linearly independent of each other: if ) a,u, = 0 with a, € C, then
a, = 0 for every n.
(iii) Let Vj; be a complementary subspace of span{uy, - - - , tys} in Exp”, which includes

ujforevery j=M+1,M+2,---. Then, any i(y) € i(Exp,) is uniquely decomposed with
respect to the direct sum spanfug, - - - , iy} ® Vi as Eq.(5.29), and this decomposition is
independent of the choice of the complementary subspace V), including tiys41, a2, - -

Proof. (i) If {u, |y*) = 0 for all n, Eq.(5.24) provides (e""ys, ¢*) = 0 for any ¢ € Exp,.

Since Exp, is dense in L*(R, g(w)dw), we obtain e’y = 0 for t > t,. Since e’!" is holo-

morphic in ¢ > 0 and strongly continuous at t = 0, we obtain ¥ = 0 by taking the limit
t — +0.
(ii) Suppose that >'o" a,u, = 0. Since (e')* is continuous,

(o)

0= (e"")* i Anfly = i an(e") p, = Z e .
n=0 n=0

n=0

‘We can assume that

0 > Re(4y) = Re(4y) > Re(Ap) > -+,
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without loss of generality. Further, on each vertical line {1|Re(d) = a < 0}, there are
only finitely many resonance poles (see Sec.4.2). Suppose that Re(4;) = - - - = Re(4;) and
Re(A;) > Re(Ai41). Then, the above equality provides

k oo
0= Z ae V=1Im(L,)t Ly + Z 1y e R,

n=0 n=k+1
Taking the limit t — oo yields

k

0 = lim aneﬁlm(ﬁ")tun.
e n=0
Since the finite set o, - - -,y of generalized eigenfunctions are linearly independent as
in a finite-dimensional case, we obtain a, = 0 for n = 0,--- , k. The same procedure is
repeated to prove a, = 0 for every n.
(i) Let Vy and V}, be two complementary subspaces of span{uy, - - , uy}, both of
which include pps, 1, areo, - - - . Let

Exp” = spanfug, - -+ , uy} ® Vi = spanfug, - -+, upy} © Vi,

be two direct sums and let

M M
i(y) = Zan,un +v= Za,’“un +V, veVy,V eV,
n=0 n=0

be corresponding decompositions. We will use the fact that the decomposition of (e”'")*ys
is uniquely given by (5.26) because of part (ii) of this theorem. Then, (e7")*y is given by

M M
(eTlt)Xl// — Z ane/ln[/ln + (eT|t)><v — Z a’;e/lnl‘#n + (eT]t)Xv’.
n=0 n=0

They give decompositions of (e’!")*y with respect to two direct sums

spaniug, -+ i) © (€")*Viy,  spanfuo, -+, i) @ (€")*V),,

respectively. Since (e''")*u, = e“'y,, the sets (e’)*V) and (e"")*V;, also include
Unre1s Mars2, - - - . Because of part (ii) of the theorem, the decomposition of (e”1)*y with
respect to above direct sums is uniquely given as Eq.(5.26) for ¢ > #,. This implies

K S
a, = a, (= 5<un|t//*>), "y = (")Y (= Z Ee”"’<ﬂn|¢*> * Mp)-

n=M+1

Since (e1")* is continuous in # > 0, we obtain v = V' by the limit r — +0. [

When K > K., there exists an eigenvalue of 7' in the usual sense and the spectral
decomposition involves the eigenvalue. Eq.(4.16) proves

K o K
(Y = e [0 o + ) e 1) - (5.30)
0 =0 n
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for t > ¢, and

K 4K
i) = 5 00ldy v+ ) Se-Gual ) -t + Rulv) (5.31)
n=0 n

where & is an eigenvalue of 7' on the right half plane, v, is a corresponding eigenvector
defined by Eq.(5.10), and where E| is defined to be

EO = lim
&6 & — &

(1 - §D(§)). (5.32)

Theorem 5.8 suggests the expression of the projection to the generalized eigenspace.

Definition 5.9. Denote by I, : Exp’ — span{u,} € Exp’ the projection to the general-
ized eigenspace with respect to the direct sum given in Thm.5.8. For ¥ € i(Exp,), it is

given as
K

2D,
Unfortunately, the projection II, is not a continuous operator. For example, put

Un(w) = e V-lme Then, i(y,,) converges to zero as m — oo with respect to the weak
dual topology of Exp” by virtue of the Riemann-Lebesgue lemma. However,

ILy =

W 1) - . (5.33)

(| ) = f — e + 2ne g~ V=T A,) (5.34)
RA, — \/—_1w

does not tend to zero. It diverges as m — oo when Re(4,) < 0. This means that I, :
Exp’ — Exp’ is not continuous with respect to the weak dual topology. To avoid such
a difficulty caused by the weakness of the topology of the domain, we will restrict the
domain of IT,,. To discuss the continuity, let us introduce the projective topology on Exp’
(see also Fig. 6 and Table 1). In the dual space Exp’, the weak dual topology and the
strong dual topology are defined. Another topology called the projective topology is
defined as follows: Recall that Exp, (B3, n) is a Banach space with the norm || - |3, and
the strong dual Exp_(8, n)" of Exp_(8, n) is a Banach space with the norm

llellg,, = sup K| @7)l. (5.35)

ll$llg.n=1

We introduce the projective topology on Exp_(8)" = (),s1 Exp_(8,n)" as follows: U C
Exp_(B)" 1s open if and only if there exist open sets U, C Exp_(8,n)" such that U, N
Exp_(B)" = U for every n > 1. It is known that the projective topology is equivalent to
that induced by the metric

S 1 = pellg,

d , = — ,
plii- ) Zl 201+ [lr — peally,

(5.36)

see Gelfand and Shilov [18]. When the projective topology is equipped, Exp_(8)’ is called
the projective limit of Exp_(8, n)" and denoted by Exp_(8)" = gn Exp_(B,n)". In a similar
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Exp, (0) << Exp,(8) -  Exp, < L*(R, g@)do) © Exp’ < - < Exp_(B)’= -  Exp_(0

U U

U

Veyg ——=75—>i(Ves)

A

U canonical N
Exp, (B, n) inclusion Exp_(B, n)’
U n
y N
Exp,(B, 1) Exp_(8, 1)

Fig. 6: A diagram for the rigged Hilbert space Exp, ¢ L*(R, g(w)dw) C Exp’.

manner, the projective topology on Exp” = ("5, Exp_(B)’ is introduced so that U C Exp”
is open if and only if there exist open sets Ug C Exp_(8)" such that Ug N Exp” = U for
every 8 > 0. This topology coincides with the topology induced by the metric

- dp(pty, o)

1
d(uy, ) = ; P T+ dyur ) (5.37)

In this manner, Exp” equipped with the projective topology is a complete metric vector
space. When the projective topology is equipped, Exp’ is called the projective limit of
Exp_(B)" and denoted by Exp” = li;nExp_(ﬁ)’.

By the definition, the projective topology on Exp’ is weaker than the strong dual
topology and stronger than the weak dual topology. Since Exp_ is a Montel space, the
weak dual topology coincides with the strong dual topology on any bounded set of Exp’ .
This implies that the projective topology also coincides with the weak dual topology and
the strong dual topology on any bounded set of Exp’ . In particular, a weakly convergent
series in Exp’ also converges with respect to the metric d and the strong dual topology.

Exp, (B, n) Banach space: ||§llsg, = sup lp(z)|e P
Im(z)>-1/n
Exp_(B,n) Banach space: |||, = ” ?lup IKE ™)
¢ﬁ,n:1
1 -2l
Exp_(B) = limExp_(B,n)’ &)= ) 5r—
p_(B) = lim Exp_(8 (€, ;2"1+|I§—§Ilﬁ,ﬂ
Exp” = lim Exp_(B)’ dé,0) = _—
T ;%Hdﬁ(s,{)

Table 1: Metric vector spaces used in Section 5.

For constants C > 1, > 0 and 0 < p < oo, define a subset V¢, , C Exp, to be

Veap = (¢ € Exp, |#(2)le™™ < C when 0 < Im(z) < 2p}. (5.38)
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When the choice of a number 0 < p < oo is not important, we denote it as V¢, for

simplicity. Note that the set {e~ ‘/jm‘“};jzo above is not included in V¢, for any C and a.
Let i(Vc,) be an inclusion into Exp’ .

Theorem 5.10. For any C > 1, > 0 and p > 0, the following holds.

(1) On i(V¢,) C Exp’, the weak dual topology, the projective topology and the strong dual
topology coincide with one another.

(i1) The closure i(V¢,) of i(Ve,) 1s a connected, compact metric space.

(ii1) For the system (2.1), give an initial condition py(6, w) = h(6), where h is an arbitrary
probability measure on S'. Then, corresponding solutions of (3.2),(3.3) satisfy Z;(t, -) €
Vipforanys>0and j=1,2,--- (Inparticular, Zi(t, -) € V| o).

Proof. (i) At first, we show that the set i(V¢,) C Exp’ is equicontinuous. For any small
& > 0, we define a neighborhood U = U(e) C Exp, of the origin so thatif ¢ € UNExp, (y),
then

sup e Hp(2)| < eD(a,y),
Im(z)>0

where D(a, y) is a positive number to be determined. Then, for any ¢ € U N Exp, (y) and
Y€ i(Vea),

IA

K197 fR [p(w)] - (w)lg(w)dw

IA

f e p(w)l - e ()] - e g(w)dw
R
< &CD(a,v) f Mo (w)dw.

R

Since g(w) is the Gaussian, the integral E(,y) = fRe(“”)""'g(w)dw exists. If we put
D(a,y) = 1/CE(a,7y), we obtain [{¢ | ¢)| < € for any ¢ € U and ¥ € i(Vc,). This proves
that i(Vc,) is an equicontinuous set. In particular, i(V¢,) is a bounded set of Exp’ for
both of the weak dual topology and the strong dual topology due to the Banach-Steinhaus
theorem (see Prop.32.5 of Tréves [47]). Since Exp_ is Montel, the weak dual topology,
the projective topology and the strong dual topology coincide on the bounded set i(V¢,,).
Thus it is sufficient to prove (ii) for one of these topologies.

(i1) Obviously V¢, C Exp, is connected (actually it is a convex set). Since the canon-
ical inclusion i is continuous, i(V¢,) and i(V¢,) are connected. Since the strong dual
Exp’ is Montel (Prop.5.4), every bounded set of Exp’ is relatively compact, which proves
that i(V¢,) 1s compact. By the projective topology, i(V¢,) is a metrizable space with the
metric (5.37).

(iii) To prove Z; € V), recall that Z; is defined by Eq.(3.1). We want to estimate the

analytic continuation of Z;(¢, w) with respect to w. Put X(#) = e V-1xt0:0.0) From Eq.(2.3),
it turns out that X satisfies the equation

{ d—X = V-1wX + gn(t) — g%Xz,

dr
X(0) = e V1.
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Put X(1) = &@)e VPO, n(r) = (e V140 with &, ¢, p, g € R. Then, the above equation is
rewritten as

% + V-1 ‘2—’;‘5 = (V=1Re(w) — Im(w))é + ggeﬁ@—w - g{fze_ V-la-p),

which yields

d K

d—f = —Im(w)¢é + 5{(1 - §2) cos(qg — p). (5.39)
This equation shows that if Im(w) > 0 and |£] = 1, then dé/dt < 0. Therefore, if the
initial condition satisfies [X(0)| < 1, then |X(#)] < 1 for any ¢ > 0 and any Im(w) > 0.
Thus Eq.(3.1) shows that the analytic continuation of Z;(¢, w) to the upper half plane is
estimated as

27

Zit, o)l < | IXOVhO)O <1, j=1,2,---, (5.40)
0

which means that Z;(z, w) € V; for every ¢ > 0. [ |

Although solutions of the system (3.2),(3.3) are included in the set V;, this set is
inconvenient because it is not closed under the multiplication by a scalar. Let us introduce
anew set We,. For C > 1, > 0 and p > 0, we define a subset W, of Exp, to be

Weo = {¥ € Exp, | [W(z + V=1p)/(z)le™™ < C, when 0 < Im(z) < p}. (5.41)

The choice of a number p > 0 is not important. If & € i(W¢,), then k¢ € i(W¢,,) for any
k € C. For elements in i(Wc,), let us estimate the norm of the projection IT;.

Lemma 5.11. (i) For each £ € i(Exp,), ||§||/’§,n is bounded as n — oo.
(i1) Forevery 8 =0,1,--- and n = 1,2, - - -, there exists a positive number Q(8) such that
the inequalities

161101 < €15 NIElg, < QBNIETlg (5.42)

hold for ¢ € i(Exp, ) (this means that norms || - || are comparable [18]).

(iii) For u(A) defined by Eq.(5.13), the linear mappmg i) — () |y*) from i(We,)
into C is continuous with respect to the projective topology when —p < Re(4) < 0. In
particular, if a resonance pole A; satisfies —p < Re(4;) < 0, the corresponding projection
IT; is continuous on (W ).

(iv) Forevery = 0,1,--- and n = 1,2, - -, there exists a positive number D¢, g ; such
that the inequality

ITL;€s,, < Deagiliélls, (5.43)
holds for & € i(Wc,).
Proof. (i) ||§||/’§,n has an upper bound

Il = sup f ¢(w)f(w)g(w)dw‘ < f Mg ) lg(w)dw,
R R

”¢|Iﬁ,n:1
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which is independent of n = 1,2, ---.

(i) The inequality lElly,, < ||§||2,’n follows from the definition. It is easy to verify
that the inclusion Exp_(0,1) — Exp_(B,n) is continuous. Thus its dual operator from
Exp_(B,n)" into Exp_(0, 1)" is continuous. This shows that there exists a positive number
Q(B) such that ||§||;’n < OBllly,;- Since the norm || - IIZ,’n is bounded as n — oo, we can
take Q(B8) nottodependonn = 1,2,---.

(iii) Let {¢,.},>_, € i(Wc,,) be a sequence converging to zero as m — oo with respect to
the projective topology. By the definition of the projective topology, we have [[y[l;, — 0
for every 8 and n. This means that (¢, | f*) — O uniformly in f € Exp_ (B, n) satisfying
lfllg,, < C for each C > 0 and g > 0. Due to the part (i) of the lemma, ||Wm||2},n -0
uniformly inn = 1,2, - - -, which shows that (¢, | f*) — 0 uniformly in f € Vg for each
C > 0 and 8 > 0. For a positive number p > 0 satisfying —p < Re(4), {(u() [¢;,) 1s given
by

1
WD 1) f —— Y (@)g(W)dw + 27, (~ V=1 g(= V=12)
RA— V-lw
1
- m(@+ V=1 V=1p)d
fm YT ﬁp)w (w + pg(w + p)dw
_ f L Yn(w + V=1p)g(w + V=1p) I (e()dw
RA— \/—_l(a) + \/—_119) Ym(w)g(w) " ’
where we used the residue theorem. Putting
f (@) = 1 Yn(w + V=1p)glw + V=1p)
T A= V=l + V=1p) Ym(w)g(w)

provides (u() |¢;,) = Wwl f,). Since ¢, € We,, there exist C” > 1 and @’ > 0 such
that f,, € V¢ o for every m. Therefore, (u(4)|y;,) — 0 as m — 0. Since the projective
topology is metrizable, this implies that the mapping i(¥) — (u(1)|¥*) is continuous.

(iv) Since II; is continuous on i(W¢,) with respect to the metric d, for any £ > 0, there
exists a number 0c, ; > 0 such that if d(£,0) < ¢, j, then d(I1;€,0) < € for & € i(We,).
For ¢ > 0, take n € i(W¢,) and numbers SC,(,,B, ; such that ”77”;;,” < 8C,a,ﬁ, j- We can take
Sc.ap.j sufficiently small so that d(, 0) < 8¢ ; holds, which implies d(IT;7,0) < &. By the
definition of d, this yields

2k . 2Be
-0’ T 10

Tl <

If¢& €i(We,), thenn := (ASC,(,# &l ||§||;’n is included in (W, ) and satisfies ”’7”;,n < (ASC,Q,/;, j-
Thus we obtain
* - 2"k

gn~ 1 — 20k’

”H Scas (5.44)

i,

for & € i(W¢,), which yields Eq.(5.43) by putting D¢ = 2"k/(1 — 2"«) /SC,a/,ﬁ, j- Since
the norm || - ||;’n is bounded as n — oo, we can take D¢, ; notto dependonn =1,2,---.
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Define the generalized center subspace of T, to be
E. = span{u, |4, € V-1R} C Exp’. (5.45)

When g is the Gaussian distribution and K = K., E. is a one dimensional vector space
because Eq.(4.11) has a unique root 4, = 0 on the imaginary axis when K = K.. Let
to be the corresponding generalized eigenfunction; that is, E. = span{u,}. Let E be
a complementary subspace of E. in Exp’ including u;,us,---. Let I, : Exp’ — E.
be the projection to E. with respect to the direct sum Exp” = E. ® E. Although E*
may not be unique, Il.y is uniquely determined for ¥ € i(Exp,) because of Thm.5.8
(iii). The complementary subspace E including p, i, - - - is called the stable subspace.
Eq.(5.26) shows that IT (e”'")*y decays exponentially as ¢ — oo, because Re(4 i) < 0 for
Jj=1,2,---, where Il; = id — I, is the projection to E}.

Theorem 5.12. For any ¢ € i(Exp, ), the projection to the center subspace I1,. satisfies

Iy =Ty = E(ﬂollﬁ ) * Mo. (5.46)
0

.7y = TXTLy, (5.47)

(") y = (") . (5.48)

Proof. The first equality follows from the definition. The second one is verified by using
Eq.(5.6) and TT'u,, = Ay, as

ITTy = Hchi(w) = [i(Ty)
= T, = —(A4 ,
2D0 Ty o = < Mo [y o = 2D0< oo [ ¥ o
K
My = — Ny = —— “Yopo-
W 2D0<,Uo|l/’> | Mo 2D0<,Uo|lﬁ> 0Ho
The third one is proved in the same way. ]

Let i(Wc,) € Exp” be a closure of i(W¢,,) with respect to the projective topology. The
next proposition shows that solutions of the system (3.2),(3.3) are included in the closure
of the set Wj .

Proposition 5.13. (i) For any C > 1, i(Vcp) C i(W3p).
(i1) Put V = [Ues1 Veo- Then, the generalized center subspace E, is included in i(V);

E. c i(V) c i(Ws,) C Exp. (5.49)

(iii) I1. : i(Ws9) — Exp’ is continuous with respect to the projective topology. The
continuous extension 1. 1 i(W39) — Exp’ satisfies I, o I1. = I1,.

Proof. (i) If a function ¢ € V(¢ has zeros on the region 0 < Im(z) < p, ¥ ¢ Wc,
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for any C and a. To prove that i(y) € i(W3y), let us perturb the function ¥ € V. For
n=1,2,---, put
J(w) = Y(w) + 2Ce Vo, (5.50)

For 0 < Im(w) < p, we have

lm ' \/—_1p>‘ i
7w

U(w + V-1 p) +2Ce V-Tnw C + 2Ce"m@)

< <3,
Y(w) + 2Ce V-Tnwtnp 2Cenr-mw) — C

which implies ¢ € Ws. It is easy to verify that 2Ce V=lnwsnp () as n — oo with respect
to the weak dual topology. Therefore, i(§) — i(y) € i(W3p) asn — oo forany C > 1.

(i1) Put vy(w) = 1/(1 - \/—_1a)). Let 4y = 0 be a resonance pole on the imaginary axis.
By the definition, the corresponding generalized eigenfunction yj is given by

Ho = lim i(vy(w)), (5.51)

where the limit is taken with respect to the weak dual topology. It is easy to verify that
vi(w) € V for Re(d) > 0. This implies that o € i(V) and thus the generalized center
subspace E. is included in i(V).

(ii1) The continuity was proved in Lemma 5.11. Since E. = span{uy}, it is sufficient to
prove that Iz = o. Since

. ) ) . K. .
Mepo = )}1)1110 IMei(vy) = xlg}}o 2—DO<,U0 [ Vioro,
let us show that
l —_— =1.
im 2 Do (o | Vi) =

By the definition of p given in Eq.(5.14), we have

1
hm (,u |vy) = lim lim f g(w)dw.
’ 20240 Jry — V=lwx— V-1lw

By the definition of D, given in Eq.(5.23), we obtain

2120 ) %}i—o i (1 _D(ﬁ) K9~ V=10) = %}LTO : (- %Du))
- Kixlingoi(l S R \l/—w (w)da)).
Since K, = 2/xg(0) (Cor.3.6),
2D, 1




Lemma 3.4 yields

2Dy 1 (
= lim —
x—+0 X

X 1
xh_)ngo fR —(x ¥ 2g(a))da)— jl; —x— \/__M)g(w)dw).

Since g is an even function, the above is rearranged as

c

2Dy N | ( 1 1
= lim lim —| | ———g(w)dw - f _— g(cu)da))
K, =400 =40 X \Jr ' — V=1w Rx— V-lw
1 x—x
= lim lim — g(w)dw
200X JR (X — V-1lw)(x — V-1w)
1
= lim lim gw)dw.
24040 Jr (x — V-lw)(x — V-1w)
This completes the proof. ]

In what follows, the extension 1. of 1 |iw, ) is denoted by II. for simplicity. Next
purpose is to estimate norms of semigroups. At first, we suppose that K < K.. In this
case, there are no resonance poles on the imaginary axis and thus I, = 0.

Proposition 5.14. Suppose that 0 < K < K.. Forevery 8 = 0,1,--- andn = 1,2,---,
there exist positive numbers Mc, g and a such that the inequality

"€l < Mcape ™ Wellg,  J= 1,2, (5.52)

holds for &€ € i(W¢,,).

Proof. At first, we show the proposition for j = 1. When g is the Gaussian, there exists a
positive constant a = a(K) such that all resonance poles satisfy Re(4,) < —a. Then,

T10\X &]|* (T1+a)tr\X g]|*
TV el _ 1T,
1l 1115,

and (T Yg/||éll5 s given by

(e(T1+a)t Z A+ ( )
||§||ﬁ,, B

n=0

b

for ¢ € i(Exp,). Due to Lemma 5.11 (iv), the right hand side above is bounded with
respect to the norm || - IIZ’n uniformly in & € i(W¢,) and ¢ > 0. This proves that there exists
a positive constant L, g such that ||(eT”)X§||;;ﬂ < e‘“th,aﬁHfll;ﬂ for £ € i(Wc,). Since the

norm || - ”;in is bounded as n — oo, we can take L¢, g not to depend onn = 1,2,---. The

result is continuously extended to the closure i(Wc,,).
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Next, let us consider T; for j = 2,3, ---. Cauchy’s theorem proves that

(Ml = (V1 y") = f Vg (w)g(w)dw

R

Voareo
f ¢V P (w)g(w)dw
V=la—co

_ f g+ Vol + V-Tagw + Volawdo,

for any ¢,y € Exp,. Hence, we obtain

N Bllz, = e sup K" ply)

[l¥1lg.n=1
= sup f Jo(w)p(w)g(w)dw| = sup K| f)l,
[lpllg=1TJR lllp.n=1
where
- -1 -1
@) = &V Ty + Vg 2@ V-lagw + V-la)
P(w)g(w)
If g is sufficiently large and ¢ € i(Wc,), || fyllg,» €xists and
, , Ko | S
eIy ¢lls, = sup v Wisllgn < sup [ fyllgn - lls -
Wlga=t fullpn Wlgn=1

Due to Lemma 5.11(ii), it turns out that there exists a positive number N¢, g such that
el||(eTi Y@lls.,, < Newpllglly, for ¢ € i(Wc,). The result is continuously extended to the

closure i(W¢,). Then, putting Mc, s = max{Lcqp, Ncop) yields the desired result. [ |

Next, we suppose that K = K.. In this case, there exists a resonance pole on the
imaginary axis and I1. # 0. Then, we can prove the following proposition.
Proposition 5.15. Suppose that K = K.. Then, forevery 8 =0,1,--- andn =1,2,---,
there exist positive constants L¢3, Mc o5, Ncog and a such that the inequalities

1" T, < Leagllélls . (5.53)
1" TLEN, < Mcape €N, (5.54)

hold for ¢ € i(Wc,), and the inequality
1"y Ellp, < Neage ™€l J =23, (5.55)

holds for & € i(Wc.).

Proof. Let Ao(= 0) be the resonance pole on the imaginary axis. For & € i(W¢,),
(eT")*T1.£ is calculated as

K K
(e"")I1E = 2—D0<,Uo 1€ - (") o = 2—D0</10|f*> - e
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Since Ay = 0, we obtain

* K 3k * * *
1T T <1550 1€ ol = 1T10€ 5, < Decagolll,.

This provides Eq.(5.53) for & € i(W¢,) with Lcos = Dcopo. The result is continuously

extended for & € i(W¢,). The proofs of Eq.(5.54) and (5.55) are the same as that of Prop
5.14 with the aid of the fact that I = id — I1. is continuous on i(W¢,). [ |

Note that i(V) is a closed subspace of Exp’. If & € V, i(¢) satisfies inequalities
(5.52),(5.53),(5.54),(5.55), in which the constants depend only on 8 because z(_V) C i(W3p).
Since E. C i(V), the generalized eigenfunctions in E, also satisfy the inequalities with the
same constants. The space i(V) has all properties for developing a bifurcation theory: it
is a metric space including all solutions of the Kuramoto model and the generalized cen-
ter subspace. The projection II, is continuous on i(V). The semigroup (e’'")* admits the
spectral decomposition on it, and norms of the semigroups (e’")* satisfy the appropriate
inequalities. By using these properties, we will prove the existence of center manifolds in
Section 7.

5.3 Spectral theory on (H_, L*(R, g(w)dw), H")

In this subsection, we suppose that g(w) is a rational function. Let H, be a Banach space
of bounded holomorphic functions on the real axis and the upper half plane (see Sec.4.3)
and H_ = {¢*|¢ € H,)}. In this case, H_ is not a dense subspace of L*(R, g(w)dw), and
thus the triplet (H_, L*(R, g(w)dw), H") is a degenerate rigged Hilbert space.

Proposition 5.16. The canonical inclusion i : H, — H’ is a finite dimensional operator
; that is, i(H,) € H’ is a finite dimensional vector space.

Proof. By the definition,

(W6 = W16 = W.6") = fR SV (g(w)dw,

for ¢, € H,. Let z;,---,z, be poles of g(w) on the upper half plane. By the residue
theorem, we obtain

f dp(w)gw)dw + lim f g T p(re T0ygre VI V=Tre VT
R r—eo Jq
= 27V-1 Z Res(z;),

j=1

where, Res(z;) denotes the residue of ¢(w)y(w)g(w) at z;. Since g(w) is a rational function
which is integrable on the real axis, the degree of the denominator is at least two greater
than the degree of the numerator : g(w) ~ O(1/|w|?) as |w| — oo. Since ¢,y € H, is
bounded on the upper half plane, we obtain

)¢y =2xV=-1 Z Res(z;), (5.56)
=1
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as r — oco. This means that the action of i(yy) € i(H,) on H_ is determined by the values
of Y(w) and its derivatives at zy, - - - , z,. In particular, if the denominator of g is of degree
M, then i(H,) ~ CM. (]

Since i(H,) is of finite dimensional, the semigroup (e”'")* restricted to i(H., ) is a finite
dimensional operator. This is the reason that Eq.(4.25) consists of a finite sum. In what
follows, we suppose that all resonance poles are simple roots of Eq.(4.11). Then Eq.(4.25)
is rewritten as

M
K
("¢, u") = (") By = HZ:(; 2—Dneﬂ”t<un | ") n 1Y), (5.57)

where definitions of D, and p, are the same as those in previous sections. Now we have
obtained the following theorem.

Theorem 5.17. For any ¢ € H,, the equalities

"y = iiew % (5.58)
- 2Dn /Jn /-'lna .
n=0
M
K
i) = D 55l (5.59)

Il
[«

hold. In particular, a system of generalized eigenfunctions {,u,,}r’y: o forms a base of i(H.,).

The projection I1, : i(H,) — spanf{u,} C H’ is defined to be

K '
Hnw_z—Dannll//)'/ln’ I’Z—O,"',M (560)

as before. Since i(H,) is a finite dimensional vector space, I1, is continuous on the whole
space. Note that solutions Z;, Z,, - - - of the Kuramoto model are included in H, (we have
proved that Z; € V, ., in Thm.5.10 (iii)). Thus the bifurcation problem of the Kuramoto
model is reduced to the bifurcation theory on a finite dimensional space, and the usual
center manifold theory is applicable.

6 Nonlinear stability

Before going to the bifurcation theory, let us consider the nonlinear stability of the de-
synchronous state. In Sec.4 and Sec.5, we proved that the order parameter 7(¢) = 0 is
linearly stable when 0 < K < K_; that is, the asymptotic stability of 7(¢) = 0 is proved for
the linearized system (3.4). For a system on an infinite dimensional space, in general, the
linear stability does not imply the nonlinear stability. Infinitesimally small nonlinear terms
may change the stability of fixed points. In this section, we show that the de-synchronous
state Z;(t) = 0(j = 1,2,---) (which corresponds to p, = 1/2n) is locally stable with
respect to a suitable topology when O < K < K. In particular, the order parameter proves
to decay to zero as t — oo without neglecting the nonlinear terms.
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Recall that the continuous model (2.1) is rewritten as Eqs.(3.2),(3.3) by putting Z;(t, w) =

Ozﬂe V=1105,(6, w)d6 with the initial condition

21
Z0,w)= | eV""n6)do := h; € C. (6.1)
0

We need not suppose that 4(6) is a usual function. It may be a probability measure on S'!.
We have proved that solutions Z(z, -) are included in the set V,, C Exp,. By using the
canonical inclusion i : L*(R, g(w)dw) — Exp’, , Eqs.(3.2),(3.3) are rewritten as a system
of evolution equations on []}; Exp’ of the form

Sz =112, - S Pyz
dr 141 ) 11507242,
d
dt
Z;0, -) = h;Py,

. JK — . .
2= T;Z;+ 5 (@1 P0Z1 = TTPOZm), j=2.3,+, ©.2)

where Z; is an abbreviation for i(Z;) € i(Exp,) C Exp_. Linear operators 7'; are defined
to be

K K
Tigw) = (V=IM+ ZP)p(w) = V-1wp(w) + —{| Po)Po(w), (6.3)
and
Tip(w) = V-1jMp(w) = V=1 jw(w), (6.4)
for j=2,3,---,and TjX are their dual operators. The main theorem in this section is stated
as follows.

Theorem 6.1 (local stability of the de-synchronous state). Suppose that g(w) is the
Gaussian and 0 < K < K. Then, there exists a positive constant 6z such that if the initial
condition /(0) of the initial value problem (2.1) satisfies

21
)| = f ¢!V n(6)do
0

S6ﬁ3 j:1$25"" (6'5)

then the quantities

271
(Z ) = f f e V" (w)pi(6, w)dwdd
0 R

tend to zero as t — oo for every ¢ € Exp_(f) uniformly in j = 1,2,---. In particular, the
order parameter 7(¢) = (Z;, Py) tends to zero as t — oo.

This theorem means that the trivial solution Z; = 0 of (6.2) is locally stable with
respect to the weak dual topology on Exp”. In general, 63 — 0 as § — co. One of the
reasons is that the norm || - ||;,n goes to infinity as 8 — oo. For the case g(w) is a rational
function, we can show the same statement : (Z;, ¢) tends to zero as t — oo for every
¢ € H, if the initial condition satisfies (6.5), in which ¢, is independent of 5.
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Proof of Thm.6.1. Since we have Prop.5.14, the proof is done in a similar manner to the
proof of the local stability of fixed points of finite dimensional systems. Eq.(6.2) provides

K ({—
Zi(t,) = (" Z (1o, ) - 0 f (Zi(s,) | Po)(e ™Y Zy(s, )ds,

.
28, = @0 Zi00) + 5 [ (@1 P 510 (00

fo

~(Zi(s, ) [ Po) (") Z;1(s, ) )ds,

for 0 < 7y < t. Since Z; € i(V,) C i(W3p) forevery t >0 and j = 1,2,---, Prop.5.14 is
applied to show that there exists M3z = Mg > 0 such that

* —a(t— * K ' —a(t—s * *
121, < Mpe™ ™l ZoGao. N, + 5 f Mpe™ N Z,(5, )My, - 11 Za(s, i s,
fo

* —ja(t— * .]K ' —ja(t—s *
1 Zi(t, g, < Mge N Zy(10, Iy, + 7fMﬁe TN Zy (s, )0
)

(1Z-1(5, M0 + 1 Zja (s, )M, )ds.

(6.7)
Take a small constant 55 > 0 such that i; = foznej V=105(0)d0 satisfies Eq.(6.5). Let us
show that there exists Nz > 0 such that

I Z(2, )llg,, < IpNp (6.8)

holds for any t > fy and j = 1,2,---. Indeed, Eq.(5.40) shows that |Z;(z, w)| < 6 holds
for any 7, w and j. Hence,

1Zllg,, = sup KZ;ly")l = sup ij(t,w)l//(w)g(w)dw
llgn=1 Wllga=1 |JR
< 0g feﬁl“’lg(w)d(u.
R

Therefore, putting Ns := fReﬁ""'g(w)dw proves Eq.(6.8). Then, the first equation of (6.7)
gives

SsKMgNs [
12162, ) < 6 MpNpe ™ + f N5 Muds, (6.9)
fo
for t > fy. Now the Gronwall inequality proves
| Zy(t, )y, < SpMpNge' K Mpsl2=at=ro) (6.10)

Since Mg and Ny are independent of the choice of dg, by taking o4 sufficiently small, this
quantity proves to tend to zero as t — co. Substituting it into the second equation of (6.7),
we obtain

!
I Zi(t, )|y, < SpMpNge ™™ + jK(55MpNp)* f e I41=9) gUsKMgNs [ 2=a)s=t) g g (6.11)
fo
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for j = 2,3,---. It is easy to verify that the right hand side tends to zero as t — oo
uniformly in j.

Now we have proved that if the initial condition satisfies (6.5) for each 5, then || Z(z, -)II;’H
decays to zero as t — oo for every j and n. By the definition of the norm || ||;’n, this means
that (Z;(t,-), ) — 0 as t — oo for every ¢ € Exp_(f). [ |

7 Bifurcation theory

Now we are in a position to investigate bifurcation of the Kuramoto model by using the
center manifold reduction. Our strategy to detect bifurcation is that we use the space
of functionals Exp’ instead of the spaces of usual functions Exp, or L*(R, g(w)dw) be-
cause the linear operator 7 admits the spectral decomposition on Exp’ consisting of a
countable number of eigenfunctions, while the spectral decomposition on L*(R, g(w)dw)
involves the continuous spectrum on the imaginary axis; that is, a center manifold on
L*(R, g(w)dw) is an infinite dimensional manifold. To avoid such a difficulty, we will
seek a center manifold on Exp’. At first, we have to prove the existence of center man-
ifolds. Standard results of the existence of center manifolds (see [5, 9, 25, 48]) are not
applicable to our system because the space Exp’ is not a Banach space and the projection
I1. to the center subspace is continuous only on a subspace of Exp”. Thus in Sec.7.1,
the existence theorem of center manifolds for our system and a strategy for proving it
are given. The proof of the theorem is given in Sec.7.2 to 7.4. In Sec.7.5, the dynamics
on the center manifold is derived and the Kuramoto’s conjecture is solved. Readers who
are interested in a practical method for obtaining a bifurcation structure can skip Sec.7.1
to 7.4 and go to Sec.7.5. Throughout this section, we suppose that g(w) is the Gaussian.
Existence of center manifolds for the case that g(w) is a rational function is trivial because
the phase space i(H.) is a finite dimensional vector space.

7.1 Center manifold theorem

Let i(¥) be a certain metric subspace of the product space [];., Exp” with a distance d.,
and i(7) its closure. These spaces and the metric d., will be introduced in Sec.7.2 and

Sec.7.3. Let @, be the semiflow on i(7) generated by the system (6.2). For the generalized
center subspace E, of T defined by (5.45), put

EC:ECX{O}X{O}X---CnExp’_. (7.1)
k=1

Let Ej = E} x Exp” X Exp” X --- be the complement of E.. The existence theorem of
center manifolds is stated as follows.

Theorem 7.1. There exist a positive number &, and an open set U of the origin in i(¥) C
[T, Exp” such that when |K — K,| < &, the following holds:

(I) (center manifold). There exists a C' mapping § : E. — Ej N i(¥) such that the one
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dimensional C' manifold defined to be
Wi, ={y+q0lyeE}lnU (7.2)

is @;-invariant (that is, ®,(W; )N U c W, ). This is called the local center manifold. The
mapping § is also C' with respect to the parameter € := K — K, and §(y) ~ O(?, €y, £%)
asy,e = 0

> there exists a function u : (=00, 0] — i(F)
such that u(0) = & and ®,(u(s)) = u(t + s) when ¢t > 0, s < —t. Such a u(¢) is called a
negative semi-orbit of (6.2). As long as u(t) € U, u(t) € W . In this case, there exist
C, > 0 and a small number b > 0O such that

(IT) (negative semi-orbit). For every & € Wy

doo(u(t),0) < Ce. (7.3)

(IIT) (invariant foliation). There exists a family of manifolds {Mér}fewlcoc Cc U, parameter-
ized by £ € W) , satisfying that
(1) M "Wy = {&}, Ugew;;m M;=U,and M N Mg =0if & # &',
(ll) when q)t(é:) e U, q)t(Mf) NUC M@t(f).
(i) _
M; = {uci(F)nU
there exist a > b and C, > 0 such that d.(®,(u), D,(&)) < Cre™}.

Part (III) of the theorem means that Wy is attracting with the decay rate e™*, where
the constant a is the same as that in Prop.5.15. Further, (II1)-(iii) means that the semiflow
near W; is eventually well approximated by the semiflow on W if > 0 is large. In
particular, if (6.2) has an attractor N near the origin, N is included in W . Since the
topology induced by the metric coincides with the strong and the weak dual topologies on
any bounded set, N is attracting for both of the strong and the weak dual topologies. Due
to the spectral decomposition, any element Z; € i(Exp, ) is decomposed as

Z]ZQ’,U()+Y1, CZEC, Y]EE?, (74)

where yy € E,. is a generalized eigenfunction associated with the resonance pole 4y = 0.
Then, part (I) of the theorem means that if (Z;,2,,---) € W}

loc?
Y, ~ O, e, &), Zp~ O ea, &), k=23, (7.5)

as &, — 0. Substituting Eq.(7.4) into the system (6.2) with the condition (7.5), we can
obtain the expression of §(y) as a function of &, @. The dynamics on W; is realized by an
ordinary differential equation of a:

da

— = TQ). 7.6

o7 f(&;a) (7.6)
If (6.2) has an attractor N near the origin, N is an attractor of the system (7.6). In this
manner, (6.2) is reduced to a finite dimensional problem. Such a technique to investi-
gate bifurcation is called the center manifold reduction. Part (II) implies that the center

manifold is characterized by the property that the dynamics on it is sufficiently slow.
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Although we prove the existence of W} in i(¥), from a physical viewpoint, especially
we are interested in an initial condition of the form Z;(0) = h;P, (which corresponds to
the initial condition of the form py(6, w) = h(6) for the system (2.1)). Then Z;(t, -) € i(V' )
(Thm.5.10 (ii1)). This means that an attractor of (6.2) which is reached from the initial
condition Z;(0) = h;Py is included in W} N ]2, i(Vip).

Sec.7.2 to 7.4 are devoted to prove Thm.7.1. It is well known that a global center
manifold uniquely exists only when a Lipschitz constant of nonlinear terms of a system
is sufficiently small. Thus in Sec.7.2, we consider a perturbed system of (6.2) so that its
Lipschitz constant becomes sufficiently small, while it coincides with the original system
in the vicinity of the origin. Because of the perturbation, a solution may fall out of i(V ()
and go into a larger space. Thus we will introduce the space ¥, and show that solutions
(Z1,2,,---) of the perturbed system are included in . We will prove in Sec.7.3 that the
perturbed system generates a smooth flow to prove that the center manifold is smooth.
Once we obtain the existence of a proper phase space, a spectral decomposition of the
linear operator, estimates of norms of the semigroups and a smooth flow whose Lipschitz
constant of nonlinear terms is sufficiently small, then the existence of the center manifold
is proved in the usual way with a slight modification. We demonstrate it in Sec.7.4. In
Sec.7.5, we perform the center manifold reduction: an equation of « is obtained and
investigated. The order parameter 7n(¢) is defined as n(¢) = (Z;, Py) = (Z;|Py). On the
center manifold, it is written as

2
(Z | Po) = a(t){uo | Po) + (Y1 | Po) = F“(f) + 0(a?, ea, £%), (7.7)

where we use (ug|Py) = 2/K., which follows from the definition of resonance poles.
Therefore, if a bifurcation diagram of (7.6) is obtained, a bifurcation diagram of the order
parameter is also obtained. In this way, the Kuramoto’s conjecture will be proved in
Sec.7.5.

7.2 Phase space of the perturbed system

Recall that the trivial solution Z;(r) = 0(j = 1,2,---) which corresponds to p, = 1/2n
is called the de-synchronous state (Sec.3). Since we are interested in bifurcations from
pr=12rat K = K., putp, = 1/2n + p, and K = K, + €. Then, Eq.(2.1) is rewritten as

((n)e™ V" = (e V1Y)

0/3, + 0( N + KC
—+ =l
o 90\ T T

€ V=10 _ T, V16 K
47”/__1(77(1)6 nne ") + Wi

+

(e Y10 = e V"p,) = 0, (7.8)
where

271
e

27
n() = f e V10,0, w)dbdw = f V=105.(8, w)dbdw.
RJO RJO

An initial condition py = h(6, w) is a real-valued measure (signed measure) on S' pa-
rameterized by w € R satisfying fohfz(e, w)df = 0. The first step to prove the existence
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of center manifolds is to localize the nonlinear term so that the Lipschitz constant of the
nonlinear term becomes sufficiently small. For this purpose, let { : [0,00) — [0, 1] be a
C® function, and consider the perturbed continuous model of the form

aﬁt i( A Kc

; \/_1 (l,)e—\/—_lf)_%e\/—_le)
T \V—

(n

e 0 R0 + e e Tiwp) = 0. (79)
If we put
27
Zitw) = | eVp,0,w)ds, (7.10)

0
Eq.(7.9) yields a system of equations

d7z .~ K. K—:,

L= VolwZ + =) + (fn(t) - —n(f)Zz))?(f)’

[ (7.11)
7. ) N K A — 4 ~ .

di/ = jV-1lwZ; + % (n(t)Zj—l - U(I)ZHI)X(I)’ J=2.3,.

If ¥ = 1, this coincides with the original system (3.2),(3.3). If () is sufficiently small, this
perturbation makes the Lipschitz constant of the nonlinear terms of (3.2),(3.3) sufficiently
small (Note that when proving the existence of center manifolds, the bifurcation parameter
€ is regarded as a dependent variable. Thus en(t) = e(Z,, Py) is regarded as a nonlinear
term). A concrete definition of { will be specified in Sec.7.3. Note that Z, = 0 because of
27 &

5 (6, w)d6 = 0.

Eq.(7.9) is integrated by using the characteristic curve method. The characteristic
curve x = x(t, 5; 0, w) is defined as a solution of the equation

dx K Yy — VI
— =w+——= (e " —n0)e )} (1), (7.12)
dt 2 ,/_1 ( )

satisfying the initial condition x(s, s; 6, w) = @ at an initial time s. Along the characteristic

curve, (7.9) is integrated to yield

A 7 K ' —V-1x(s,t;0.w T, Vlx(sn0.w)\ o
pi0,w) = h(x(0,t; G,w),w)eXp[E f (1(s)e™ V70000 1 (s VI0409) ()l |
0

t K t . L .
+ f exp[E f (T](T)e_ V=1x(r,1:0,0) + U(T)e \/__IX(T’[’Q’M))X(T)CZT] «
0 s

(Kc +&x(s)

1 ) (n(s)e_ V=1x(s,5:0,0) + %e \/—_lx(s,t;G,w)) ds. (7 1 3)
T

Once x(t, s; 0, w) and 7n(r) are determined, this p, gives a weak solution of (7.9). The
existence of solutions of (7.11) follows from that of the integro-ODE (7.12) and (7.13),
which will be proved by the standard iteration method (see also Prop.7.3).

In Sec.5, we have proved that a solution of (3.2),(3.3) is included in V). This
property may break down because of the perturbation ¥. Thus we define an appropriate
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phase space for (7.11) and prove the existence of the flow on it. Fix a finite number p > 0
and let V,  , be a set defined by Eq.(5.38). V =V, is defined by

V= U Veo,p, = 1¢ € Exp, ; [¢(2)| < oo, when 0 < Im(z) < 2p}.
c>1

Recall that i(V) C i(W3y). Define a subspace ¥ of the product space H;i | Exp, as fol-
lows. (Z,,2,,---) € ¥ if and only if

(F1) there exists a signed measure h(6,w)on S'! parameterized by w € R such that

27 27
f hO.w)do =0, Zjw)= | b, w)ds. (7.14)
0 0
(F2) Define Z_,,Z_,,--- by Eq.(7.14). Then, there exist positive constants C;,C, and y
such that .
SUp|Ziw) < Ci, sup  |Z(w)] < Cre™ (7.15)
weR 0<Im(w)<p
forall j = +1,+£2,--- In particular, Z; e V = V,,.

Hence, ¥ is a vector space of Fourier coeflicients {Z ,-};‘;1 of signed measures included in
[172; V whose growth rate in j is not so fast. From a physical viewpoint, we are interested
in an initial condition of the form (6, w) = h(6) (see Eq.(2.1)), which satisfies (F2).

The existence of solutions of Eq.(7.11) will be prove in Sec.7.3 after y is specified. In
this section, we show that if solutions exist, they are included in 7.

Proposition 7.2. For a given function y : [0, c0) — [0, 1] and an initial condition in 7,
suppose that a solution of (7.11) exists and a function x(¢, s; 8, w) has an analytic continu-
ation with respect to 6 and w (these facts will be verified in Sec.7.3). Then,

(1) the solution is included in ¥ for any ¢ > 0.

(ii) foreacht > 0, 8 = 0,1,--- and n = 1,2,---, ||Z;(2, -)||2;’n is bounded uniformly in
jeZ.

Proof. Note that when w € R, Z;(f,w) is bounded uniformly in j € Z; |Z;(t,w)| <

02”|/3,(9, w)|d6, which verifies the first equality of (7.15). This also shows Part (i1); ||Z;(z, ')”;in

is bounded uniformly in j € Z.
To show that Z;(z, -) € V if Z;(0, -) € V, we use the equality

271 21
f a0, w)p,(0, w)do = f a(x(t,0;6, w), w)fz(@, w)do
0 0

21 it K N i ;
+ f f a(x(1,0; 0, w), w) exp[—z f (U(T)e‘ V=Ix(r0b.w) (e V—_lx(f,o,e,w)) 1) dT] v
0 Jo 0

(Kc +&x(s)

n ) (n(s)e_ V=Tx(5,0;6,0) + %e \/—_lx(s,O;G,w)) dsde, (7 16)
T

for any measurable function a(6, w), which is proved by substitution of (7.13). Note that
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if £(r) = 1, it is reduced to Eq.(2.5). From this, it turns out that Z ;j 1s expressed as

27
2wy = | V96, w)de
0

21 ot X
0 K ) —_— )
+ f e V=1 jx(1,0;0,w) CXP[——f (U(T) e V=1x(1,0;0,w) + U(T) e \/—lx(T,O,H,w)) )2(7) dT] x
0 Jo 2o

K. +&x ~ (s 0;
T

At first, let us show that e* V-1x:0%») ¢ V_ Thjs is proved in the same way as Thm.5.10
(iii). Put X(¢) = ¢ V"15:06) Then X satisfies the equation

dx K —v2) ¢
E = \/—_la)X + 5 (I](Z‘) — n(l)X ))((l‘), (7.18)
X(0) = e V10,
Putting X = fe‘/jf’, n= {e‘/j‘f with &, Z, p, g € R yields
d K
d_f = —Im()¢ + 4(1 = &) cos(p ~ PR (7.19)

This equation implies that if Im(w) > 0 and & = 1, then d¢/dt < 0. Since |X(0)| = 1, we
obtain |X(¢)| < 1 for any t > 0 and any Im(w) > 0. This proves that X(7) is bounded on the
real axis and the upper half plane: X(r) = ¢ V-1¥t06) ¢ v, [ c V.

Next thing to do is to investigate Y(z) = ¢~ V-1¥t0:00) which satisfies

ay K 2 _ ¢
= V-lowyY - 5 ()Y = 7(5)) £(1), (7.20)
Y(0) = e
Putting Y = &e V=17, n = ze V"1 with &,Z, p, g € R yields
d K
d_f = Im(w)¢ + Z£(1 - &) cos(p + @R (1),
(7.21)

K 1

o = Re(@) = 3L+ Dsin(p + 00
When |Re(w)| is sufficiently large, the averaging method is applicable to construct an
approximate solution. Eq.(7.21) is averaged with respect to p to provide the averaging
equation dé/dt = Im(w)&, which is solved as &(f) = e™@"&(0). Therefore, a solution of
Eq.(7.21) is given as

1
E(t) = M@ 4 O(IRe(w)l)’ (7.22)

as |[Re(w)| — oo. See Sanders and Verhulst [40] for the averaging method. This implies
that Y is in Exp, for each ¢ and is bounded as Re(w) — +oo for each 0 < Im(w) < p and
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t. Thus e~ V-15t0:6) ¢ v Therefore, the second term in the right hand side of Eq.(7.17)
is in V; the second term is bounded as Re(w) — +oo for each j, 7 and 0 < Im(w) < p.
Next, we show that the first term in the right hand side of Eq.(7.17) isin V. Let

e\/—_ljx(t,O;é’,w) — Z ajn(t’ w)e V=1n6 (7.23)

n=—oo

be a Fourier expansion of e V-1/x:0%) Thep,

21 0

21
e VIO ]9 1))dh Z aju(t, w) f V"0, w)do
0 0

- Z ajn(t, 0)Z,(0, w). (7.24)

Since the series (7.23) converges uniformly in 6, the right hand side of (7.24) exists for
each w. Since e V-1x0:00) jg holomorphic in w, so is a;,(, w). By the assumption (F2),
7,(0, w) is also holomorphic. Therefore, the right hand side of (7.24) converges to a
holomorphic function on the region 0 < Im(w) < p. By the assumption (F2), there are
positive constants C and y such that

sup  1Z,(0, w)| < Ce. (7.25)
0<Im(w)<p
This provides the inequality
su apn(t,w)Z,0,w) < sup C Y e"a, (1 w)l. (7.26)
Oslm(o]i))SP n:Z_OO / OsIm(S)Sp n:Z_OO /

Let us prove that the right hand side exists. Eq.(7.12) shows that x(z,0;60 + 27, w) =

x(,0; 0, w) + 2. With this property, we use Cauchy’s theorem to the function e V=1jx(t.0:0,0)
along the path represented in Fig.7(a) to yield
1 0
ap(t,w)y = — | e V=16 , V=1jx(t.0:6.0)
21 Je,
= — i e_ \/__lnge \/—_ljx(t,O;H,w)de
2 Je,
-nr 27
_ ¢ f o VIl V-Tin(t0:0-V=Tr) g (7.27)
2r Jo
forn =0,1,2,--- and j = +1,£2,---, where r > 0 can be taken arbitrarily large be-

cause e V-IH00w) ig analytic in § € C. By the same way as above, we can show that
e V-Lxt0:6-V=1ro) ig egtimated as

le V=1jx(1,0:6- V=1 r,w)| = eIm@yr+nj 0( 1 ),
IRe(w)|

54



as |[Re(w)| — oo for each t and Im(w). This provides

. 1
la(t, w)| < e (e(‘lm(‘”)’”)f + 0(|R ( )l)),
e(w

forn=0,1,2,---. When n < 0, we take a path represented as Fig.7(b), which yields

|an(t, w)| < €' (e(_lm(‘“)’_r)j + O(

IRe(w)| ))

as |[Re(w)| — oo in the same way. Therefore, we obtain

[ee]

> a4t 02,0, )|

n=—oo

sup
0<Im(w)<p

(9]

< sup €Yo (e(—lm(w>z+r)j + ey of ! ))
0<Im(w)<p Re(w)|

n=1

By taking r > v, it turns out that the right hand side of Eq.(7.26) exists and bounded as
Re(w) — *oo for each j,r and 0 < Im(w) < p. This proves that 7 i(t, w) is bounded as
Re(w) — +o0 and Zj(t, w) € V for each j and t.

To verify the second equality of (7.15), put

K (* ; N, V-1x(1,0;0,w) | &
A(s,0) = exp[_zf (I](T)e_ V=1x(1,0:6,0) + I](T)e\/_l (7,056, )))((T)d‘l'] %

0
(KC + &\?(S)) (n(s)e_ V=1x(5,0;0,0) " me \/jx(s,O;H,w)) _
dr
Then, Z ; 1s rewritten as
. 0 R t 2 ‘
Zi(t,w) = Z an(t, 0)Z,(0, w) + f f ¢ V1000 A (5 0)dds. (7.28)
0Jo

n=—oo

From the above calculation, we obtain

sup |Zj(t, w)| < sup sup CZ Mor=n) (| e\/jx(t,O;H—\/jr,w)| Jy | e\/jx(t,0;0+\/jr,w)|j)

0<Im(w)<p 0<Im(w)<p 0<0<2r =0

!
+ sup  sup 27rf|A(s, O)|ds - |e V1000w
0

0<Im(w)<p 0<6<2n

which proves that Z;(t, w) satisfies (7.15) for some C and y because e V-1x(0:00) is hounded
on the region 0 < Im(w) < p.
Finally, let us verify (F1). Note that Eq.(7.12) provides

Ox K * - V=1x(7,0;0,w N, V=1x(1,0;6,w) \ ~
%(S,O; 0,w) = exp[—zf (n(r)e V-Ixtr08w) I](T)e\/_l @.0:6, )))((T)d‘l'].
0
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Fig. 7: The contour for obtaining Eq.(7.27).

This shows that the second term in the right hand side of Eq.(7.16) is rewritten as
'K, + &} 2 0 . — .
f K+ ex(s) f a(x(1,0; 0, w), w) V-1— (n(s)e_ V-Ix(s.000) _ n(s)e \/__]X(S’O’H’“’)) dods.
0 4 0 00

In particular, when a(f, w) = 1, this value vanishes because x(s, 0; 6, w) is periodic in 6.
This fact and Eq.(7.16) yield

27 27
f P60, w)do = f (6, w)do. (7.29)
0 0

Therefore, if an initial condition satisfies (F1), so is p,(6, w) for any ¢ > 0. Now the proof
of Prop.7.2 (1) is completed. [

7.3 Localization of the semiflow

By using the canonical inclusion, we rewrite Eq.(7.11) as an evolution equation on R X
[Ti2; Exp” of the form

4,
dt
d

1 -
T2 = TZy + 5 (21 | Po)Po = KZi T Po)Z2) R(0). (7.30)

=0,

d K > . .
22, = T5Z;+ = (@ Pz - GIPOZi )00, =23,

where Z; = i(Z ;) € Exp’. The trivial equation de/dt = 0 is added to regard € = K — K, as
a dependent variable. The operator T’ is defined by (6.3), in which K is replaced by K..
Note that T has a resonance pole 4y = 0.
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In what follows, we denote an element of the space Rx[];2, Exp” by z = (z0, 21,22, - * ),
where 7o € R and (z1,22,---) € [];2; Exp_. We also denote it as z = (zx);2,. A metric
on this space is defined as follows: Exp,(B,n) is a Banach space with the norm || - [|g,,
as before. The dual space Exp_(B,n)" of Exp_(B8,n) is a Banach space with the norm
||§||;’n = SUPjyy,,=1 [(€]¢)|. The projective limit Exp_(B8)" = liLnExp_(,B, n) is a com-
plete metric space with the metric dg defined by Eq.(5.36). Next, for the projective limit
Exp’ = @Exp_(ﬁ)’ we introduce the metric by

[ee)

_ I (&0
WO 2 T Tr D 730

where {P(B)};’, is a certain sequence of positive numbers such that Ype0 1/P(B) con-
verges. This defines the same projective topology as that induced by the metric (5.37).
The constants P(8) will be determined in Sec.7.4 so that d(&, 0) plays a similar role to a

norm. Define d, to be

do(2,7) = supd(z,z), 7= (z0,21,--) € Rx | | Expl, (7.32)
k>0 =1

where d(z, z;) for k > 1 is the distance on Exp’ defined as above, and d(z, z) = |20 — z|
for zp, 7, € R. Let G be a subspace of Rx [Ti2, Exp” consisting of elements z = (29,21, - *)
such that sup,. d(z, 0) is finite. With this metric d.,, G is a complete metric vector space.
Metric vector spaces and definitions of the metrics used in this section are listed in Table
2.

By the definition, it is easy to verify that

doo(z,£7') = d(z ¥ 7,0) < dw(z,0) + do(Z, 0). (7.33)

A sequence {7 = (zﬁcm)),f’zo}z: , In G converges to x = (x);-, if and only if Zg") — Xo on

R and ||z§(m) - xk||2;,n — O uniformly in k > 1 for every 8 > 0 and n > 1. On the other hand,
since a weakly convergent series in Exp’ also converges with respect to the metric d, a
sequence {7 = (z,(cm)),‘j’zo} in G converges to x = (x;)=, if and only if zJ” — x, on R
and (z" | ¢*) — (x| ¢*) uniformly in k > 1 for every ¢ € Exp,.

Let i(¥) be the subspace of [];-, Exp” consisting of elements of the form

[e6]
m=1

(i(Zy),i(Z£),--+), where (Z,,2,,---)eF.

Due to Eq.(7.15), R X i(f) c G. Thus with the distance d.,, R X i(¥) is a metric vector
subspace of G, and the closure R X i(#) is a complete metric vector space.

Now we specify the function y(7). Let E. = span{u,} be the generalized center sub-
space of Ty,. Put

E. = RxE,x {0} x {0} x -+~ c Rx | | Exp.. (7.34)

k=1
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Exp, (B, n) Banach space: [|¢ll, = sup lp(2)|e -
Im(z)>-1/n
Exp_(B,n) Banach space: [|€ll;,, = sup K&1¢)
|I¢I|ﬁ,n:]
S 1 1E={llg,
Exp_(B) = limExp_(3,n) (&)= ) sr——
p_(8) = limExp_(8 5(£.¢ ;2,[“”5_5”@”
. o 1 (€0
Exp” = limExp_(B)’ dé, ) =
P-m e ;) PB) 1+ dy(€.0)
G CcRx l_[ Exp” de(z,7") = sup d(z, 21)
il k=0
F, i(F) ¥ is a subspace of [, Exp, satisfying (F1), (F2);
i(F) is its inclusion into ]2, Exp”.. Rxi(¥) C G.
X" (= R X i(F)) Dyu(z,7) = K"dw(2,2)
Xc HX("") D(u,v) = sup D,,,(u"™,v"™),
m=0 m=>0
w= O, ut, ) e I X, u™™ = (™), € X

Table 2: Metric vector spaces used in Section 7. Definitions of the spaces X, X and the
constant « will be given in Section 7.4.

Let P.: Rx [];2, Exp_. — ﬁc be the projection to ﬁc defined by
P. = (idg, 11, 0,0, - - ), (7.35)

(idg 1s the identity on R) and P, = id— P, the projection to the complement O:f ﬁc. Because
of Lemma 5.11 and Prop.5.13, P, and P, are continuous on R X i(¥) and E, is included
in the closure R X ﬁ Let x(¢) be a C* function such that y(r) = 1 when 0 < < 1,
0 < x() <1when 1 <t<2, and y(#) = 0 when ¢ > 2. Taking a small positive constant
01, we replace y(¢) in (7.30) by

(1Pl
X0 =x 5. - x(In(@)), (7.36)
1
where
2(t) = (&, Zy(t,-), Zy(t,-),---) € R X l_[ Exp’, (7.37)
k=1
and || - ||, is a norm on ﬁlo defined as follows: An element y € ﬁlc is denoted by y =
(50, 1,0,--+) with y; = aup. Then, ||y||, 1s defined to be
Mz, = (yol® + lal®)'/>. (7.38)
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Thm.5.12 shows that [1.Z, is given as

K.
I1.Z, = , = — ya 7.39
| =aly, @ 2D0<,Uo| 0 (7.39)

With this a, ||P.z]|g, 1s given by

IPzlle, = (&% + o), (7.40)

forz = (g, Z1,---) € RXi(F). Since fEC is a finite dimensional vector space, the topology

on E, induced by || - ||g, is equivalent to that induced by the metric d.,. With this y(z), we
can prove the existence of solutions of Eq.(7.30).

Proposition 7.3. Eq.(7.30) with (¢) given by (7.36) generates a C! semiflow @, on R x
i(¥). That is, for a given initial condition z € R X i(¥), Eq.(7.30) has a unique solution
denoted by @,(z), which is C! in z, on R x i(F) for any t > 0.

Proof. For a given initial condition (21(0, -),--+) € F, there exists a signed measure
(6, w) satisfying (7.14). Such a & is uniquely determined because there is a one to one
correspondence between a measure on S' and its Fourier coefficients (see Shohat and
Tamarkin [41]). Thus the existence of a solution of Eq.(7.11) follows from the existence
of a solution of Eq.(7.9) with the initial condition py = IA1(0, w). Recall that Eq.(7.9) is
rewritten as the integro-ODE (7.12) and (7.13). A proof of the existence of solutions of
(7.12), (7.13) for any ¢ > 0 is done by the standard iteration method and omitted here (see
[11] for the proof for the case ¥ = 1). We can also prove that x(z, s; 6, w) is analytic in 6
and w by the standard method. Once a solution p, of (7.9) is obtained, a solution of (7.11)
is given through (7.10). Then, Prop.7.2 is applied to show that solutions of Eq.(7.11)
are included in . Note that when y is given as (7.36), (7.11) becomes an autonomous
system. Therefore, solutions define a semiflow on ¥ . This implies that the dual Eq.(7.30)
generates a semiflow @, on R X i(¥). The proof of smoothness of &, is also proved by the
iteration method. [

The semiflow is also denoted componentwise as

#(2) = (20, $1(2), G @), +)y 2= (20:21, ) (7.41)

By virtue of the variation-of-constant formula (see Eq.(5.21)), gbf proves to be of the form
@l(20:21,77) = (e""yz; + oz,) j=1,2,-, (7.42)

where g{ are nonlinear terms. Now we introduce another localization factor. Let 6, > 0
be a sufficiently small positive number. By using a function y(7) above, we multiply
the function x(dw(P,z,0)/5,) to the nonlinearity g/, and define a perturbed map ¢, =

(ZO’QOII")tha”')tObe

Pz, 0) 0)), (7.43)

@iz zis o) = @z + g,z ) (=
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for j=1,2,---. Put

deo(P,z,0) )

g{(ZO,Zl,"'):g{(ZO,Zl,"‘)'/\/< 6
2

Fix a positive number 7 > 0, and put
L = (idg, ("), ™)), g = (0, g, 87 ).
Then, the time T map ¢, of ¢, is denoted as
¢ RXi(F) > RXU(F), ¢(2) =Lz + g(). (7.44)

This is the desired localization of the semiflow of the original system (6.2). By Prop.7.3,
g/ is a C! mapping on R x i(¥). Since d.(-,0) and P, are continuous on R x i(F),
g : RXi(F) — RXi(F) is also continuous on RXi(¥). Hence, the map ¢; is continuously
extended to the map on the closure R X i(¥). Unfortunately, the distance d,(z,0) is not
C! in z. However, on the region such that d.,(P,z,0) < 8, or de(P,z,0) > 26,, gisa C!
mapping because y(d..(P,z, 0)/5,) becomes a constant. It is easy to see that g(z) ~ O(z%)
as 7 — 0 because the nonlinearity of Eq.(7.30) is of O(z?).

When ||P.zllg, < 61, In(0)] < 1 and deo(Pyz,0) < 8, then x (||Pezlle. /61) = 1, x(In(@)]) =
I and x(dw(P;z,0)/06,) = 1. Thus Eq.(7.44) coincides with the time 7 map of the semiflow
of the original system (6.2). When ||P.z||z, > 26, or dw(Psz,0) > 26, then y (||P.zllg,/61)
- x(dw(Psz,0)/02) = 0. In this case, g = 0 and Eq.(7.44) is reduced to the linear map.
Therefore, by taking ¢, and 9, sufficiently small, the Lipschitz constant of g

Lipg):= sup (828D (7.45)

27 €RXI(F) deo(2,2')
can be assumed to be sufficiently small.

Remark. We introduced the factors for localization in two steps. The one y (||P.zllg,/61)
is multiplied to the nonlinearity of the equation (7.30), and the other y(dw(P,z,0)/06>) is
multiplied to the nonlinearity of the semiflow (7.42). The reason is that if we multiply
both of them to the equation (7.30), then the proof of the existence of solutions for (7.30)
becomes too difficult; y (||P.zllg,/d1) is essentially a finite dimensional perturbation, al-
though y(d.(P;z,0)/0,) includes infinite dimensional terms Pg;z. On the other hand, if
we multiply both of them to the nonlinearity of the semiflow of the original system (6.2),
then a center manifold of the resultant perturbed mapping does not coincide with a center
manifold of the original system (6.2) because the perturbed mapping is not a semiflow for
any differential equations in general (i.e. the property ¢, = ¢, 0 ¢ is violated because of
the perturbation for the semiflow), see Krisztin [25] for details. However, if we introduce
these factors in two steps as above, a local center manifold of the original system is cor-
rectly obtained as follows: In Sec.7.4, we will prove the existence of a center manifold
for the map (7.44). We will show that if ¢; is sufficiently small, the center manifold is
included in the “strip” d,(P;z,0) < 6,. Since the map (7.44) is the same as (7.42), which
is a semiflow of the system (7.30), when d,(P;z,0) < 65, the obtained center manifold is a
center manifold of the system (7.30). When ||P.z||g, < 6, (7.30) is reduced to the original
system (6.2). Therefore, a local center manifold of (6.2) is obtained as a restriction of the
center manifold of (7.30) to the region ||P.z||g, < d;, see Fig.8.
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Fig. 8: A center manifold (the black curve) for the map (7.44) coincides with that of the
semiflow (7.42). The center manifold of the semiflow (7.42) coincides with that of the
original system (6.2) in the region ||P.z||g, < d;.

7.4 Proof of the center manifold theorem

Let us prove that the mapping ¢, defined in Eq.(7.44) has a center manifold, which gives
a local center manifold for the original system (6.2). The strategy of the proof is the same
as that in Chen, Hale and Bin [9], in which the existence of center manifolds is proved for
mappings on Banach spaces. At first, we need the next lemma to treat the metric d,, as a
norm.

Lemma 7.4. For u = (up, uy,---) € RXxi(¥), suppose that there exists a positive constant
03 such that ||u jll(‘il <osforj=1,2,---. If constants { P(B) ", are sufficiently large, there
exist positive constants A, and A; = A (53) such that the 1nequa11tles

do(L"P.u, 0) <Acde(u,0), m=0,%£1,£2,---, (7.46)

and
deo(L"Psu, 0) < Aje™™d(u,0), m=0,1,2,---, (7.47)

hold, where a > 0 is the constant appeared in Prop.5.15.

Note that since P, 1s a projection to the finite dlmensmnal vector space EC, the linear
operator L restricted to E has the inverse L™ on E and L™ P, is well-defined.

Proof. For u = (ug,u;,---) € Rx i(?‘-‘), L™P_u is given by
L"P.t = (uy, (""" )My, 0,0,---).

Since u; € i(V) € i(Wsy), Eq.(5.53) is applied to yield

S T (i iy P78
d Tyomt XHC , 0 — . >
ﬁ((e ) 23] ) ; 2n 1 + ||(€T10mT)Xch1||;7n
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where Lz = L3 is independent of m due to (""" = po. We can assume without loss
of generality that Lz > 1. Then,

=1 i,
dg((e"" Y Meuy , 0) < Lg Y o= ————m = Lydg(uy, 0).
;2 1+ luasllz,
Eq.(5.42) provides
1 el S 1l
do(uy,0) = — = dg(uy,0),
o ;2"1+||u1|| ;2 Ut fleally, — 2
and

21 lall, &1 0Bl
ds(uy,0) = — do(uy, 0).
5(11,0) nz_;an”ul”ﬁn Zz Tl = Q0,0

By using them, d((e”"*"")*I1.u, , 0) is calculated as

e dg((e"" ) [u, , 0)
Tiomt — A
(e ) Mewy, 0) = ;P(ﬁ)udﬁ«eﬂom)xn ur, 0)

< i Lﬁdﬁ(ul , 0)
B = P(B) 1 + Lgdg(u;,0)

LgQB)  dy(u,,0)

= /; P(B) 1+d0(1/t1,0)’

where we choose a sequence {P(B)};, so that 2pe0 LgO(B)/ P(B) converges. Then,

N LﬂQ(ﬂ).
2, |
o Ls0(B)

Z P(B) (

=0

% L0B) (S 1\
= Adu;,0), A,:= . —) . (7.48)
" ; P() (; P5)

IA

T1omt\X L - . N 1 dO(Ml’O)
d((e ) euy , 0) P(,B)) ; P(B) 1+ dy(uy,0)

(59

M 3

1 -1 1 dﬁ(lxl],())
4 @) ,; P(B) 1+ dy(ur, 0)

=
Il

Thus we obtain
doo(L"Peu,0) < sup{uo, Acd(uy, 0)} < sup{A.ug, Acd(ur,0)} = Acdeo(u, 0),
where we suppose that A, > 1. Note that we did not use the condition ||u illos < 63 for
Eq.(7.46).
Next, L™ P;u is given by

L"Pau = (0, (""" TLuy, (™) uy, ---).
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Eq.(5.54) is used to yield

1m0y T [,

1
d Tiomt XHS ,0 _
ﬁ((e ) u, 0) : ml + ”(eTlOmr)xHSulH;ﬂ

M

n=
< MﬁefamT Z i ”ul”ﬁﬂ
201 + Mﬁe_amTHu]HZ’n o 27 1 + e““””||bt1||;J1

IA
1
| —

where Mg := M3 is assumed to be larger than 1. Note that the condition [lully, < 63
yields ||u jllg’n < Q(B)o5. When ||u j”;’n < Q(B)d3, putting A;),(é}) = (1 + Q(B)d3) provides

1
T+ lally,”

<AL
1+ e=mluy |, #(03)

uniformly inm = 0, 1, - - - . Therefore, we obtain
dp((e"" Y T uy, 0) < Ap(03)Mpe™ " dg(uy, 0).

By the same way as in Eq.(7.48), we can verify that there exists a constant A (d3) > 0
such that

d((e™"" ) Tu1, 0) < Ay(63)e™""d(uy, 0).

In this calculation, constants P(5) are chosen sufficiently large as before. Similarly,
Eq.(5.55) shows that

d((e"")u;j, 0) < Ay(83)e” " d(uy, 0),

holds forevery j = 2,3, ---. Note that the constant A; can be taken so that it is independent
of j because the constant N, in Eq.(5.55) is independent of j. Thus de(L"Pu,0)
satisfies Eq.(7.47). [

If ||Poullg, = 26) or do(Psu,0) > 26,, then g(u) = 0. Thus there exists D = D(6,,0,)
such that the j-th component of g satisfies d(g(u);,0) < D for every j = 1,2,---. This
shows that there exists 03 = d3(d1, 0,) such that ||g(u) illog <03 for all j. In what follows,
we fix d3 in Lemma 7.4 so that g satisfies llg()jlly, < 63 for all j. Then, Eq.(7.47) is

applicable to g(u). Note that Eq.(7.46) holds for any R X i(¥) without the assumption.

Lemma 7.5. For a sequence {u™™ = (ué_m) L) € R X i(F), suppose that
LPu"™ — 0 (7.49)

as g — oo, and that there exist constants C > 0 and a sufficiently small » > 0 such that

doo(u™™,0) < Ce™ (7.50)
holds for every m = 0,1,---. Then, {u"™}*_, satisfies
u(—m) — (,OT(M(_m_l)) — Lu(—m—l) + g(u(—m—l)), m=0,1,2,---, (7.51)
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if and only if it satisfies the equation

U = L""Pcuo—z L' Pgu™0)+ Z L™ 'Pgu™), m=0,1,2,---. (7.52)

k=1 k=m+1

Eq.(7.51) means that {u=™}>_ = @@, 4", --.) is a negative semi-orbit of the mapping
¢-. Eq.(7.52) 1s called the Lyapunov-Perron equation [9].

Proof. Suppose that {u™™} satisfies Eq.(7.51). By iterating Eq.(7.51), we obtain

u® = Pu®+ Py
= Pu? +LPuY + Psg(u(_l))
= Pu” +L*Pu"? + LPgu™™) + P,gu"™")

q
= Pu?+LiPu"? + Z L'Pg™), ¢=0,1,2,---.
k=1

In a similar manner, we obtain

m q
U = [P o — Z L Pg(u™) + LT Pu™ + Z L' Pg(u'™),  (7.53)

k=1 k=m+1

forg=m,m+1,--- andm =0,1,2,---. By the assumption, LI"Pu=? — 0 as qg — 0.
Next thing to do is to show that 3 L¥m=1P g(u'=P) converges as g — 0. Eq.(7.47)
is applicable to g(u"™) to yield

q
k=m+1
doo(L51P (™), 0) Ase™ = tg (g(u™),0)
Lip(g)A,e® Vg '™, 0)

Lip(g)A,Ce @ DM gatmt Dt (7.54)

IN A A

which shows that L*"~! P g(u"P) decays exponentially as k — oo when a > b. Thus
taking the limit ¢ — oo in Eq.(7.53) yields Eq.(7.52).

Conversely, suppose that {u~"™} satisfies Eq.(7.52). Because of the assumption Eq.(7.50),
the series Y50, L ' P g(u'™") exists. Replacing m by m + 1 and using L for Eq.(7.52),
we obtain

m+1 [eN]

Lu ™" = LPu® = 3 L Py + Y L P g ™), (7.55)
k=1 k=m+2
Eq.(7.55) is put together with Eq.(7.52) to yield Eq.(7.51). ]

Let X (m =0, 1,---) be copies of the space R x i(F). Define a metric D,, on X
to be
Dy(z,7) = €""du(z,7), 2,7 € RXI(F), (7.56)
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with a small positive constant b. Let X be a subspace of the product []°_, X"™™ consisting
of elements u = (u®, u™", 4=, - - -) such that sup,, D,,(u™™, 0) is finite. With the metric
defined by

D(u,v) = sup D,,(u"™,v"™), (7.57)

m=>0

X is a complete metric vector space (see Table 2). It is easy to verify the inequality
D(u,=u’) = D(u¥u’,0) < D(u,0) + D, 0). (7.58)
Motivated by Eq.(7.52), let us define the map J : X X Iflc — X to be

J(Lt, y) = (J(O)(u’ )’)’ J(_l)(u’ )7)’ J(_Z)(ua Y), e )7

(o)

o e N pheme . . . 7.59
Jy) = Ly = Y gy ¢ N gy, 7Y

k=1 k=m+1

If the map J(-,y) has a fixed point u = g¢(y) = (¢©(), ¢ (), -+), q(y) is a solution of
the Lyapunov-Perron equation (7.52) with P.uy = y. If ¢(y) satisfies conditions (7.49) and
(7.50), Lemma 7.5 shows that g(y) is a negative semi-orbit (that is, it satisfies Eq.(7.51))

for each y € E,.. We will see that this ¢(y) gives a desired center manifold. At first, let us
show that J is well-defined.

Lemma 7.6. J is a map from X X ﬁc into X.
Proof. Let us show that D,,(J©™(u,y),0) is bounded uniformly in m = 0,1,---. It
satisfies

D,(J"™(u,y),0) = e do(J ™ (u, y), 0)

(o)

< €_medoo(L_my, 0) + e_meZ doo(Lk_m_]ch(u(_k)), 0) + e—me Z doo(Lk—m—IPsg(u(—k))’ O)
k=1 k=m+1 (760)

Eq.(7.46) shows that the first term e *™d.,(L™y, 0) is bounded uniformly inm = 0, 1, -.
Similarly, we obtain

Ao (L™ PLg(u™),0) < Apdoo(g(u'™), 0) < Lip(g)Acdo (1™, 0).

Since u € X, there is a constant C > 0 such that d.,(u™®, 0) < Ce®*. Therefore,

—bm N —m-= - ; —bmt C . ebT - ebT(l‘m)
e’ TZ deo(L"' Peg(u™), 0) < Lip(g)A.Ce™" Z M < Lip(g)A.C————
k=1 k=1
is bounded uniformly in m = 0, 1, - - -. The last term in Eq.(7.60) obviously tends to zero
as m — oo. This proves that J(u,y) € X. -

Proposition 7.7. If the constants §; and ¢, are sufficiently small, J is a contraction map
on X foreachy e E..
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Proof. For u,u’ € X, we have
Dy (J ", y), T, y)) = €7 doo (T, y) — IS y), 0)

<"y AL P(g(u ™) = g ), 0) + € ) du (L P ™R) = g ), 0).
k=1 k=m+1 (761)

Eqs.(7.46) and (7.45) are used to yield
de( L1 P(g(u™0) = g0/ 79)), 0) < Lip(g)A doo(u ™, /).
Similarly, we obtain
deo(L™ ' Py(g(u™) = g(u' ™)), 0) < Lip(@)A,e™® " Vd (™, u"™P).
Therefore, we obtain
D, (J 7w, y), J7 W, y))

e—me Z Lip(g)Acdoo(u(_k), ul(—k)) + e—bm‘r Z Lip(g)Ase_a(k_m_l)Tdoo(M(_k), u/(—k))

<
k=1 k=m+1
< Lip(g)A, Z pbtk=my Dk(u(_k), ur(—k)) +Lip(g)A, Z o atk=m=1)7 blk=m)r Dk(u(—k), u/(—k))
k=1 k=m+1

< Llp(g) [Ac Z eb(k—m)‘r + As Z e—a(k—m—l)‘reb(k—m)‘r) . D(u, l/t,).

k=1 k=m+1

This yields
D(J(u,y),J(u',y)) = sup D, (JT"(u, y), TP, y))
m2!
) ebT eb‘r ,
< Lip(g) (Ac pr— + As1 - e(b_a)T) -D(u,u’).

We can take 0, and ¢, sufficiently small so that Lip(g) becomes sufficiently small and

ebr ebT
Lip(g) (Ace,ﬁ — t AT e(b_aﬁ) <1 (7.62)
holds. This implies that J(-,y) is a contraction map on X for each y € ﬁc. |

Remark. The numbers a and b are the same as those in Thm.7.1. The reason we in-
troduced metrics D,, and D is that the center manifold is characterized by the ‘“slow”
dynamics whose Lyapunov exponent is smaller than b, see Eq.(7.3). The above condi-
tion for Lip(g) shows that if we take b > 0 sufficiently small, Lip(g) (and thus 6, and 6,)
should be small accordingly. Since the open set U in Thm.7.1, in which we can prove the
existence of the local center manifold, is determined by ¢; and ¢,, U also becomes small
as a result.
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By the contraction principle, J( -, y) has a unique fixed point u = g(y) on X:

4900 = @0, 470) ¢, ), ¢ B - X,
" o e e (7.63)
g"() =Ly - Z L' Pogl(g” %)) - Z L' Pog(g ().
k=m+1
In particular, ¢ defines a map from E. into X© = R x i(¥) given by

(0) — N k-1 (=k)

4"0) =y+ ) L' Pe@ P o). (7.64)
k=1

Since ¢(y) € X, there exists C > 0 such that D,,(¢""(y),0) = e d..(¢""™(y),0) < C,
which verifies the condition (7.50). Further, Eq.(7.63) shows that

L'Pg () = > L'Pgg P ().

k=m+1

Since this is a convergent series, L™P,q"™(y) — 0 as m — oo, which verifies (7.49).
Therefore, Lemma 7.5 is applicable to conclude that {¢""(y)}_, is a negative semi-orbit
for each y.

Proposition 7.8. For any m =0, 1,-- -,

(1) ¢“™(©0) =0

(ii) g™ : ﬁ) — X is Lipschitz continuous.

(iii) if ||yllz, > 261, then g™ (y) = L™y € E

@iv) g™ : E — X is a C! mapping. In particular, g : E > Rxi(F)is C.

Proof. (i) Since g(0) = 0, g™ (0) = 0 satisfies Eq.(7.63).

(ii) Fory,y" € ﬁlc, we estimate D,,(¢"™™(y), g™ (y’)). By the same calculation as the proof
of Prop.7.7, we obtain

A

eb‘r eb‘r
1 _Llp(g)( C bT _ 1 +A51 _ e(b—a)T)

D(q(y),q(y")) < de(y,Y). (7.65)

This means that ¢ : E. — X is Lipschitz continuous. In particular, we obtain

-m —m ’ Aceme
deo(q™™ (). ") < — -

. e
1- Llp(g) (AL ot — | + AYl _ e(b—a)T)

which proves the proposition
(ii1) Puty = (39, ¥1,0,---), and y; = auy € E.. Then, the assumption implies

d(y,y"), (7.66)

Iyll, = Iyol® + laf* > 26,
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On the other hand, L™y is given by L™y = (y,, (e~ 1"")*y,,0, - -+ ), and
(™" yy = ale™ ")y = apo.
Hence, |[L™"yl|g, = |lylle, > 26,. By the construction of the nonlinearity g, g(L™"y) = 0 if
IL7llg. > 26;. Therefore, g"™™(y) = L™y satisfies Eq.(7.63).
(iv) For y,y* € E. and k € R, put

o
300 = @0+ k) = o). (7.67)

Then, it satisfies the equation

~(—m * —m. % 1 N —m— - ~(— * -
Iy = LY == > E g P 0) + 4 Py ) - 6P 0))
k=1

(o)

1
= 3 LPed™P0) + g R0y )~ 8g Vo). (7.68)

k=m+1

for k # 0. If g™y, y*, 0) exists, it should satisfy

~(—m * —m S —m— dg - ~(— *
Iy 0) = LY = ) L P 00 0y 0)
k=1 *

et p A8 sk
+ 0 PRG0N0y 0) (7.69)

k=m+1

Motivated by these equations, we define a map J' : X X I§IC X ﬁc XR — Xtobe J =
(JI,J’_ly‘]:z,”') and

Ly =23 D o(q D) + k™) = glgO)
K k=1

1 (o]
T Z L Py(g(q ™) + k™) — g(¢P (), k%0,

k=m+1

J’ VE) *’ = “
L, y, Y75 6) o kemip 98 iy ny
k=1 *

= d
+ 3 PSS PP, k=0,
k=m+1 dx

(7.70)
We can prove that J’ is a contraction map on X for each y, y* and « by the completely same
way as the proofs of Lemma 7.6 and Proposition 7.7. Hence, there uniquely exists u™™ =
g™ (y,y*, k) satisfying Eq.(7.68) and Eq.(7.69). Taking the limit k — 0 in Eq.(7.68)
yields

s =(=m * —m. N —m— d - son (= *
limg ™y 0 = L7 = Y L PR G imd Py w0
k=1

[e5) dg .
k-m—1 (~k) ~(—k) *
+ § L Ps—dx(q ON1im g, y", ©). (7.71)

k=m+1
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This implies that lim,_, ™ (y, y*, k) is a solution of Eq.(7.69). By the uniqueness of a
solution, we obtain

: ~(—m * . 1 —m * -m ~(—m *
lim g™ (y.y". 0) = lim = (¢ + ) =477 ) = 7" (05", 0. (7.72)
From Eq.(7.69), it turns out that §~"(y, y*, 0) is linear in y*. Thus we denote it as
G,y 0) = dg™ ()y". (7.73)

Then, dg"™™(y) : E, — X©™ defines a linear operator for each y € E.. The remain-
ing task is to show that dg™™ : E. x E. — X is continuous. This is done in the

same way as the proof of part (ii) of the proposition. For y’,y™" € E., we estimate
de(G™(y,y*,0),§™(’,y’*,0)). Then, we can show that g™ is Lipschitz continuous
in y and y*. The details are left to the reader. This means that dg™™(y) gives the deriva-

tive of g™ aty € E,. N

Now we define the center manifold W¢ of the map ¢, by

W =1{q90) =y +qO» |y El (7.74)
where

i) = Y L'Pgg () e B (175)

k=1

Proposition 7.9. (i) W is a dim—ﬁc dimensional C! manifold, which is tangent to the
space E.. In particular, ¢©)(y) is expanded as ¢?(y) = y + O(y*) as y — 0.

(i) W€ is ¢, invariant; that is, ¢ (W¢) c W¢.

(iii) For any &, € W*, there exists a negative semi-orbit {u™}>_ c W* satisfying uy = &
and

do (™™, 0) < Ce"™,

where b > 0 as above and C is a positive constant.
(iv) if 6; > O is sufficiently small, the center manifold W¢ is included in the strip region

{z € RXi(F)|dw(Pyz,0) < 65} (see Fig.8).

Proof. (i) Since ¢“®(0) = 0 and ¢"P(y) is C!, ¢"P(y) is expanded as ¢"P(y) ~ O(y).
This shows that §(y) ~ O(y?) because g(z) ~ O(z%) as z — 0.

(ii) Recall that {g™™(y)}_, is a negative semi-orbit satisfying Egs.(7.49) and (7.50). De-
fine ¢V(y) := (¢ (). Obviously {¢""*D(y)}*_, is also a negative semi-orbit satisfying
(7.49) and (7.50) with some C > 0. Then, Lemma 7.5 implies that {g""*P(y)}*_ is a so-

lution of the Lyapunov-Perron equation (7.52). By the uniqueness of a solution, there

exists y € K. such that ¢="*"(y) = ¢©™(y') form = 0,1, ---. In particular, we obtain

@) = (¢ 0) = ¢ V'), which proves (¢ (y)) € We.
(iii) This is obvious from the definition: if & = ¢?(y), {g"™ ()}, is a negative semi-
orbit included in W°.
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(iv) Prop.7.8 (iii) implies that Pyg®(y) = 0 if )|z, > 261. Thus sup s de(P,g®(y),0)
becomes sufficiently small if ¢, is sufficiently small. |

If restricted to a small neighborhood of the origin, W¢ gives the desired local center
manifold for Eq.(6.2).

Proof of Theorem 7.1. If 6; > O is sufficiently small, W¢ is included in the region
{z € RXi(F)|do(Psz,0) < 85}, on which y(dw(Psz,0)/6,) = 1. Thus g,-invariant
manifold W¢ is also invariant under the map @, given by Eq.(7.42), which is a time 7
map of the semiflow of the system (7.30). Take uy € W°. By Prop.7.9 (iii), there is a
negative semi-orbit {u}>_ c W* of @, satisfying Eqs.(7.49) and (7.50). Since &, is a
semiflow, we have

@r 0 G(u™™) = @@ (™)) = G(uHD), (7.76)
for each ¢ > 0. This means that {@,(u")}*_ is a negative semi-orbit of @.. Since &, is C'

with respect to the metric d., there is a positive number C such that
doo(@(u™™),0) < Cdos(u™,0) < CCe™™. (7.77)
Further, L P,@,(u™"™) is estimated as
L"Pg,u™™) = L™ Pau™™ + L"Pg,(u"™).

Since u™"™ satisfies (7.49), L™ P,u™™ tends to zero as m — oo. By the same calculation
as Eq.(7.54), we see that the second term L"Pg,(u™™) also tends to zero as m — oo.
This shows that {gb,(u(‘m))}fn"zo satisfies the conditions (7.49) and (7.50). Therefore, it is a
solution of the Lyapunov-Perron equation (7.52). By the uniqueness of a solution, there
is y € E. such that ,(u®) = ¢©(y) € W¢, which proves that W¢ is @,-invariant.

In Eq.(7.30), since ¢ is a constant which is independent of ¢, W¢(g) := W N({e} xi(F))
is also @,-invariant onr each e.

On the region U = {z|[|Pczlle, < o1, In()] < 1}, x([Pczlle./61) - x(In()]) = 1 and
Eq.(7.30) is reduced to the original system (6.2). Thus W¢(g) N U is invariant under the
semiflow generated by (6.2), which gives a local center manifold stated in Thm.7.1 with
U =Un (e} xi(F)) and W, = Wee) N U. Parts (I) and (II) in Thm.7.1 immediately
follows from Prop.7.9. It remains to show the part (III) of Thm.7.1. This is proved in the
same way as Chen, Hale and Tan [9]. In [9], the existence of invariant foliations is proved
for dynamical systems on Banach spaces. Though our phase space i(7) is not a Banach
space, the distance from the origin d.(z, 0) plays the same role as a norm. Thus with the
aid of the estimates (7.46) and (7.47), we can prove the existence of invariant foliations
by the same way as [9]. The details are left to the reader. |

7.5 Reduction to the center manifold

Let us derive the dynamics on the center manifold and prove the Kuramoto’s conjec-
ture. Recall that for the continuous limit (2.1) of the Kuramoto model, Putting Z;(t, w) =

fohej ‘/‘_“}p,(H, w)d6 yields the system of equations (3.2) and (3.3). Since solutions are
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included in V,y € Exp, (Thm.5.10 (iii)), the canonical inclusion is applied to rewrite
Eq.(3.2) and (3.3) as equations of the form (6.2) defined on Exp’. The order parameter
n is defined as n(t) = (Z;, Py) = (Z,|Py). For this system, we have proved that when
0 < K < K, the trivial solution (de-synchronous state) is asymptotically stable because
of the existence of resonance poles on the left half plane. In particular, n(r) — O ast — oo.
When K > K., we have proved that the trivial solution is unstable because of the existence
of eigenvalues on the right half plane. Thus a bifurcation from the trivial solution may
occur at K = K.. In Sec.7.1 to Sec.7.4, we have proved that there exists a smooth local
center manifold near the origin in [];., Exp_ if K is sufficiently close to K,.. Our pur-
pose is to obtain a differential equation describing the dynamics on the center manifold to
reveal a bifurcation structure of the Kuramoto model.

Since g(w) is the Gaussian, there exists only one resonance pole 1, = 0 on the imagi-
nary axis when K = K. Thus the center subspace E. is of one dimensional. Let y be the
generalized eigenfunction associated with 4y = 0. By the definition, y is given by

1
Wl ) = lim f — L pws@ido. (7.78)
0 x—+0 RX — ﬂ_lw
This is also written as {
Ho = lim i(————), (7.79)
0 x—+0 X — \/_lw

where the limit is taken with respect to the weak dual topology on Exp’. The main theo-
rem in this section, which confirms the Kuramoto’s conjecture, is stated as follows:

Theorem 7.10. For the continuous model (2.1) of the Kuramoto model, there exist pos-
itive constants gy and ¢ such that if K. < K < K. + gy and if the initial condition /(6)
satisfies

21
e V"h(9)do
0

<0 (7.80)

for j = 1,2,---, then the order parameter 7(¢) tends to the constant expressed as

/ -16
I"(t) = |77(t)| = m \/K - Kc + O(K - Kc)’ (781)

as t — oo. In particular, the bifurcation diagram of the order parameter is given as Fig.2
(a).
Proof. Suppose that an initial condition A(6) satisfies Eq.(7.80). Then, we have

10,15, = sup | fR Zi(0, )p(@)g(@)do|

llgllg.n=1

27
sup ‘ f f e\/_—ljeh(e)q’)(w)g(w)dedw'
||¢”ﬁ,n:1 RJO

' fzﬂe\/—_leh(H)dG‘. sup ' f ¢(w)g(a))da)'
0 R

llpllg.n=1

IA

5 - 1Poll
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for every j,8 and n. Thus we can take ¢ sufficiently small so that the initial condition
(Z1(0,+), Z,(0,-), - - -) for Eq.(6.2) is included in the neighborhood U (with respect to the
metric d,,) of the origin given in Thm.7.1. Then, the center manifold theorem is applica-
ble. Let us derive the dynamics on the center manifold.

Since we are interested in a bifurcation at K = K., put € = K — K, and divide the
operator 7' as

Tid(w) = Trod(w) + §<¢ | Po)Po(w), (7.82)
where K
Tiod(w) = V-lwp(w) + (8| Po)Po(w). (7.83)

Then, the operator 7'y has a resonance pole at the origin and all other resonance poles are
on the left half plane. Eq.(6.2) is rewritten as

d & K ——
Ezl =Tz + §<Zl | Po)Po — §<Z1 | Po)Zs. (7.84)

To obtain the dynamics on the center manifold, by using the spectral decomposition, we
put

K.
Z) = TQ(t)NO + Y, (7.85)

where p is defined by Eq.(7.79), Y; is included in the complement E- of E,, and where

1
a(r) = E}(ﬂo 1 Z1). (7.86)

We will derive the dynamics of a. Since {uy|Py) = 2/K,. by the definition of resonance
poles, we obtain
(Zi| Po) = a(t) + (Y1 | Py), (7.87)

and Py is decomposed as
1
Py=— Yo, 7.88
0= pyHo +Y (7.88)
where Y, € E-. By Thm.7.1 (I), on the local center manifold, we can suppose that
(Y114, (Z;1¢") ~ O, a5, ), (7.89)

for j = 2,3,--- and for every ¢ € Exp,. Let us calculate the expression of the center
manifold. Substituting Eqs.(7.87),(7.85) into Eq.(6.2) for j = 2 yields

d K. I
ST =TiZ:4 K((a + (Y| PoY) (70{#0 + Yl) _ @+ |Po>)Z3). (7.90)

We suppose that da/dt ~ O(a?, as, g*), which will be justified later. Then, the above
equation yields

KK,
757, = —Tafz,uo +0(a°, d’e, e, &%). (7.91)
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Lemma 7.11. Define the operator (T5)™" : i(Exp,) — Exp’ to be

(T 'yl = —% hrg0 fR - \/_w P (w)g(w)dw. (7.92)
Then,
(TNT) ™ = (T (T = o (7.93)
for any ¢ € i(Exp, ), and it is continuous on (V).
Proof. The straightforward calculation shows that
(THT)wlg™) = (TH'WIT;¢")
1 2V-1w
= -3 lim fR mqﬁ(w)w(w)g(w)dw
= f P (w)g(w)dw — llm S \/_w¢(w)¢(w)g(w)dw

Since the limit

1
lim fR NN = Gl 44

x—+0

exists, the second term in the right hand side above is zero. Thus we obtain
(TXNT) W 1¢")y = Wle").

In the same way,

()™ 2V=Twy | ¢
1 2
—= lim f V-lo P (w)g(w)dw

(T NTH 17

2 x—>+0 RX — \/— lw
= (Ylg").
Note that the right hand side of (7.92) is also written as —{ug | ¢* - ¥*)/2. Thus the conti-
nuity of (7)™ on i(V) follows from Lemma 5.11 (iii). O

Since (sz)‘1 is continuous on i(V), its domain is continuously extended to the closure
m. Since uy € m (see Prop.5.13) and it is given as Eq.(7.79), (T;)‘l,uo is calculated
as

1

x\—1 K\ _ 13 xy—1 * —_l
(@5 ol = Jim (75— [) = 5 fim, [ g
(7.94)
Then, Eq.(7.91) provides
(Zo]¢") = KC @’ lim ;¢(w)g(w)dw+0(a/3,a/28,a/82,83), (7.95)

=0 JR(x = V-1w)?
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which gives the expression of the center manifold to the Z, direction. The projection of it
to the center subspace is given as

K K 1
yZ, = — Zy -y = —— i Z>)
042 2D0<,Uo| 5) * Mo 2Dy xl)lfrl0<x_ =9 2>/~lo,
K. 1 '
= < lim (2 || ———] )
2D0 xlr-li-l0< 2‘()(_ ‘/—10)) >/l0
where
. 1 ’ _ KK. , .. 1 3 2 2 3
}LT0<Z2‘(X_ \/__10)) > = a xlgiloj;(x_ \/__1w)3g(w)da)+0(af ,Q g, e, €7)
KK, )
= - @’ lim | ———g¢"(w)dw + 0(&°, ’e, ae?, &)
8 x—+0 RX — —1lw
K

= —Tcozz -tg” (0) + 0(a’, d’e, as?, &°).

Thus we obtain

2

_ KKc 2, ’” . 3 2 2 3
I1yZ, = 6D a -ng”"(0) - puo + Ola”,a’e,ae”, ). (7.96)
0

Finally, the projection of Eq.(7.84) to the center subspace is given by

d e K ——
—IyZ, = T\ I1Z; + §<Zl | Po)ITg Py — E<Zl | Po)IToZ,.

dt

By using Eqs.(7.85),(7.87),(7.88) and (7.96), we obtain
d K. K. £ 1

70 Mo = 70/T1X0,U0 +3 (a + (Y1 | Po)) D—O,Uo

K S "(0)KK?

-3 @+ (VTP (—%a% +0(&, %5, a8, e3>),
0
’7” O K4
= ZiDOcy,uo + %alalzuo + 0(ea?, e%a, &, a*),

which yields the dynamics on the center manifold as

ar’ 16

d a ng” (0)K?
e+
dt DyK.

|a|2) + 0(sd?, ea, &3, a*). (7.97)

Since g”(0) < 0, this equation has a fixed point expressed as Eq.(7.81) whene = K- K, >
0. Note that the order parameter 7(¢) = (Z;, Py) is rewritten as

K.
n(t) = (Zi, Py) = {Z, | Py) = 70<#0|P0> + (Y1 | Po) = @ + O(a?, ag, &%). (7.98)

Thus the dynamics of the order parameter is also given by Eq.(7.97). To prove that the
fixed point (7.81) is asymptotically stable, it is sufficient to show the following.
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Lemma 7.12. D, > 0.
Proof Put

fH)=1- K g(w)dw — 1K, g(— V-12).

1
2 jl;/l - V-lw

By the definition of Dy,

: K, 1 ,
Dy = f'(0) }11—I>I(1) 5 jl; mg(w)dw + \/—_anCg 0)

V-1K. . f 1
lim [ ————
2 0JRA- V-lw

¢ (w)dw + V-11K.g' (0).

Since g(w) is even,

KC : w ’ : ~ ’
D, = -5 }cl—{% e wzg (w)dw = —K, il_r)% T wzg (w)dw.
Since g(w) is unimodal, g’'(w) < 0 when w > 0, which proves that Dy > 0. [

Since Dy > 0,K. > 0,g”(0) < 0, the fixed point @ = 0 (de-synchronous state) is
unstable and the fixed point Eq.(7.81) (synchronous state) is asymptotically stable when
g = K — K. > 0. This completes the proof. ]
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