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Abstract

Formal series solutions and the Kovalevskaya exponents of a quasi-homogeneous
polynomial system of differential equations are studied by means of a weighted
projective space and dynamical systems theory. A necessary and sufficient condition
for the series solution to be a convergent Laurent series is given, which improve the
well known Painlevé test. In particular, if a given system has the Painlevé property,
an algorithm to construct Okamoto’s space of initial conditions is given. The space of
initial conditions is obtained by weighted blow-ups of the weighted projective space,
where the weights for the blow-ups are determined by the Kovalevskaya exponents.
The results are applied to the first Painlevé hierarchy (2m-th order first Painlevé
equation).
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1 Introduction

A system of polynomial differential equations

d&?i .
d :fi<xla"' 7-Tm7z)+gi<xla"' 7-Tmaz)7 Z:L'” s (11)
z
is considered, where (zy, - ,Zm,,2) € C™M and f; and g; satisfy certain con-

ditions on the quasi-homogeneity (see assumptions (Al) to (A3) in Sec.2.1), for
which Kovalevskaya exponents are well defined. The first, second, fourth Painlevé
equations and the first Painlevé hierarchy satisfy these conditions. This system
is investigated with the aid of the m + 1 dimensional weighted projective space
CP™ Y (py,+ -+ ,pm,7,s) with the positive weight (p1,--+ ,pm,7,8) € Z7F* deter-
mined by the quasi-homogeneity of the system. The space CP™ (py, -+, pp, 7, 5)
is decomposed as

CP™ Y py, -+, pm,7,8) =C™/Zy U CP™(py, -+ ,pm,7), (disjoint).
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This implies that the space is a compactification of C™*!/Z, obtained by attach-
ing the m-dim weighted projective space CP™(py,- - ,pm,r) at infinity. The lift
C™t = {(xy,--+ , 2, 2)} of the quotient C™*!/Z, is a natural phase space, on
which the system (1.1) is given. The system is also well defined on the quotient
C™*1 /Z, because it is invariant under the Z, action due to the quasi-homogeneity
assumptions. Then, the system is continuously extended to the codimension one
space CP™(py,- -+ ,pm, ) attached at infinity. The asymptotic behavior of solutions
of the system will be captured by investigating behavior around the “infinity set”
CP™(py, -+ ,pm,7); The space CP™(py, -+ ,pm, 7, s) gives a suitable compactifi-
cation of the phase space of the system.

A formal series solution of the form

2i(2) = ci(2 — 20) P 4 a1 (z — 20) P Faga(z — 20) PR (1.2)

will be considered, where zy is an arbitrary constant (movable singularity), ¢; is a
constant and a; , may include log(z — z¢). If @;,, is independent of z and the series
is convergent, it provides a Laurent series solution. If coefficients ¢; and a;,, include
n arbitrary parameters other than zy, it represents an n + 1l-parameter family of
solutions. It will be shown that there exists a singularity (in the sense of a foliation
defined by integral curves) of the system on the “infinity set” CP™(py, -+, pm, 1),
to which the family (1.2) of formal series solutions approaches as z — zg (Lemma
3.3). Hence, the asymptotics of (1.2) as z — zo can be investigated by local analysis
around the singularity. In particular, the normal form theory of dynamical systems
will play an important role. It will be proved in Thm.3.4 that the eigenvalues of the
Jacobi matrix at the singularity coincide with the Kovalevskaya exponents, which im-
plies that the Kovalevskaya exponents are invariant under smooth coordinate trans-
formations. By combining the weighted projective space CP™ Y (py, -+, pm, T, 5),
the Kovalevskaya exponents and the normal form theory, a necessary and sufficient
condition for the series solutions (1.2) to be a convergent Laurent series will be given,
which refines the classical Painlevé test [1, 14]. To give the necessary and sufficient
condition, it will be shown that the system (1.1) has formal solutions of the form

2i(2) = ;TP (1 + hi(aaT™2, -+ anT ™, 2T" e0T®)), T =z — 2, (1.3)

where h; is a formal power series in the arguments, whose coefficients are polynomial
inlogT, ag, -, am, 20, € are arbitrary parameters and Ao, - - - , A, are Kovalevskaya
exponents other than the trivial exponent \; = —1 (Lemma 3.6). Suppose that
Re(X\;) < 0 for i = 2,--- ,k and Re(\;) > 0 for ¢ = k + 1,--- ,;m. The unstable
manifold theorem proves that

2i(2) = TP (14 hi(0, -+ ,0, 01 T oo TN 20T, 20T)), (1.4)

is a convergent series. Further, the normal form theory provides a necessary and
sufficient condition for it to be the Laurent series without logT" (Prop.3.5). One of
the necessary condition is that all Kovalevskaya exponents \; with Re(\;) > 0 are
positive integers, as is well known as the Painlevé test.



As mentioned, the family of series solutions (1.2) tends to the singularity on the
“infinity set” as z — zy. If the series is a convergent Laurent series, an algorithm
to resolve the singularity by a weighted blow-up will be given. The weight for
the weighted blow-up is determined by the Kovalevskaya exponents. In particular,
if a given system has the Painlevé property in the sense that any solutions are
meromorphic, our method provides an algorithm to construct the space of initial
conditions. For a polynomial system, a manifold M(z) is called the space of initial
conditions if any solutions of the system give global holomorphic sections of the fiber
bundle P = {(z, z) |z € M(z),z € C} over C. If the system has n-types of Laurent
series solutions, then the space of initial conditions is obtained by n-times weighted
blow-up, which proves that M(z) is a smooth algebraic variety obtained by gluing
the spaces of the form C™/Z,, with some integers p;.

In our previous papers [3, 4], weighted projective spaces and dynamical systems
theory are applied to the study of the 2-dim Painlevé equations (the first to sixth
Painlevé equations). In particular, it is shown that these equations are linearized
by a local analytic transformation around a movable pole z = zy (see Prop.3.5),
and the spaces of the initial conditions are obtained by the weighted blow-ups. In
the present paper, the previous result is extended to a general quasi-homogeneous
system (1.1). In Sec.4, our theory is applied to the first Painlevé hierarchy, which
is a 2m-dimensional system of equations (m = 1,2,---). The 2m-dimensional first
Painlevé equation has m-types of Laurent series solutions. A complete list of the
Kovalevskaya exponents of Laurent series solutions are given (Thm.4.1). Further,
how to construct the space of initial conditions is demonstrated for the 4-dim first
Painlevé equation.

2 Settings

2.1 Kovalevskaya exponent

Let us consider the system of differential equations

dl‘l‘
dz

where f; and g; are polynomials in (21, -+ , T, 2) € C™. We suppose that

= fi(xla"' ,Z'm,Z) +gl(x17 ,.I'm,2>, 1= 17 , M, (21)

(A1) (f1, -+, fm) is a quasi-homogeneous vector field satisfying
fi(Aplxh ) )\pmm’nw ATZ) = Api—i_lfi(l‘la sy T, Z) (22)

for any A € C and i = 1,--- ,m, where (p1,- -+ ,pm,7) € Z”¢" is a positive weight.
The positive integers p; and r are called the weighted degrees of x; and z, respectively.
Put fA(zy, -+, am) = fi(wy, -, 2m,0) and fN = f; — fA (ie. f# and fV are
autonomous and nonautonomous parts, respectively). Obviously they satisfy
fiA()‘plxla e 7>‘pmxm) = )\piJrlflA(xla t 7$m>7
NP 2y, - NPy, 2) = o( NPT | A] = oo
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We assume that (g1, , gm) is also small with respect to the above weight;
(A2) Suppose (g1, -+, gm) satisfies
GNP o NP, AT2) = oA A — o0,
We also consider the truncated system

d[EZ‘
dz

= fMay, - o), d=1,---,m. (2.3)

(2

Lemma 2.1. The truncated system is invariant under the scaling
(21, T, 2) = (NP g, - AP, AT 2). (2.4)
Further, if the equation
—pici = fAer, - sem), i=1,---,m (2.5)

has a root (c1, -+ ,cm) € C, 4(2) = ¢i(z — z) 7P is an exact solution of the
truncated system for any z, € C.

The variational equation of dz;/dz = f#(z1,--- ,2,) along the solution z;(z) =

ci(z — z9)7Pi is given by

dy;  ~— Off B - .
dgi :Z f (Cl(Z—Zo) pl)"‘ 7Cm(Z—Zo) pm)yk’ Z:l,... ,m.

Substituting y; = vi(2z — 20)* P with the aid of Eq.(2.2) provides

m

af
Z / (Cry - Cm)Ve + Divi = N
s ﬁxk

Hence, ) is an eigenvalue of the matrix Df4(cy,--- ,¢p) + diag(pr, - -+, Pm)-

Definition 2.2. Fix a root {¢;}!", of the equation —p;c; = f{(c1, -+ ,cm). The
matrix
K—{af’A(c Cm) + -(5~-}m (2.6)
- axj 1, )y “m Di i iie1 .

and its eigenvalues are called the Kovalevskaya matrix and the Kovalevskaya expo-
nents, respectively, of the system (2.1) associated with {¢; }7;.

Consider a formal series solution of Eq.(2.1) of the form
z;=ci(z— 20) P +ai1(z — 20) P+ ai0(z — 20) PR 4 (2.7)

Coefficients a; ; are determined by substituting it into Eq.(2.1). The column vector

aj = (ay;, -+ ,an;)" satisfies

(K — jI)a; = (a function of ¢; and a; with k < j). (2.8)
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If a positive integer j is not an eigenvalue of K, a; is uniquely determined. If
a positive integer j is an eigenvalue of K and (2.8) has no solutions, we have to
introduce a logarithmic term log(z — 2¢) into the coefficient a;. In this case, the
system (2.1) has no Laurent series solution of the form (2.7) with a given {¢;},.
If a positive integer j is an eigenvalue of K and (2.8) has a solution a;, then a; + v
is also a solution for any eigenvectors v. This implies that the series solution (2.7)
includes a free parameter in (a1 j, - - , Gy, ;). If it includes k—1 free parameters other
than zg, (2.7) represents a k-parameter family of Laurent series solutions. Hence, the
classical Painlevé test [1, 14] for the necessary condition for the Painlevé property
is stated as follows;

Classical Painlevé test. If the system (2.1) satisfying (A1) and (A2) has the
Painlevé property in the sense that any solutions are meromorphic, then there exist
numbers {¢;}; such that all Kovalevskaya exponents except for —1 (see below)
are positive integers, and the Kovalevskaya matrix is semisimple. In this case, (2.7)
represents an m-parameter family of Laurent series solutions.

In Prop.3.5, we will give a necessary and sufficient condition for the series (2.7)
to be a convergent Laurent series. The next lemmas are well known [2, 9].

Lemma 2.3. (i) A = —1 is always a Kovalevskaya exponent with the eigenvector

(_plcla ) _pmcm)T'
(ii)) A = 0 is a Kovalevskaya exponent associated with {¢;}, if and only if {¢;}!*,
is not an isolated root of the equation —p;c; = f(ci, -+, cm).

Lemma 2.4. Consider the Hamiltonian system

S = =1, 2.9
dZ ayZ ) dz axz ) (Z ) ) m) ( )

with a holomorphic Hamiltonian satisfying
H(NP zy Xy e AP ATy ) = NV H (2,1, s Y- (2.10)

If X is a Kovalevskaya exponent, so is o given by A + u = h.

In what follows, a Kovalevskaya exponent is called a K-exponent for simplicity.
Let us consider the system (2.1) with the assumptions (A1) and (A2). We show that
the K-exponents are invariant under a certain class of coordinate transformations.

Consider a holomorphic transformation

%:%(yly 7ym)7 (221, 7m)a (211)
which is locally biholomorphic near the point (zq, -+ ,2,) = (¢1,-++ ,¢n). The
inverse transformation is denoted by y; = (21, -+ ,x,,). Suppose that ¢; satisfies

Pi( Ay, A ym) = AP oiyn, - um), A€ G (2.12)

with some (g, ,qm) € Z™ for a given (p1,--- ,pm) in (Al). It is easy to see that
the inverse satisfies

Vi APy, - AP ) = N (e, - L T).
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By the transformation, Eq.(2.1) is brought into the new system

szgf = (Do) i), 2) + > (D) gi(0(y), 2) =t Fi(y, 2) + Gily, ), (2.13)

j=1 j=1

where y = (y1,- - ,ym) and @ = (1, -+, @m). It is straightforward to show that the
new system satisfies the conditions (A1) and (A2), in which (py,--- ,pm) is replaced
by (¢1, - ,qm). Hence, the K-exponents of (2.13) with the weight (¢, -, ¢x) are
well defined.

Theorem 2.5. The K-exponents of the system (2.13) coincide with those of (2.1).
Proof. Differentiated by yx, Eq.(2.12) yields

0pi —
7 )\ql “ e )\qm m) = Apl dk sy s Ym ) 214

Differentiating in A and putting A = 1 for Eqgs.(2.12) and (2.14), we obtain

> aiQkyk = pipi(y1, " Ym), (2.15)
1 YYk
- 52%‘ i

— (p; — 2y, Ym) 2.16
lzlaykaquwz (P qk)@yk (y1 Y ) ( )

The (i, k)-component of the Kovalevskaya matrix K of (2.13) is given by

" m 8(Dgo)_1 m m 8fA 8901
K = N Ty rA Do)t 1y e Ok
. jEZl oy, W)+ jEZl( )is 2y, o)), W) + 6o
By using the equalities (2.15),(2.16) and —p;c; = (e, ,cm), we can show that

K, is rewritten as

Ky = Z(DSD);]'I(PjCSjl + (D) (D)

J,l=1

This proves that K is similar to K. O

Proposition 2.6. If the system (2.1) has a formal series solution (2.7), it is a
convergent series on 0 < |z — zy| < ¢ for some ¢ > 0.

In Sec.3, a formal series solution (2.7) is regarded as an integral curve on an
unstable manifold of a certain vector field. Then, Prop.2.6 immediately follows
from the unstable manifold theorem, see also Goriely [8] for the same result for
autonomous systems.



Next, let us consider the series solution of the form

o0

vi(2) = ci(z —20) U+ Y _ain(z—20)" 0", (i=1,--- ,m). (2.17)

n=1
Note that the order of the leading term is ¢;, not p;.
Proposition 2.7. If 0 < ¢; < p; and ¢; # 0 for any ¢, then ¢; = 0 for all .

Proposition 2.8. For the system (2.1), we further suppose the following condition.
(S) A fixed point of the truncated system is only the origin, i.e,

Mz, ) =0 (i=1,---,m)= (21, - ,2m) = (0,---,0). (2.18)
If ¢; > p; for some 7, then ¢; = 0.

Prop.2.7 means that if the order of a pole of z;(z) is smaller than p; for all
i=1,---,m, then (2.17) should be a local analytic solution. Prop.2.8 implies that
there are no Laurent series solutions z;(z) whose pole order is larger than p;. Proofs
of Prop.2.7 and 2.8 are given in Appendix B. Combining three propositions, we have

Theorem 2.9. If the system (2.1) satisfies (A1), (A2) and (S), any formal series
solutions with a singularity at z = zy are of the form (2.7) such that (cy,- - ,¢n) #
(0,---,0), and they are convergent.

Remark 2.10. If the truncated system has a fixed point other than the origin,
then it has a family of fixed points which forms an algebraic curve on C™ due to
the quasi-homogeneity. If the truncated system is a Hamiltonian system with the
Hamiltonian function H(z1,--- ,z,,), the assumption (S) implies that a singularity
of the algebraic variety defined by {H = 0} is isolated. This fact will be essentially
used to study a relationship between the Painlevé equations and singularity theory.

Due to (A1), the truncated system (2.3) is invariant under the the Z; action
(T, Ty 2) = (WP, - WP, W'2),  w = €28 (2.19)

if s = r+ 1. For later purpose, we assume that the full system (2.1) is also invariant
under the same action;
(A3) The system (2.1) is invariant under the Z; action (2.19) with s = r + 1.

Example 2.11. The first, second and fourth Painlevé equations in Hamiltonian



forms are given by

Z—x = 6y2 +z
P)s & (2.20)
dz “
% =2’ +yz +
(Py){ 42 (2.21)
11 dy B .
dz s
dx

- = 2% 4+ 20y + 222 +
(Prv) - (2.22)
pia 24 2xy — 2yz + B,

where «a, f§ € C are arbitrary parameters. These systems satisfy the assumptions
(A1) to (A3) with the weights

(PI) (p17p27ru 8) = (372747 5)7
(PH) (pl,pQ,T, S) = (27 172a3)7
(PIV) (pbp???nu S) = (17 17 ]-7 2)7

where f = (6y? +z,2), g = (0,0) for (P1), f = (2¢® +yz,7), g = (a,0) for (Py;) and
[ = (=22 4+ 2zy + 222, —y* + 22y — 2y2), g = (o, B) for (Pry). In Chiba [3], these
systems are investigated by means of the weighted projective spaces CP?(py, pa, T, 5).
One of the purposes in this paper is to extend the previous result to a general system
(2.1). For a given weight (p1,--- ,pm,r) satisfying (Al) to (A3), the weighted pro-
jective space CP™ " (py, -+ ,pm, 7, 5) gives a suitable compactification of C™*! (the
space of the dependent variables and the independent variable), which is effective
to investigate the asymptotic behavior of solutions of the system.

Remark 2.12. A few remarks are in order. If f = (f1, -, fin) is independent of
z (i.e. fN =0), we define r = 0 and s = 1. In this case, we need not assume (A3);
the action is trivial. All results in this paper hold even in this case. Some of our
analysis is still valid even if (py,- -+, pm) includes zeros or negative integers. See [4]
for the detail, in which the third, fifth and sixth Painlevé equations are treated. In
general, a weight (p1, -+, pm,r) satisfying (A1) to (A3) is not unique. All possible
weights can be calculated through the Newton diagram of the system (2.1), see [3].
In this paper, we fix one of the weights.

2.2 Weighted projective space
Consider the weighted C*-action on C™*? defined by

(X1, Ty 2,6) = (AP zg, - NP, A2 M), A e CF .= C\{0},



where the weights (p1,- -+, pm, 7, s) are relatively prime positive integers. The quo-
tient space

CP™ Y (py, -+, pm, 1, 5) := C™\{0}/C*

gives an m + 1 dimensional orbifold called the weighted projective space.

In order to show that a weighted projective space is indeed an orbifold, we will
introduce the inhomogeneous coordinates. For simplicity, we demonstrate it for a
three dimensional space CP3(p, q,r, s).

The space CP3(p, q,r, s) is defined by the equivalence relation on C*\{0}

(x,y,2,€) ~ (Nx, ANy, A"z, \%¢).
(i) When z # 0,
(z,y,2,6) ~ (1, =Py, a7"/Pz a75/Pe) = (1,Y3, Zy,€1).
Due to the choice of the branch of z!/?, we also obtain
(Y1, Z1, 1) ~ (e 2milPY, e=2rmilp g, o=2smilpg ).

by putting z — e*™x. This implies that the subset of CP3(p, ¢, r, s) such that x # 0
is homeomorphic to C*/Z,, where the Z,-action is defined as above.
(ii) When y # 0,

(z,y,2,6) ~ (y P2, 1, y/9%2, y=/9%) = (Xy, 1, Za, £2).
Because of the choice of the branch of 4/, we obtain
(XQ, 22,82) ~ (6721)71'1‘/(1)(27 672r7ri/qZ2’ 672s7ri/q€2)'

Hence, the subset of CP?(p,q, 7, s) with y # 0 is homeomorphic to C*/Z,.
(iii) When z # 0,

(x,y,2,€) ~ (z_p/rx, z_Q/Ty, 1, z_s/’é) =: (X3,Y3,1,e3).

Similarly, the subset {z # 0} C CP3(p, q,r, s) is homeomorphic to C?/Z,.
(iv) When e # 0,

(z,y,2,€) ~ (6P, ey, e/ 1) =: (X4, Yy, Zs, 1).

The subset {e # 0} € CP3(p,q,r, s) is homeomorphic to C3/Z,.
This proves that the orbifold structure of CP3(p, q,r, s) is given by

CP3(p,q,r,s) =C*/Z, U C*/)Z, U C*/Z, U C*/Z,.

The local charts (Y1, Z1,¢1), (X2, Zs,€2), (X3,Y3,e3) and (X4, Ys, Z4) defined above
are called inhomogeneous coordinates as the usual projective space. Note that they
give coordinates on the lift C3, not on the quotient C*/Z; (i = p, q,r, s). Therefore,
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any equations written in these inhomogeneous coordinates should be invariant under
the corresponding Z; actions.
The transformations between inhomogeneous coordinates are give by

X4 — g;p/s — X28;P/S — nggp/s
}/4 — Yigl_q/s — 52_(1/5 = Yégg_q/s (223)
Zo= Zie]" = Zes = gl

An extension to the m + 1 dimensional case CP™"(py, -+, pm, 7, s) is straight-

forward. The orbifold structure is characterized by
CP™  (p1,-++ ,pm,r,8) =C" )72, U---UC™/Z, VC" /7, UC" L,

The inhomogeneous coordinates are defined as above on each chart. In what fol-
lows, we use the notation (z1,--- ,Z,,, z) for the inhomogeneous coordinates of the
local chart C™!/Z, because a system of differential equations will be given on this
chart. For example, the transformation between the inhomogeneous coordinates
(z1,+ ,Tpm,2) on C™/Z and the j-th inhomogeneous coordinates
(Xl, cee ,Xj_17 Xj+1, ce ,Xm, Z, 8) on Cm+l/ij is giVG by

zi = Xie P (i #g), vy =P 2= ZeT"/0, (2.24)

Hence, the subset {¢ = 0} on C™"'/Z, is attached at “infinity” of the chart
C™+1/Zs.

3 A differential equation on a weighted projective
space

Now we give the system of polynomial differential equations

d&?i

d :fi<xla"' 7xm7z)+gi<xla"' 7~Tmaz)7 Z:L y T, (31)
z

satisfying (A1), (A2) and (A3) on the (z1,---,&;,,2) coordinates of the space
CP™ Y (py,-+ ,pm,7,s). Note that the inhomogeneous coordinates (z1, -+ , T, 2)

are coordinates for the lift C™ ! of the quotient C™*!/Z, C CP™  (py, -+ , pm, 7, 5).
Since the system (3.1) is invariant under the Zg action (2.19), it is well defined on
the quotient space C™!/Z,.

Let us express it on the j-th local chart C™*'/Z, by the transformation (2.24).
Due to the assumptions, we have

fi(X1€_p1/s, e ’g—pj/s’ .. 7Xm€—pm/s7 Ze_’"/s)
5—(1+p¢)/8f1(X1’ 1L X, Z),

gi(Xle*pl/S, - ’gfpj/s’ O ’Xmg—pm/s’ Z&fr/s)
gt=(HP/s 5 (a polynomial of Xy, -+, X, Z, €).
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With the aid of these equalities, (3.1) is written on the (Xy,---, X1, X411, -
, Xm, Z,¢€) coordinates of C"™*'/Z,  as

= — ZXZ — e R = 1,~~- s 7 ,
de  se (p p]f-+€G') ( mii 7 J)
i TG (3.2)
dz 1 A b€
_— = — T —_—_—
de  se fi+eG;)’

where f; = fi(Xq,---,1,--- X, Z) (the unity is substituted at the j-th argument)
and G; is a polynomial in (Xi,---, X, Z,¢) determined by g;. This system is
rational and invariant under the Z, action despite the fact that the coordinate
transformation (2.24) is not rational.

Proposition 3.1. Give the system (3.1) on the (21, -+, Z,, 2)-coordinates of the
local chart C™*!/Z, of CP™ Y (py,-+ ,pm,r,s). If the system satisfies the as-
sumptions (Al) to (A3), it induces a well defined rational differential equations
on CP™ M (py, -+, pm,7,5).

Example 3.2. We give the first Painlevé equation 2’ = 63% + z, ¥/ = x on the
fourth local chart (z,y,z) of CP3(3,2,4,5). By (2.23), it is transformed into the
following equations

dY,  3—12Y —2YiZ,  dZy  3e, — 24Y(Z, — 422
dé?l B 81(-30}/12 — 5Zl> ’ d€1 N 61(—30}/12 — 521) ’

dX2 o —12 — 222 + 3X22 ng . —252 + 4X222

d€2 n 5X2€2 ’ dé?g 5X2€2 ’
dX3 o 243/32 +4 — 3X3€3 d§/3 . 4X3 - 2Y383
des —5e3 ' odes —bes ]

on the other inhomogeneous coordinates. Although the transformations (2.23) have
branches, the above equations are rational because the first Painlevé equation sat-
isfies (A1) to (A3) with (p,q,r,s) = (3,2,4,5). Hence, they define a rational ODE
on CP3(3,2,4,5) in the sense of an orbifold.

It is convenient to rewrite (3.2) as an autonomous vector field of the form

(dX; X Ji +eG;
z _ ., DpE
dt fj‘i‘EG]”
de

Cdt

(3.3)

SE.

The new independent variable ¢ parameterizes integral curves of (3.2). Note that
how to rewrite the system (3.2) as an autonomous vector field is not unique. To
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construct the space of initial conditions, rewriting as a polynomial vector field

( dX; : .
o = PiXilfy +eGy) = pi(fi+eGi), (P= 1, mii # ),
dz
— = T2(fi +eGy) — pie, (3.4)
de
i se(f; +eGy),
may be more convenient, though in this section we will use the form (3.3).
Let us investigate the K-exponents of the system (3.1). Let (¢1,--+ ,¢,) be one
of the roots of the equation —p;c; = f(c1, -+ ,cn), and consider a series solution

(2.7). If it is not a local holomorphic solution, (¢i,---,¢n) # (0,---,0) due to
Prop.2.7. Assume ¢; # 0. On the (Xi,---,X,,, Z,¢) coordinates of Cm“/ij, we
obtain

X—xxp’/p]—cZ pl/p](l—i—O(z—zO))
Z = zxw; /pj /;’ —20)" (1 + O(z — 20)),
e=a;"" =g S/pJ(Z — 20)° (1+O(2—Zo))-

In particular,
Xi = ;" (i # ), Ze—0,
as z — 2.
Lemma 3.3. The point
Xty Xony Zy2) = (er6, P oo e 770, 0) (3.5)
is a fixed point of the vector field (3.3).
Proof. A fixed point of (3.3) satistying Z = ¢ = 0 is given as a root of
PiXf (X LX) = i (X LX) = 0, (i # )
At the point (3.5), the left hand side is estimated as

plcl pl/pjf ( Pl/pj7 Tty Cmcj_pm/pj) p]f (C C pl/P]’ e 7Cmcj_pm/pj)
= picic Pz/PJC] (H—p; /pj fA( .. ) p;c; —(14+p;) /p]fA( ;Cm>-
Then, the equality —p;c; = f(c1,- -+ , ) proves that the above quantity actually

becomes zero. [

This lemma suggests that the behavior of the series solution (2.7) as z — zp is
governed by local properties of the fixed point (3.5). In particular, the dynamical
systems theory will be applied to the study of the fixed point. Due to the orbifold
structure, the inhomogeneous coordinates (X, -, X,,, Z,¢) should be divided by
the Z, -action (Sec.2.3). Hence, all points expressed as (3.5) obtained by different

1/p;

. - . . +1
choices of roots c; represent the same point on the quotient space C"*/Z, .
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3.1 Kovalevskaya exponents

The main theorem in this section is stated as follows.

Theorem 3.4. The eigenvalues of the Jacobi matrix of the vector field (3.3) at the
fixed point (3.5) are given by r, s and K-exponents of the system (3.1) other than
the trivial exponent —1. (If we use the polynomial vector field (3.4) instead of (3.3),
eigenvalues change by a constant factor).

Proof. We assume j = m for simplicity. Thus, (3.3) is an equation for (Xi,---,

Xm—l; Z, 6).

Let v = (—pic1, -+, —pmcm)? be the eigenvector of the K-matrix associated
with the eigenvalue —1 (see Lemma 2.3). Put v; = (—pic1, - , —Pm—_1Cm_1)",v9 =
—PmCm and

. I U1
r=(o )
where I denotes the (m — 1) x (m — 1) identity matrix. We obtain

pigp— (K 0
x« —1)7

where K is an (m — 1) x (m — 1) matrix whose eigenvalues are K-exponents other
than —1. The (7, j) component of K is given by

~ ofA pici Ofp
Kii =pidii + ——(c1, -+ ,cm) — ———=(c1,"+ ,Cm)-
N Pi0ij + axj (Cl ¢ ) DinCom axj (Cl c )

On the other hand, the Jacobi matrix of (3.3) at the fixed point is of the form

J | x
J=10|r x|, (3.6)
010 s
where J is an (m — 1) x (m — 1) matrix whose 17,7) component is given b
J g y
~ O fA A HfA
Jij = pidij — p_A Ji + Pm f; —fm, (3.7)
fm 813]' (fm) axj
where f is estimated at the point (clc;Lpl/p’”, e ,cm_lcﬁbpm’l/pm, 1). Due to the
quasi-homogeneity and the equality —p;c; = f(c1,+ -+, ¢n), we have
fiA(Clc;Lpl/pm’ . 7Cm_lc;meA/pm7 1) = C;Z(Hp")/pmff‘(cl, ) = _piCZ,C;%(lﬂJi)/pm7
of of
i (e cPL/Pm L o c—Pm—1/Pm 1) — o= @it1=p)/pm ZJi (o ).
axj<1m 9 ’ 1¢m 7) m (9xj(17 ) )
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By a suitable scaling of the independent variable z of the original system (3.1), we
can assume without loss of generality that ¢,, = 1. Substituting the above equalities
into (3.7) with ¢,, = 1, we obtain J;; = K, ;. O

Since eigenvalues of the Jacobi matrix are invariant under the actions of diffeo-
morphisms, the K-exponents are invariant under a wide class of coordinate transfor-
mations. In particular, the set of all K-exponents associated with all roots {¢;}7,
are invariant under the automorphisms on CP™(py, -+ py,, 7, ).

3.2 Extended Painlevé test

Let Ao, -+, Ay, 7, s be eigenvalues of the Jacobi matrix J of (3.3) at the fixed point
(3.5), among which Ay, --- , A, are K-exponents of (3.1) (A} = —1 is used for the

trivial one). Put X; = X; — cicj_pi/pj. Then, Eq.(3.3) is rewritten as

dX 5 N . . L .

%:JX—I—F(X), X:(Xl, 7Xj—17Xj+1a"' ,Xm,Z,€), (38)
with the nonlinearity F. Suppose that Re();) <0 for i =2,---  k, and Re()\;) > 0
fori =k+1,---,m. Since r and s are positive integers, J has exactly m — k + 2

eigenvalues with positive real parts. Thus, the system (3.8) has an m — k + 2
dimensional unstable manifold at the origin; by a suitable linear transformation,
(3.8) is rewritten as

X

ddtu =L X, +F (X, X)), X, € Cm—k+2,
X

ddts :JSXS—"_FS(XUJXS)) Xseck_l7

where real parts of eigenvalues of J, and J, are positive and nonpositive, respec-
tively. Due to the unstable manifold theorem, there exists a local analytic function
¢ satisfying ¢(0) = Dp(0) = 0 such that the set (X, (X)) expresses the unstable
manifold. Then,
dX,
dt

gives the dynamics on the unstable manifold. The purpose in this section is to prove

Proposition 3.5. The system (3.1) has an m—k-+1 parameter family of convergent
Laurent series solutions of the form

oo
ri(2) = ci(z — 20) 7" + Z ain(z—20)PF" i=1,---,m,
n=1

where {a;,} includes m — k free parameters other than zy, if and only if
(1) Aka1, -+, A are positive integers,
(ii) J, is semi-simple, and
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(iii) the system (3.9) on the unstable manifold is linearizable by a local analytic
transformation.

In particular, the system (3.1) has an m parameter family of Laurent series
solutions if and only if
(1) all K-exponents except for Ay = —1 are positive integers (classical Painlevé test),
(ii) the Jacobi matrix J is semisimple, and
(iii) the system (3.8) is linearizable by a local analytic transformation.

A similar result is also obtained by Goriely [8] for autonomous systems. A lin-
earization of the system (3.9) is achieved by Poincaré-Dulac normal form theory by
finite steps. For the convenience of the reader, a brief review of the normal form
theory is given in Appendix A. In [3, 4], it is proved that the first to sixth Painlevé
equations are linearizable.

Proof of Prop.3.5. By the standard perturbation method (the variation of con-
stants method), a general solution of (3.8) is expressed as

—pi/Pj Aot Amt rt st . . ;
Xi(t) = cic; "+ hi(ae™ - e e goe™), (1= 1,000 m; i # ),
t 1/pj t t Aot Amt t t
Z(t) = zpe™ + cj/ Te0e® + € hpyr (e o Lage™™ zpe"t ege™),
and (t) = ege®, where ag, -+, am, 20,&0 are free parameters determined by an
initial condition. The functions hy,- - , b,y 1 are formal power series with h;(0) =0

whose coefficients are polynomial in . More precisely, they are expressed as

hi(OQ@)\Q, e 75065t) = Z h’i,n<t>6</\7n>ta (Z = 17 T, Mo+ 17 { 7é j)a

[n|=1
where n. = (ng, -+ ,Nypy2), 0] =ng + -+ npyo and (A, n) = Xong + -+ - + Ay, +
TNm41 + $Mmie. The function h;,(t) is polynomial in ¢. Moving to the original
coordinates (xy,- - , Ty, 2), we obtain the next lemma, which can be also proved

directly from Eq.(3.1).

Lemma 3.6. The system (3.1) has a formal series solution of the form
xi(2) = TP (1 + Ei(OzQT)‘Q, oo T 2T 60 T?)), T =2 — 2, (3.10)

where h; is a formal power series in the arguments, whose coefficients are polynomial

inlogT, and ao, - -+, ayn, 20, €0 are free parameters.
A solution on the unstable manifold is obtained by putting ay = -+ = ay, = 0;
—pi/Pj Apgit Amt Tt st
Xi(t) = cic; "+ hi(0, -+ 0, a1 et zoe" g0e™),
7t L/pj st st g1t At rt st
Z(t) = ze + ¢/ Pege™ +e Pns1(0, -+ 0, g€ o et zpe™ gpe™),

This is a convergent series solution because of the unstable manifold theorem. Mov-
ing to the original coordinates (z1, -+ ,x;, 2), we obtain

2i(2) = ;TP (14 hi(0, -+, 0, 1 T, -+ oy T, 20T, £0T%)), (3.11)
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where the right hand side is a convergent power series in the arguments, whose
coefficients are polynomial in logT', and agy1, -+, Qm, 20,0 are m — k + 2 free pa-
rameters. On the parameter space, there are curves (ag41(t), -+, am(t), 20(t), 0(t)),
on which the above solution represents the same solution. Hence, (3.11) defines an
m — k + 1 parameter family of solutions. It does not include logT' if and only if
the coefficients of h; do not include polynomial in . Then, Prop.3.5 immediately
follows from Prop.A.3. OJ

3.3 The space of initial conditions

In this section, we give an algorithm to construct the space of initial conditions for
a differential equation having the Painlevé property. For a polynomial system, a
manifold M(z) is called the space of initial conditions if any solutions of the system
give global holomorphic sections of the fiber bundle P = {(z, 2) |z € M(z),z € C}
over C. Okamoto [10] constructed the spaces of initial conditions for the first to
the sixth Painlevé equations by blow-ups of a Hirzebruch surface eight times and
by removing a certain divisor called vertical leaves. In Chiba [3], the spaces of
initial conditions for the first, second and fourth Painlevé equations, respectively,
are obtained only by one, two and three times blow-ups with the aid of the weighted
projective spaces. The purpose of this section is to extend this result. If a given
equation having the Painlevé property has n-types Laurent series solutions (i.e.
the equation —p;c; = f(ci, -+ ,cm) to determine the leading coefficients has n
roots, and the corresponding series solutions are convergent Laurent series), then the
space of initial conditions is obtained by n times weighted blow-up of the weighted
projective space.

Suppose that the system (3.1) satisfying (Al) to (A3) is given. Determine the
leading coefficients (cy, - - - , ¢;,) of the formal series solution (2.7) by solving —p;c; =
f#(c1,-++ ,cm). Foreach (ci,- -+, cp), we suppose that (2.7) is a convergent Laurent
series (without log(z—zp)), so that the conditions (i) to (iii) of Prop.3.5 are satisfied.
In particular, Ao, -+, Ay satisfy Re(\;) > 0 and Agyq,- -+, Ay, are positive integers.
Then, the fixed point (3.5) is a singularity of the foliation defined by integral curves;
any Laurent series solutions pass through this point. For each fixed point, we will
perform the resolution of singularities. The procedure is divided into five steps as
follows;

Step 1. Due to Prop.2.7, (¢, -+ ,¢m) # (0,---,0). Assume ¢; # 0. Move to
the inhomogeneous coordinates on C™*!/Z, by (2.24) to obtain (3.3);

(dX; Jit+eG . o,
=piXi —Dj =1, m ;
Az _ g, _piE , (3.12)
dt fj +5Gj
% _ e
Cdt T

Our procedure below is independent of how to rewrite the system (3.2) to an au-
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tonomous vector field. For example, it may be more convenient to use the polynomial
system (3.4) instead of (3.3) when calculating the normal form at Step 3.
This vector field has a fixed point (singularity) (3.5). In order for the point to

be the origin, put X; = X; — cic;pi/pj, which results in
( dX =~ -~ A A~ A~ A A~
E:JX—FF(XaZagL X:(Xla"'7Xj—1)Xj+17"'7Xm>a
dz .
=12+ eFnn(X,Z0), (3.13)
de -
—_— S
\ dt '
where F is a nonlinearity and F,,41 = —p;/(f; +eG;). The matrix .J is a submatrix
of J, whose eigenvalues are nontrivial K-exponents Ay, - -+ , A, (see Eq.(3.6)).
Step 2. If the Jacobi matrix J has eigenvalues \o,--- , \; having nonpositive
real parts, transform (3.13) as
(dX,
o = X T F(X, X, Z,e), X, eCH
dX,

:JuXu_l'Fu(XsaXuaZaE)a Xuecm_ka
{ (3.14)

dz
v rZ 4+ eFn1(Xs, Xy, Z,€),
de .
a7
by a linear transformation of (Xi,---, X,,) (we need not change Z and ¢), where

real parts of eigenvalues of J, and J; are positive and nonpositive, respectively. We
suppose that J, is of the Jordan normal form. Because of Prop.3.5, it is semi-simple;
J, = diag(Ags1, -, Am). Due to the unstable manifold theorem, the unstable
manifold is expressed as a convergent power series of the form

X, =p(X,)=> b.X] (3.15)

n|=2

where n denotes a multi-index as usual. The coefficient vectors b,, can be obtained
by substituting it into Eq.(3.14). The system on the unstable manifold is given by

(dX,

dt

dz
% :TZ+€Fm+1(§0<Xu)7Xuvzv‘€>7 (316)
de

( dt

= JuXu + Fu(@(‘xu)?XuaZvE)?

SE,

Step 3. Calculate the normal form of the first equation of (3.16) up to degree
N to be determined;
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Due to the normal form theory, there exists a polynomial transformation (near
identity transformation)

X, —Y= hl(Xu, Z, 5), hl(O) =0, Dhl(O) = ld7 (317)

of degree N, which can be exactly calculated for a finite N, such that the first
equation of Eq.(3.16) takes the form (see Prop.A.1)

(dY
— = LY +G\(Y,Z,e)+Gy(Y,Ze), Y eCmF
dz
2 74 eFp, (3.18)
dt
de B
W

where G| consists of resonance terms up to degree N, and Gy ~ O(||(Y, Z,¢)||V ).
If we assume the condition (iii) of Prop.3.5, G; = 0. Nevertheless, we keep the term
G to observe that what happen when a given system (3.1) does not have the
Painlevé property. How to choose N will be explained in Sec.4.2.

Step 4. Weighted blow-up;

Now the origin of the m—k+2 dimensional system (3.18) on the unstable manifold
is a singularity; Laurent series solutions under consideration lie on the unstable man-
ifold and they approach to the origin as z — zy. In order to resolve the singularity, we
introduce the weighted blow-up with the weight (Agi1, -+, Ay, 7, s). Roughly speak-
ing, the weighted blow-up is a birational transformation = : B — C™ **2 whose ex-

ceptional divisor 771(0) is the weighted projective space CP™ 1 (N\y1, -+, A,y 7, 8),
and B is a line bundle over CP™ Y (\pyq, -+, Ay, 7, 8). Denote Y = (Yiyq, -+, V).
One of the local coordinates (ugi1,- -, Um,(, w) of B is defined by
Y U W
Yo | = Uy W™ . (3.19)
A Cw”
€ w?
Hence, w denotes a coordinate on a fiber and (ujy1, -+ , Um, () is the inhomogeneous
coordinates of the chart C™*1/Z  of CP™ 1 (\;41, -+, Am, 7, 5). In particular,
the set {w =0} € CP™ " 1 (\;11, -+, A, 7, 5) is attached at infinity of the original

chart C™"* = {(zy, - ,xm, 2)}.
The coordinate transformation between the original chart and the new coordi-
nates (X, Ugs1, -+, Un, (, w) is given by

Xy = (Cicj_pi/pj + hQ(XSJ Ukt1y" " 5 Um, C? w))w_piu (Z 7é ])

J

2=,
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where hs is a polynomial with he(0) = 0 that is obtained by a finite step.
Due to the orbifold structure of the exceptional divisor CP™ %1 (A, -+, s),
the Z, action

A A -1 2mi
(uk+17 e 7um7<7w) = (w k+1uk+la T, W mumawTC7w 'LU), w:=e€ 7m/87

acts on the space {(ugy1, -+, Um,C,w)}. This is compatible with the Zs action (2.19)
of the original chart; the one action induces the other through the transformation
(3.20).

Put J, = diag(Mgt1,-+ ;A Am) and G; = (Gigt1,-+ ,Gim). By the blow-up
(3.19), Eq.(3.18) is transformed into the system

( du; _
ddg =w AZ(Gl,n + G2,n)7
a wFyi1,

L dt

Using ¢ = z and deleting ¢, we obtain the system

= w NGy + Goy)/Fgr, i=k+1,-,m,
dz (3.21)
— =1/F, 1.
dz / +1
Since 1/ F,,+1 = —(fj+eG;)/p; is holomorphic in w41, - - -, wy,, w and 2, a singularity

of the right hand side may arise only from the factor w=1=%:.

Proposition 3.7. If N is sufficiently large, the function w™'"*Gy; is holomorphic
in Ugyp, U, w, 2, while w™ 172Gy ; is of the form

w_l_)‘iGu = w ! x (polynomial of w1, ,Un, 2).

If the conditions of Prop.3.5 are satisfied, G1, = 0 and the right hand side of
Eq.(3.21) is holomorphic in ug 1, , Up,w, z. Further, 1/F,, ;1 # 0 when w = 0.
Hence, there are no singularities of the foliation on the exceptional divisor {w = 0}.

As a result, the singularity of the foliation at the point (3.5) is resolved; m—k+1-
parameter family of integral curves that lie on the unstable manifold, all of which
pass through the fixed point (3.5) in (X3, -+, X, Z,€) coordinates, intersect with
the m — k + 1-dimensional exceptional divisor {w = 0} at different points. Further,
if all K-exponents other than —1 are positive integers, then the right hand of (3.21)
is polynomial because a transcendental function may arise only from the expression
of the unstable manifold X, = ¢(X,).

Proof. Since

G (Y, Z,e) = GQ(Uk+1w/\k+l, e ,umw)‘m, Cw", w®)
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and Gy ~ O(||(Y, Z,¢)||N 1), w72 Gy,; is holomorphic in w if N is sufficiently
large. On the other hand, since Gy ;(Y, Z, €) consists of resonance terms, a monomial
o =Y [ Y Zrmigimez included in G,i(Y, Z, €) satisfies

Ak 1Mpg1 + o+ Ay + T g1 + SNpg2 = Ay

Hence, w™'"*a becomes of order 1/w after the blow-up.

Let us confirm the last statement. When w = 0, we have Y; = Z = ¢ = 0.
This implies X; = c,-c;pi/pj when w = 0. Recall that f; in Eq.(3.3) implies f; =
fi(Xq, -, 1, X5, Z). Therefore, we obtain

1
1/ Fnsilu=o = ——(fj +&G;)|w=o
pj
1 _ . _ ,
= —p—jff(chpl/pj,'“ 1, ,cmcjpm/p])
1 _ N o o
= _p_jcj (1+p])/p]fjA(C17 o 7Cm> - Cj 1/p; 7é 0. O

Step 5. Divide (3.20) and (3.21) by the Z, -action;
If p; # 1, (3.20) is not a one-to-one transformation. Recall that the group Z,,

(Xi7 Z7 8) = (GQﬂi.pi/ijh 627ri-7"/pj Za 627ri.8/pj€)7 (Z 7& .])

acts on the inhomogeneous coordinates on the lift of the chart C™*!/Z, and Eq.(3.3)
is invariant under the action due to the orbifold structure. This action induces a
Zy, action on the (X, up41, - - ,w)-coordinates and Eq.(3.21) is invariant under the
action;

Ly, ~ CY = {( X5, Upg1, -+ 5 U, W)}

Obviously, the right hand sides of the transformation (2.24) are invariant under
the Z,, action. This shows that the right hand sides of the transformation (3.20)
are rational invariants of the Z, action. Thus, if we divide C* by the action,
(3.20) becomes a one-to-one rational transformation, which can be explicitly given
by rewriting the right hand sides of (3.20) in terms of polynomial invariants of
the action Z, ~ C7*!, one of which should be W := wPi. The original chart
My == {(z1,--- ,2p)} ~ C™ and the quotient space M; := CY'/Z, , which is a
nonsingular algebraic variety, are glued by the one-to-one rational transformation
(3.20) to give a nonsingular algebraic variety Mp;. Eq.(3.1) together with (3.21)
gives a holomorphic equation on My, without singularities of the foliation.
Suppose that a given system with the Painlevé property (in the sense that any
solutions are meromorphic) has n-types Laurent series solutions, all of whose leading
terms are of the form z; ~ ¢;(z — z9) ™7 ; that is, there are n roots of the equation
—pic; = fici,- ,cm). We perform Step 1 to Step 5 for all Laurent series to
obtain the manifold M; ~ C™/Z, and a holomorphic differential equation on it as
in Step 5. Then, an algebraic variety M(z) := MyUM;U- - -U M, parameterized by
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z € C gives the space of initial conditions for (3.1). Each solution defines a global
holomorphic section of the fiber bundle {(z,z) |z € M(z),z € C} and there are no
singularities of the foliation on the bundle. See Chiba [3] for the detailed calculation
for the first, second and fourth Painlevé equations, and Section 4 for the higher
order first Painlevé equation.

4 The first Painlevé hierarchy

Define the operator L£,, by

iﬁmﬂ[x] = (d— - Sxi - 4d—$) Llz], Lo[z] =1, (4.1)

dz dz3 dx dz
where © = x(2) is a function of z € C. The 2m-th order first Painlevé equation (the
first Painlevé hierarchy) is defined to be L£,,[z] = —4z. Indeed, it is easy to verify
that there is a polynomial P,, such that the equation is expressed as

) d
g®m = P (z,2, - 2P 2 2= ° (4.2)
dz*
For example, we obtain
2" = 61% + z,
2" = 20zz” + 10(2')? — 402° + 2,
for m = 1,2, respectively. We rewrite (4.2) as the 2m-dimensional system
T = o
POms (4.3)
Lom—1 = T2m
x/2m = Pm(xb U 7x2m71) + z.
This system satisfies the assumptions (A1) to (A3) with ¢g; = 0 and
(p17p27 P, T S) = (2737 to 72m + 172m+ 272m+3>
Indeed, it is easy to prove by induction that the function P, satisfies
Pm<>\2$1, )\3$2, e ,)\2m$2m—1) = )\2m+2pm($1, T, Tom-1) (4.4)

for any A € C. Thus, the system (4.3) induces a rational ODE on the weighted
projective space CP*™ (2, ... 2m + 3). In Shimomura[12], it is proved that the
first Painlevé hierarchy has the Painlevé property in the sense that any solutions
are meromorphic functions. The leading coefficients of the Laurent series solutions
are given by

e5(K) = (=114 bo, by = %k(k +1), (4.5)
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for k =1,---,m [11]. Hence, the system (4.3) has m Laurent series solutions of the
form

zi(2) = ci(k)(z = 20) "+ Y ain(k)(z — 29) 7

4.1 The K-exponents of the first Painlevé hierarchy

For each Laurent series solution with (4.5), the K-exponents are defined, which are
given as follows.

Theorem 4.1. The K-exponents of the system (4.3) associated with the Laurent
series solution with (4.5) are given by the following 2m integers;

A = 2, 4, - 2m—2k, (m—k)
2k+3,2k+5,---,2m+1, (m—k)
2m+4,2m+6,--- 2m+2k+2, (k)
-1, =3, -, —=(2k—-1), (k)

Thus, the Laurent series solution includes 2m — k41 free parameters (including zo).
In particular, the Laurent series for the case k£ = 1 includes 2m free parameters that
represents a general solution.

In order to prove the theorem, we need a Hamiltonian form of the system. By
putting z — Mz and z — A7z with A72m73 = 4™ Eq.(4.2) is transformed to the
equation 2™ = P, (z,---, 2% 2) 4+ 4™7 due to (4.4). Further, by putting

uj = 4" (2951 — Pj_y(a1,- -+, 225-3)),

A1-i 2 op 4.6
KA (:1:27 -2 a;c.l(xh'"  L2j-3)Tiv1 | 5 (46)

=1

(uj,v;) satisfies the system

[ .
{ uj = 2j, (4.7)

v;- =241 + 2wy + 2wy, (j=1,---,m),

where ;11 = 0 and w; is determined by the recursive relation

J Jj—1 Jj—1
1 1
w; = 5 E UrUj41—k -+ E UpWj— — 5 E VEVj—k =+ (5ij.
k=1 k=1 k=1

The system (4.7) is introduced by Shimomura [12] to prove the Painlevé property.
If we define the weighted degree of z; by deg(z;) = j + 1, then Eqs.(4.4) and (4.6)
provide deg(u;) = 2j and deg(v;) = 2j + 1. This implies that the transformation

(:L‘h' o 7x2maz) — (ulavla e 7umyvm7z)
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defined by (4.6) is an automorphism on CP*"*1(2 ... 2m + 3). In particular,
K-exponents of Eq.(4.3) are the same as those of (4.7) due to Thm.2.5 or Thm.3.4.
According to Takei [13], we further change coordinates by

wj = (=177'Q;, vy =2(=1)"(Puji1 + Pojp2Qu + -+ PuQj1). (4.8)
Then, (P;,Q;) satisfies the Hamiltonian system

dp;  9H, dQ; OH,
_ — =1, .- 4.
dZ aQJ bl dZ apj ) (] Y 7m)’ ( 9)

where H,, is a polynomial Hamiltonian function. Since the weighted degrees are
given by deg(P;) = 2m + 3 — 2j and deg(Q);) = 27, the transformation

(U1, 01, Uy Uy 2) = (P, Q1 5 Py Qs 2)
is an isomorphism from CP?*™*1(2 ... 2m + 3) to
CP*™ 1 (2m+1,2,--- ,2m +3 —24,24,--+,3,2m,2m + 2,2m + 3).
In particular, the K-exponents do not change. It is easy to verify the equality
Hy (- 7)\2m+3—2jpj’)\2ij’ .. 7)\2m+22) — )\2m+4Hm(. L P Qe ,2). (4.10)

Thus Lemma 2.4 provides

Lemma 4.2. If X is a K-exponent of the system (4.3), so is p =2m + 3 — .

Because of this lemma, the existence of K-exponents in the fourth line in Thm.4.1
immediately follows from that of the third line.

Proof of Thm.4.1. The K-matrix of the system (4.3) is given by

0 0 + 1 1 0 0
K= ” ,
0 o - 0 o --- 2m 1
Py 0Py ., OPm  OPm ., _OPm
8_£E1 aitz BI]' 8:Ej+1 8$2m71 2m + 1

where 0F,,/0x; is estimated at the point

c(k) = (cr(k), -, com-1()).
The eigen-equation is given by

da@-ﬁv:u—2ynQ_mn_n_%il

=1

0P,
(9:131-

(e(k))(A—2)-- (A —i) = 0.
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By the definition, P, satisfies
£m+1[x] =—4 ($(2m) - Pm(x> e ’x(2m—2))) ) EO['T} =1

Putting x = pg + d¢p; yields

Loiilpo+0p1] = —4 <9082m) P(wo, -+ 790827” 2)))
2m—1
m oP,, . .
46( D D L el 1)) +0(5%).
i=1 i

If we put @o(2) = bo(z + 1)~2 with by = k(k + 1)/2, then the first term in the right
hand side vanishes because of Eq.(4.4). Since

0 (0) = (=17 (j + 1)by = c;41 (k),

we obtain
2m—1 ap ‘
Lonrilipo +81)(0) = —45 <go§2m><o> - 5 (C(/f))90§2_1)(0)> +0(5%).
i=1 !

Further, putting ¢1(2) = by(z + 1)*~2 provides
Loi1[po + 0¢1](0) = —48bg - det(A — K) + O(6?).
Therefore, if we set
Ljlpo +0¢1](2) = fi(2) +0g;(2) + O(0%),  fo=1,90=0, (4.11)
det(A — K) = 0 is equivalent to g,,11(0) = 0.

Let us derive difference equations for f; and g;. Substituting (4.11) into the
definition (4.1) of £;11, we obtain

"o r_ /L
b o (1.12)

Gi1 = 95" — 8pog; — 4pog; — 8pifi — vt fj.
If we set f; = Aj(z + 1)~ the first equation yields
(25 +2) A1 = 25(25 +1)(2) + 2)A; — 165boA; — 8boA;

= 8(2j +1) (%j(j +1) - bo) Aj.

Thus, we have

2l 1
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This is further rearranged as

(2 — D! - (k + 5)!
gk =)t 7

Aj = (—1)j2j (.7 = 17 e 7k)7 (414)

and A; =0 for j > k+ 1.
Next, by putting g; = B;(z 4+ 1)*~%, the second equation of (4.12) gives

B A (2424 2) A -2+ D) (A= (2 =2K) ,  AA-(4+2),
A A—(2j+2) ToN=(2+2) T

Since ¢m41(0) = 0 if and only if B,,41 = 0, roots of B,,+1(A) = 0 give the K-
exponents. Since A; = 0 for j > k + 1, we obtain

A=(2m+2k+2)(A—(2m+1)) (A — (2m — 2k))
A —(2m + 2)

[l (A= (27 4+ 2k +2)) - (A= (27 + 1)) - (A — (25 — 2k))

A=02m+2)-(A=2m)--- (A= (2k +4))

By,

Bm+1 -

Bt (4.15)

Now we need two lemmas.

Lemma 4.3. For any j > k, Bj;1()) is a polynomial in A of degree 2j.

Lemma 4.4. The equation By1(A) = 0 has k roots given by A = 2k + 4, 2k +

6,- - ,4k 4+ 2. In particular, there is a polynomial Cy,1(\) of degree k such that
Biy = (A= (2 +4)) -+ (A= (4 +2))Cia (). (4.16)

Lemma 4.3 is trivial because B;;1(A) = 0 is equivalent to the eigen-equation det(A—
K) = 0 for the 25 dimensional problem. If Lemma 4.4 is true, all factors in the
denominator of (4.15) cancel and we obtain

m m m

Bnii= [[ O =@ji+2k+2) [T\ =25 +1) [T = (25 = 2K)) - Cra (V).

j=m41—k j=k+1 j=k+1

In particular, we obtained the first three lines in Thm.4.1. This completes the proof

because of Lemma 4.2.

Proof of Lemma 4.5. Put

A=(2+2k+2)(AN—=(27+1)) (A= (25 —2k))
A—(25+2) ’

2(A-(4j+2)
A— (25 +2)

Py = Qj=—

Then we have

Bryt = PuBy+ Quk(k+1)A,
—  Pu(Pec1Biy + Qrork(k + 1)Ap_1) + Qrk(k + 1) A,

= PBP1- PB4+ [QrAr + PuQr-1Ak—1 + -+ P - PoQ1 A k(k + 1).
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Substituting P;, Qj and (4.14), we obtain

Bk+1 A — (4k — 41+ 2) I (2k — 20 — 1)1 - (2k — 1)
k;+1 £ X — (2k — 20+ 2) (k=D
ﬁ — (25 42k+2) (A= (27 + 1)) (A — (2] — 2k))
e A— (25 +2)

Now we show that A = 4k +2 — 2n is a root of Bg,1(A) =0forn=0,1,--- [k —1.
Substituting this value gives

Biy1(\) L) b ttopren (2K =20 = )11+ (2k — 1)!
= — (-1 2
k(k+1) 25 (=1) (k=011

e (=2 +n—k)(4k—2n—2j+ 1) Bk —n—j+1)
H 2k —n—j '

Since the factor j +n — k becomes zero when j = k — n, which is possible only for
=n+1,---k,

Bia(A)  _ (_1)Fah+ " 2l—n (2k—20—-1-(2k—1)!
k(k+1) ik +1—n k-0l 1!
ﬁ GAn—k) (@Ak—2n—2+1)(3k—n—j+1)
2k —n —j '
j=k—1+1
Define
o0 —n (2k—20— 1) - (2k — 1)
F(l) =
(0 k+tl-n =
ﬁ G+n—Fk)(4k—2n—2j+1)(3k —n—j +1)
‘ 2k —n—j '
j=k—14+1

Then, it is straightforward to prove that F'(l) = —F(n—1[) and F(n/2) = 0 when n is
an even number. This proves By 1(A) = 0 for A = 4k+2—2n withn =0,1,--- [ k—1.
OJ

4.2 The space of initial conditions for the fourth order equa-
tion

The fourth order first Painlevé equation is given by

zh ==
(P, 4 22 (4.17)

r) = 20z 23 + 1023 — 4023 + 2.
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In this section, we demonstrate how to construct the space of the initial conditions
of this system. The system satisfies the assumptions (A1) to (A3) with the weight

(p17p27p37p4ara S) = (273a4)57677)' (418)

Thus, we give the system on the local chart C°/Z; of the space CP°(2,3,---,7).
The system has the two families of Laurent series solutions

D z(2)

~ (D = )P, (119)
(II)  z;(2) ~ 3(—

(=1)*! (2 — 20) 77, (4.20)
whose K-exponents are given by

1) A=-1,2,538,
() A=-1,-3,8,10,

respectively. In particular, the first one represents a general solution. We perform
the resolution of singularity for each Laurent series.

(I) Let us consider the resolution of the Laurent series (I).
Step 1. The coordinate transformation between the original coordinates and
the inhomogeneous coordinates on C°/Z, are given by

2y = 27wy = Xoe™ g = Xge™7 0y = Xye ™7, 2= 2797, (4.21)

We express the system (4.17) in the new coordinates as a polynomial vector field of
the form (3.4)

dXy/dt = 3X5 — 2X3,
dXs/dt = 4X3X, — 2Xy,

dXy/dt = 5X, X5 — (40X5 + 20X3 — 80 + 22), (4.22)
dZ/dt = 672X, — 2,
de/dt = TeXs.

This system has two fixed points
(Xo, X3, X4, Z,€) = (2, 6, 24, 0,0), (2/V3, 2, 8/V/3, 0,0),

which correspond to the Laurent series (I) and (II), respectively. The eigenvalues of
the Jacobi matrix at these fixed points are

A =4, 10, 16, 12, 14,
A= —2v3, 16/v/3, 20/v/3, 12//3, 14/V/3,

respectively. Since we have used the polynomial form (3.4) instead of (3.3), they
differ from the K-exponents, r and s by a constant factor (multiplied by 1/2 and
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\/§/2, they become 2,5, 8,6, 7 for the first one and —3, 8,10, 6, 7 for the second one,
respectively, which coincide with the K-exponents and r, s).
For the resolution of singularity of the first fixed point (I), put

(Xo, X3, X4) = (X — 2, X35 — 6, X, — 24) (4.23)

to obtain the system of the form (3.13).
Step 2. We introduce the linear transformation

X? = 1,
X3 = 4U1 + Vo, (424)
X4 = 201}1 +31]2 + v + Z/2 — 8/2

Then, we obtain the system of the form

dvy/dt = 4vy + Fy(v1, 02,03, Z, €)

dvg/dt = 10vy + Fy(v1, v, v3, Z, €)

dvg/dt = 16v3 + Fg(vla Vg, 3, Z, 6) (425)
dZ/dt = 127 + Fy(v1,vy,v3, Z,€)

de/dt = 14e + F5(v1,v2,v3, Z,€),

where F},--- | F5 are defined by

Fy = —2vy + 303,

Fy = —2v3 — Z + € + 4v? + 4vv9,

F3 = 80} + 3v1vy + Huyvs — v17/2 + vy€,
Fy = —2¢ +6v,1 7,

5 = Tve.

Note that we need not diagonalize the linear part; —2v, in F}, —2v3 — Z + € in F,
and —2¢ in Fy do not yield a singularity after the blow-up (see the next step).

Step 3. We calculate the normal form of the system (4.25) to delete several
monomials included in Fi, Fy, F3. We define weighted degrees to be

deg(vy) = 2, deg(vy) =5, deg(vs) =8, deg(Z) =6, deg(e) =7, (4.26)

which are the same as the weights of the weighted blow-up done in Step 4. From
the argument of Step 4 in Sec.3.3, it turns out that if a monomial « included in
F; satisfies deg(a) < deg(v;) + 1, then the monomial yields a factor 1/w" for some
n > 1 in the right hand side of the system after the blow-up. Hence, we have to
remove such monomials by the normal form theory. Monomials which may yield
the factor 1/w™ are v? in Fy and v2, vyvy,v3, v} in F3 (although v$ and v} are not
included in F3, they may appear after removing v? and viv,). To remove them, we
set

Y1 = vy,

Yo = Vg + CL1U%, (427)

Y3 = U3 + ap¥? + azvivy + agvd + azvl.
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We can verify by a straightforward calculation that if we put
ay = 3, a9 = 17 as = —1/2, ay = —]_/2, as = 0,
then the system (4.25) is brought into

dy1 /dt = 4y, — 2y2 + 9y5,

dy/dt = 10yy — 2ys — Z + & — Yy + 44y,

dys/dt = 16ys + 6y1ys + y1€/2 + Y3 — Ty1y2/2 (4.28)
dZ/dt = 127 — 2e + 6y1 Z

de/dt = 14e + Tye.

This system does not include a monomial « satisfying deg(a)) < deg(v;)+1 except for
the diagonal part (4y, 10ys, 16y5, 127, 14¢), which will be removed by the blow-up
below.

Step 4. We employ the weighted blow-up by

U1 u w?

Yo usw®

ys | = u3u168 . (4.29)
Z Cw

5 w’

Then, we obtain the polynomial system as desired;

( % = ugw? — 7u2w
dz 2t
d 1 1
% = —22u3 + Tuyugw + usw? — SW + 3%
z
duis 17, 1, (4.30)
E = U UIW — ZUI + ZUIUQ — éuzw,
dw 1
— =—-1—-= 2,
| dz 2u1w

The coordinate transformation between the original coordinates and (uy, us, ug, w, ()
is given by

4 T, = —2
"= (2 +uw) w,
= (6 + duw’® — Bufw* + u2w5) w4
(24 + 20w w? — 10u w? + 3usw® — uz{’ 6 (4.31)
—lw + 1u1u2w7 + usw® + 1wﬁz)w_5
2 2 s 2 ’
[ 2 =C.

Step 5. Due to the orbifold structure of CP°(2,3,4,5,6,7), the Z, action
(XQ,X3,X4,Z, E) — (—XQ,Xg,—X4,Z, —8) (432)
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acts on the coordinates (X, X3, X4, Z, €). This induces the Zy action on the (uq, ug, us, z, w)
coordinates given by

4 32u; 64
(ur, ug, ug, z,w) = (_Ul_ﬁa—uz— IR
z  duy  24u?  32u; 64
U s T Tt T s T e W) (4:33)

If we divide C} = {(u1,us,uz, w)} by this action, (4.31) becomes a one-to-one ra-
tional transformation which defines a smooth algebraic variety C3 U C}/Z,, where
C§ = {(w1, 72, 23,74)} is the original chart.

(IT) Next, we consider the resolution of the Laurent series (II).
Step 1. For the resolution of singularity of the second fixed point (II) of the
system (4.22), put

(Xa, X3, Xy) = (X —2/V3, X5 — 2, X4 — 8/V/3) (4.34)
to obtain the system of the form (3.13).
Step 2. We introduce the linear transformation
XQ = V1,
X3—3\/_U1+1)2+3Z \[ g, (435)
X, —25v1+5fv2+v +7fZ

Then, we obtain the system of the form

(

dvy/dt = —2v/3v1 — 209 — 37 + %gs + Fy(v1,v9,v3, Z,€)
dvy /dt = ﬁ — 2u3 + Fy(v1, 02,03, Z, €)

dvg/dt = U3+F3(/017,U27,U37Z €)

dZ/dt = %Z — 2e + Fy(vy, 09,03, Z,€)

de/dt = 145+F5(U17U27U37Z £),

where F}, - -- | F5 are nonlinear terms. The unstable manifold is a (ve, v3, Z, £)-space.
We denote the unstable manifold by

v1 = @(ve,v3, Z, ), (4.36)

with a convergent power series ¢ which does not include a constant term. The
system on the unstable manifold is given by

dvg/dt:ﬁ — 2u3 + Fy(p(va,v3, Z,€), 09,03, Z, €)
dvz/dt = vg+Fg(go(vg,vg,,Z,E),vg,vg,Z,e)
dZ/dt = 122 2e + Fy(p(ve,v3, Z,€), 09,03, Z, €)
de/dt = 145—|—F5( (v9,v3, Z,€), 09,03, Z, €).

(4.37)
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Step 3. We define weighted degrees by
deg(vy) = 8, deg(vz) = 10, deg(Z) =6, deg(e) =7, (4.38)

which are the same as the weights of the weighted blow-up done in Step 4. As
before, if a monomial «v included in F; (i = 2, 3) satisfies deg(«) < deg(v;) + 1, then
the monomial yields a factor 1/w™ in the right hand side of the system after the
blow-up. Since F; is nonlinear, F;(¢(vg,vs, Z,€), v, v3, Z,€) does not include such
monomials (the possible least degree among nonlinear monomials is deg(Z?) = 12,
which is larger than deg(vs) + 1 and deg(vs) + 1). Hence, we need not calculate the
normal form.
Step 4. We employ the weighted blow-up by

8

(%) UW

v uzw'°

23 = gwﬁ . (4.39)
£ w’

The coordinate transformation between the original coordinates and (vy, ug, ug, w, ()
is given by

( -2
1 = w
2
Ty = i + Ul) -,
3
5
x3 = | 24+ 3v30, + ugw® — \8/_ + 82w6> w?, (4.40)
8 2V'3 V3 27
Ty = i + 25v; + \/_ugw + uzw'® 4+ \8/_ZU)6 — §w7) w_5,
L 2 =¢C.

The equations of vy, us, us, w are

(@_\/gvl 31}% 5\/_

————w + ugw” + = 2w®

dz w 2w 8

d 3v3 15 2 3

e S \/_Ul— \/_Ul—l— Ulug—I—mw—i—ﬂ,

dz 2?9 16w? w Sw? (4.41)
% B _151}% 2lv 5v/3vius  Hujus B 3v/3v1 2 ’
dz  2w'!  16w* 6 2w 16ws ’

dw V3 o1

—_— = — —y.

dz 3 9!

Although the right hand sides are not holomorphic at w = 0, they are holomorphic
on the unstable manifold v; = p(uw?®, uzw'®, 2w, w") ~ O(w®). Any integral curves
of the vector field outside the unstable manifold approach to the other fixed point

(D).
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Step 5. The Zs action (4.32) induces the Zy action on the (vy,us,us, z, w)
coordinates given by

44/3 5vV3 6v3 12
V3 VB 6VAu

(v1, u2, ug, 2, w) (—01—771@ 1w " et (4.42)
10v/3 25 3 8v3 30
—U3 — Vi, + - V3z | 8V _ o , 2, —w).(4.43)
3w? 4w 4wt wlo w0

If we divide C§ = {(vy, ug, uz, w)} by this action, (4.40) becomes a one-to-one ratio-
nal transformation which defines a smooth algebraic variety CjUC3/Zy. Therefore,
M(z) = CAUC]/Zy U C3/Zy defined by the transformations (4.31) and (4.40) gives
the space of initial conditions for the system (4.14).
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A Normal form theory
In this Appendix, we give a brief review of the normal form theory. See [5] for more

detail.
Let us consider a holomorphic vector field

d
= Av+ f@), weC, (A1)
defined near the origin, where A is an m x m matrix and f ~ O(||z||*) denotes the
nonlinearity. We assume that A = diag(Ay, -+, \,) is a diagonal matrix. If there
exist j and non-negative integers (nq,-- - ,n,,) such that ny +---+n,, > 2 and
)\1711 + -+ )\mnm = )\j, (AQ)

then, the monomial vector field 27" - - - 2]vme; is called the resonance term. A normal
form of (A.1) up to the order N is given as follows.

Proposition A.1. For any integer N > 2, there exists a polynomial transformation
x +— y of degree N such that (A.1) is transformed into the system

Y~ ay+ 09) + 9:0) (A.3)

where g consists only of resonance terms up to degree N, and gy ~ O(]|z||VT1).

We need the following assumption for the convergence as N — oo.

(P) The convex hull of eigenvalues {1, -, A} in € does not include the origin.
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In this case, the number of resonance terms is finite.

Proposition A.2. Under the assumption (P), there exists a local analytic trans-
formation x — y such that (A.1) is transformed into the system

d
d—i = Ay + a1(y), (A.4)

where ¢, consists only of resonance terms.
(A.1) has a formal series solution of the form
z(t) = Plage™, - apuet), (A.5)

where P is a formal power series in the arguments, whose coefficients are polynomi-
als in t. aq,--- ,q,, are arbitrary constants. The next proposition is well known in
perturbation theory.

Proposition A.3. P is a convergent power series, whose coefficients are indepen-
dent of ¢, if and only if

(i) A is semi-simple, and
(ii) (A.1) is linearized by a local analytic transformation.

In particular, the condition (ii) is satisfied if (P) is satisfied and f(x) does not
include resonance terms. There are examples that (P) is not satisfied while (A.1) can
be linearized (Siegel’s theorem). In the proof of Prop.3.5, the system (3.9) satisfies
(P) because the eigenvalues have positive real parts.

B Proofs of Proposition 2.7 and 2.8

Consider the series solution

2i(2) = ci(z — 20) % 4+ a1 (2 — 20) 4 4 - =T (1 4 o(T)), (B.1)
where T' = z — z5. Without loss of generality, we suppose that
2:_,.:q_M>QM+12...Zq_m. (B.2)
P1 Pm Pm+1 Pm

Substituting (B.1) into f#, we have
sz(wl(z)a e ,[L’m(Z))
- sz(clT_qlv T 7cmT_qm) ) (1 + O(T))
_ flA(ClT%pl_qlT_%pl, o ’cmT%pm—qu—%pm> (14 o(T))
_am am

— T (1+pi)fiA(ClTpMpl—q17 o 7cmTZ%zom—qm) (1 +o(T)).

(B.2) gives qupi/pm — ¢ > 0 for any ¢ and qup;/py — ¢ = 0 for i = 1,--- | M.
Thus we obtain

FA (), am(2)) = T P A ey o ey, 0, ,0) - (14 o(T)).
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Similarly, we can verify

FN@1(2), - an(2), 2) ~ o 72 P9,

gi<x1(2)7 e 7xm(Z)7 Z) ~ 0<T7%(1+Pi))

)

as T'— 0. Hence, the system (2.1) with (B.1) yields

—ag T 1+ o(T)) = T o P fA ey e a0, ,0) - (1+0(T)).  (B.3)

1

We will compare the orders of a pole in both sides; ¢; + 1 and g (1 + p;)/pas-

Proof of Prop.2.8. Assume that ¢; > p; for some i. We can assume without loss
of generality that ¢; > p; for any ¢ = 1,--- ;m. Then, (B.2) shows

G+ - Ma4p)<(@+1) - La+p)=1-% <. (B.4)
Pm Di Di

This proves

fiA<Cl7"' acM707"' 70) =0
fori = 1,--- ,m. Then, the condition (S) gives ¢; = --- = ¢y = 0. We repeat this
procedure by replacing ¢; — 1 by ¢; (¢; — 1 := ¢;) for i = 1,--- , M and rearranging
the order of ¢1,qa, - , gm so that (B.2) holds for some M. If ¢; > p;, the inequality
(B.4) again holds. If ¢; = p; for some i, then

q 4i
(g +1) = E(14p) < (i +1) = H(1+p) =0,
Pum Di
Since the inequality (B.4) holds for any i, we have ¢; = --- = ¢p = 0.

By repeating this procedure, at least ¢; decreases by 1 at each step. This algo-
rithm stops when ¢; = p; for any ¢ and it completes the proof. [J

Proof of Prop.2.7. Suppose 0 < ¢; < p; and ¢; # 0 for ¢ = 1,--- ,m. For
1=1,---, M, we have

am 4; d;
(¢ +1)——QQ+p)=(g+1)——(1+p)=1-=—>0.
Pum pi Di
Thus, Eq.(B.3) gives ¢;¢; = 0fori =1,--- , M. By the assumption, we obtain ¢; = 0
forv=1,---, M. By repeating this procedure as before, we can prove that ¢; = 0
for any . UJ
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