The first, second and fourth Painlevé
equations on weighted projective spaces

Institute of Mathematics for Industry, Kyushu University, Fukuoka, 819-0395,
Japan

Hayato CHIBA !
Apr 16, 2014; Last modified Sep 4, 2015
Abstract

The first, second and fourth Painlevé equations are studied by means of dynam-
ical systems theory and three dimensional weighted projective spaces CP3(p, q,, s)
with suitable weights (p, ¢, 7, s) determined by the Newton diagrams of the equations
or the versal deformations of vector fields. Singular normal forms of the equations,
a simple proof of the Painlevé property and symplectic atlases of the spaces of ini-
tial conditions are given with the aid of the orbifold structure of CP3(p,q,r,s). In
particular, for the first Painlevé equation, a well known Painlevé’s transformation is
geometrically derived, which proves to be the Darboux coordinates of a certain al-
gebraic surface with a holomorphic symplectic form. The affine Weyl group, Dynkin
diagram and the Boutroux coordinates are also studied from a view point of the
weighted projective space.
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1 Introduction

The first, second and fourth Painlevé equations in Hamiltonian forms are given by
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with Hamiltonian functions

1
Hy = 59(:2 —2° — 2y,
1 1 1
Hy = 5952 - §y4 - 5292 —ay,

Hiy = —2y® + 2%y — 2zyz — 2kox + 2050y,

where «a, 0, and kg € C are parameters. These equations are investigated by means

of the weighted projective spaces CP3(p, q,r, s) with natural numbers p, ¢, r, s given
by

(PI) (paQara 5) = (372747 5)a
(PH) (p7QJT7 S) = (2717273)7
(PIV) (p,q,r, S) = (1717172)'

These numbers will be determined by the Newton diagrams of the equations or the
versal deformations of a certain class of dynamical systems. The weighted projective
space CP3(p,q,r,s) is a three dimensional compact orbifold (toric variety) with
singularities, see Sec.2 for the definition.

(P1), (Pr) and (Pry) are given as differential equations on CP3(p, ¢, 7, s), which
is regarded as a compactification of the original phase space C?, - of the Painlevé
equations. The Painlevé equations are invariant under the Z, action of the form

(2,1, 2) = (WPz,wily,w'z), w:= e2™/s, (1.4)

with p,q,r, s as above. As a result, it turns out that (P;), (Py;) and (Ppy) are well
defined as meromorphic differential equations on CP3(p, q,r, s).
The space CP3(p, q,r, s) is decomposed as

CP3(p, q,7,8) :(C?’/ZS U (CP2(p,q,r), (disjoint). (1.5)

This means that CP3(p, ¢, r, s) is a compactification of C?/Z, obtained by attaching
a 2-dim weighted projective space CP?(p,q,7) at infinity. The Painlevé equations
(P;), (J = LII,IV) divided by the Z, action are given on C*/Z, and the 2-dim
space CP?%(p, q,r) describes the behavior of (Pj) near infinity (i.e. £ = 0o or y = 00
or z = 00). On the “infinity set” CP?(p, q,r), there exist several singularities of the
foliation defined by solutions of the equation. Some of them correspond to movable
poles of (P;), and the others correspond to the irregular singular point z = oc.
Local properties of these singularities of the foliation will be investigated by means
of dynamical systems theory. Our main results include

e the fact that the Painlevé equations are locally transformed into integrable
systems near movable singularities,

e a simple proof of the fact that any solutions of (P;) are meromorphic on C,



e a simple construction of the symplectic atlas of Okamoto’s space of initial
conditions,

e for (Pp), a geometric interpretation of the Painlevé coordinates defined by

9 (1.6)

x:uw3—2w’3—%zw—%w2
y=w -,

which was introduced in his original work [26] to prove the Painlevé property
of (PI),

e a geometric interpretation of the Boutroux coordinates introduced in [2] to
investigate the irregular singular point of (Py) and (Py).

In Sec.2, the Newton diagram of the Painlevé equation will be introduced to find
a suitable weight of the weighted projective space CP3(p, q,, s). Furthermore, it is
shown that the Painlevé equations are obtained from certain problems of dynamical
systems theory. Such a relationship between the Painlevé equations and dynamical
systems proposes normal forms of the Painlevé equations because for dynamical
systems (germs of vector fields), the normal form theory have been well developed.

In Sec.3, with the aid of the orbifold structure of CP3(p, q,r, s) and the Poincaré
linearization theorem, it will be shown that (P;), (Py) and (Pry) are locally trans-
formed into integrable systems near each movable singularities. For example, (Py)
and (Pyy) can be transformed into the equations y” = 6y* and y” = 2y, respectively.
See Sec.3 for the result for (Pry). This fact was first obtained by [10] for (Py), in
which the transformed equation y” = 6y? is called the singular normal form. Our
proof is based on the Poincaré linearization theorem and it is easily applied to other
Painlevé equations, including (Pry), (Pv) (Pyr) and higher order Painlevé equations
[7]. By using this result, a simple proof of the Painlevé property is proposed; that is,
a new proof of the fact that any solutions of (Py), (Py) and (Pry) are meromorphic
on C will be given.

In Sec.4, the weighted blow-up will be introduced to construct the spaces of ini-
tial conditions. For a polynomial system, a manifold F(z) parameterized by z € C
is called the space of initial conditions if any solution gives a global holomorphic sec-
tion on the fiber bundle P = {(x, z) |z € E(z),z € C} over C. It is remarkable that
only one, two and three times blow-ups are sufficient to obtain the spaces of initial
conditions for (Py), (Pr1) and (Pry), respectively, if we use suitable weights, while
Okamoto performed blow-ups (without weights) eight times to obtain the space of
initial conditions [24]. Further, our method easily provides a symplectic atlas of
the space of initial conditions. Then, each Painlevé equation is characterized as a
unique Hamiltonian system on the space of initial conditions admitting a holomor-
phic symplectic form. Symplectic atlases of the spaces of initial conditions were first
obtained by Takano et al. [28, 22, 23] only for (Pr) to (Pyr), while left open for
(Py). In the present paper, the orbifold structure plays an important role to obtain
a symplectic atlas for (Pr). See also Iwasaki and Okada [19] for the orbifold setting
of (PI)



By the weighted blow-up of CP3(3,2,4,5) for (P;), we will recover the famous
Painlevé coordinates (1.6) in a purely geometric manner. Painlevé found the coordi-
nate transformation (1.6) in an analytic way to prove the Painlevé property of (Py)
(see [15]). From our approach based on the weighted projective space, the Painlevé
coordinates prove to be nothing but the Darboux coordinates of the nonsingular
algebraic surface M (z) defined by

VE=UW?* 4 2:W3 + 4W,

which admits a holomorphic symplectic form, where z € C is an independent variable
of (Pr) and it is a parameter of the surface. Our space of initial conditions is
obtained by glueing (C%x’y) (the original space for dependent variables) and the surface
M (z) by a symplectic mapping. Then, (P;) is a Hamiltonian system with respect
to the symplectic form. Since (1.6) is a one-to-two transformation, an orbifold
setting is essential to give a geometric meaning to the Painlevé coordinates; the
orbifold CP3(3,2,4,5) provides a natural Zy-action which makes (1.6) a one-to-one
transformation.

In Sec.5, the characteristic indices for (Pr), (Py) and (Pry) will be defined. A
few simple properties such as a relation with the Kovalevskaya exponents and the
weights of CP3(p, ¢q,r, s) will be given.

In Sec.6, the Boutroux coordinates will be introduced. It is shown that the
weighted blow-ups of CP3(p, ¢, 7, s) constructed in Sec.4 also includes the space of
initial conditions written in the Boutroux coordinates. Further, we will show that
autonomous Hamiltonian systems are embedded in the Boutroux coordinates.

In Sec.7, the extended affine Weyl group for (Py;) and (Pry) will be considered.
The action of the group on the original chart (C?%W) is extended to a birational

transformation on CP3(p, ¢, r, s). It is proved that on the “infinity set”, CP*(p, ¢, r),
the foliation defined by an autonomous Hamiltonian system is invariant under the
automorphism group Aut(X), where X = Agl) for (Py1) and X = Aél) for (Prv).

In Sec.8, a cellular decomposition of the weighted blow-ups of CP3(p, q,7, s) will
be given. We will show that the weighted blow-ups of CP3(p,q,r, s) is naturally
decomposed into the fiber space for (Pj) (a fiber bundle over C whose fiber is the
space of initial conditions), a certain elliptic fibration over the moduli space of
complex tori, and the projective curve CP!. We also show that the extended Dynkin
diagrams of type Eg, F7 and Eg are hidden in the weighted blow-ups of CP3(p, q, 7, s).

An approach using toric varieties is also applicable to the third, fifth, sixth
Painlevé equations and higher order Painlevé equations [7, 8]. The Hamiltonian
functions of the third, fifth, sixth Painlevé equations are not polynomial in z, and
the Newton diagrams of them are degenerate; weights of them include nonpositive
integers. Hence, the study of the third, fifth, sixth Painlevé equations using toric
varieties will be reported in a separated paper [8].



2 Weighted projective spaces

In this section, a weighted projective space CP3(p, q,r, s) is defined and the first, sec-
ond and fourth Painlevé equations are given as meromorphic equations on CP3(p, ¢, r, s)
for suitable integers p, ¢, r, s. Such integers p, ¢, r, s will be found via the Newton di-
agrams of the equations. We also give a relationship between the Painlevé equations
and the normal form theory of dynamical systems, which proposes normal forms of
the Painlevé equations.

2.1 Newton diagram

Let us consider the system of polynomial differential equations

dx d

E:f1($>y72)7 d_z:fQ(x7yvz)' (21)
The exponent of a monomial z'y/2* included in f; is defined by (i — 1,k + 1),
and by (4,7 — 1,k + 1) for one in f5. Each exponent specifies a point of the integer
lattice in R?. The Newton polyhedron of the system (2.1) is the convex hull of the
union of the positive quadrants R? with vertices at the exponents of the monomials
which appear in the system. The Newton diagram of the system is the union of the
compact faces of its Newton polyhedron. Suppose that the Newton diagram consists
of only one compact face. Then, there is a tuple of positive integers (p1, pa, 7, s) such
that the compact face lies on the plane p1x + poy + 72 = s in R3. In this case, the
function f; (i = 1,2) satisfies

FiAP NP2y X' 2) = NP f(zy, 2),

for any A\ € C.
We also consider the perturbation of the system (2.1) of the form
dx dy
E:fl(may7z)+gl(may7z)a %:fQ(xayaz)—i_gQ(xayaz)' (22)

Suppose that g;( APz, \P2y, \"2) ~ o(A*7"1Pi) for ¢ = 1,2 as A — oo. This implies
that exponents of any monomials included in g¢; lie on the lower side of the plane
P1T + P2y + 1z = S.

The Newton polyhedron of the first Painlevé equation (1.1) is defined by three
points (—1,2,1),(—1,0,2) and (1,—1,1). Hence, the Newton diagram consists of
the unique face which lies on the plane 3z + 2y + 4z = 5. One of the normal vector
to the plane is given by ey = (—3/5,—2/5,—4/5). Put e; = (1,0,0),e, = (0,1,0)
and e3 = (0,0,1). Then, the toric variety defined by the fan made up of the cones
generated by all proper subsets of {eg, e, e, e3} is the weighted projective space
CP3(3,2,4,5) [11].

Next, let us consider the second Painlevé equation (1.2) with f = (2y® + yz, )
and g = («,0). The Newton polyhedron of f = (f1, f2) is defined by three points



(—1,3,1),(—1,1,2),(1,—1,1), and the Newton diagram is given by the unique face
on the plane 2x + y + 2z = 3. The associated toric variety is CP3(2, 1,2, 3).

For the fourth Painlevé equation (1.3), put f = (—2?+2zy+2xz, —y*+2xy—2y%2)
and g = (—20, —2kg). The Newton diagram of f = (f1, f2) is given by the unique
face on the plane = + y + z = 2 passing through the exponents (1,0, 1),(0,1,1) and
(0,0,2). The associated toric variety is CP3(1,1,1,2).

In what follows, the weights (p, ¢, 7, s) denote (3,2,4,5),(2,1,2,3) and (1, 1,1, 2),
respectively, for (Pr), (Pn) and (Pry).

The weighted degree of a monomial z'y’2* with respect to the weight (p,q,r)
is defined by deg(z'y’2%) = pi + qj + rk. The weighted degree of a polynomial
[ = ajrr'y’ 2" is defined by

deg(f) = rznja]zc{deg(xiyjzk) | aijr # 0}.

For (Py), (Py) and (Pry) with the weights (p,q,7) = (3,2,4),(2,1,2) and (1,1, 1),
respectively, the weighted degrees of the Hamiltonian functions are

deg(Hy) =6, deg(Hp) =4, deg(H)=3.

They satisfy deg(Hy) = s+ 1(J = LII,IV). Further, it will be shown that they
coincide with the Kovalevskaya exponents (Sec.2.3) and the characteristic index A\

(Sec.b).

2.2 Weighted projective space

Let U be a complex manifold and I' a finite group acting analytically and effectively

on U. In general, the quotient space U /T is not a smooth manifold if the action

has fixed points. Roughly speaking, a (complex) orbifold M is defined by glueing a

family of such spaces 17& /T'o; a Hausdorff space M is called an orbifold if there exist

an open covering {U,} of M and homeomorphisms @, : Uy ~ U, /Ta. Sece [29] for

more details. In this article, only quotient spaces of the form C"/Z, will be used.
Consider the weighted C*-action on C* defined by

(x,y,z,6) = (Nz, Ny, Nz, \¢), A€ C*:=C\{0}, (2.3)

where the weights p, q,r, s are positive integers. We assume 1 < p,q,r < s without
loss of generality. Further, we suppose that any three numbers among them have
no common divisors. The quotient space

CP*(p,q,r,s) := C\{0}/C*

gives a three dimensional orbifold called the weighted projective space. The inhomo-
geneous coordinates of CP3(p, ¢, r, s), which give an orbifold structure of CP3(p, ¢, 7, s),
are defined as follows.

The space CP3(p, q,r,s) is defined by the equivalence relation on C*\{0}

(x,y,2,€) ~ (Nx, Ay, A"z, \%¢).

6



(i) When = # 0,
(z,y,2,€) ~ (1, 2= YPy, a7"/Pz 273/Pe) = (1,Y1, Zy1,€1).
Due to the choice of the branch of /7, we also obtain
(Yi, Z1,e1) ~ (e~ 20miIvY, o=2rmilo 7, o=2smifp )

by putting z + e*™'z. This implies that the subset of CP?(p, q,, s) such that z # 0
is homeomorphic to C*/Z,, where the Z,-action is defined as above.
(ii) When y # 0,

(xaya Z,Z‘f) ~ (y_p/qxv 17 y—r/qz’ ?J_S/q5) = (X2a ]-7 22752)-
Because of the choice of the branch of '/, we obtain
(Xg, 22,82) ~ (6721)71'1‘/(1)(27 672r7ri/q22’ 672s7ri/q€2).

Hence, the subset of CP?(p,q,r,s) with y # 0 is homeomorphic to C*/Z,.
(iii) When z # 0,

(.Z',y,Z,E) ~ (Z—p/rx7 Z—q/ry7 1a Z_S/TE) = <X3aYE’n 1a€3)'

Similarly, the subset {z # 0} C CP3(p, q,r, s) is homeomorphic to C?/Z,.
(iv) When € # 0,

(z,y,2,€) ~ (6P, e 5y, e/, 1) = (X4, Yy, Zs, 1).

The subset {e # 0} € CP3(p,q,r, s) is homeomorphic to C3/Z,.
This proves that the orbifold structure of CP3(p, q,r, s) is given by

CP(p,q,r,s) =C*/Z, U C*/Z; U C°/Z, U C°/Z,.

The local charts (Y, Z1,¢e1), (X2, Zo,€2), (X3,Y3,e3) and (X4, Ya, Z4) defined above
are called inhomogeneous coordinates as the usual projective space. Note that they
give coordinates on the lift C3, not on the quotient C3/Z; (i = p, q,r,s). Therefore,
any equations written in these inhomogeneous coordinates should be invariant under
the corresponding Z; actions.

In what follows, we use the notation (x,y, z) for the fourth local chart instead of
(X4, Yy, Z4) because the Painlevé equation will be given on this chart.

The transformations between inhomogeneous coordinates are give by

Tr = El—p/s = X2€2—p/s = X3€3_p/8
y= Y = 57 = Yy " (2.4)
z = Zlf:“l_r/s = Z2€2—r/s = 6;7’/5'

We give the differential equation defined on the (x,y, z)-coordinates as

dx

dy
a_f(xuywz)a E_g(xayaz)a (25)
7



where f and ¢ are rational functions. By the transformation (2.4), the above equa-
tion is rewritten as equations on the other inhomogeneous coordinates (Y3, Z1,¢1),
(X2, Z2,e2) and (X3, Ys,e3). It is easy to verify that the equations written in the
other inhomogeneous coordinates are rational if and only if Eq.(2.5) is invariant
under the Z,-action

(2,7, 2) = (WPr,wly,w"z), w= >/ (2.6)

In this case, the equations written in (Y7, Z1,¢1), (Xa, Z2,62) and (X3, Y3, e3) are
invariant under the Z,, Z, and Z,-actions, respectively. Hence, a tuple of these four
equations gives a well-defined rational differential equation on CP3(p, q,r, s).
When z = 0o or y = 00 or z = 00, we have ¢ = 0 or €5 = 0 or €3 = 0. In this
case, the transformation (2.4) results in
Y*l — XQ—Q/P — }/?’XB—Q/P’
— —r/p _ yT/P (2.7)

The space obtained by glueing three copies of C? by the above relations gives the
2-dim weighted projective space CP?(p,q,r). Thus, we have obtained the decom-
position

CP*(p,q,r,s) = C*/Z, U CP*(p,q,7), (disjoint). (2.8)

On the covering space C? of C3/Z,, the coordinates (x,y, z) is assigned and Eq.(2.5)
is given. The equation on CP?(p,q,r) is obtained by putting &1 = 0 or g5 = 0 or
g3 = 0, which describes the behavior of Eq.(2.5) near infinity;

CP?(p,q,r) = {e1 = 0} U {ey = 0} U {e3 = 0}. (2.9)

Now we give the first Painlevé equation (1.1) on the fourth local chart of CP3(3,2,4, 5).
By (2.5), (Pr) is transformed into the following equations

d)fl . 3— 12}/13 - 2}/’121 le . 351 - 24}/12Z1 - 4Z12

= 2.10
d€1 61(—301/12 — 5Z1) ’ d€1 61(—305/12 — 5Z1) ’ ( )
dX2 . —12 — 222 + 3X22 dZQ . —262 + 4X222 (2 11)
d€2 N 5X2€2 ’ d€2 N 5X2€2 ’
dX3 . 24}/;32 + 4 — 3X383 d}/g . 4X3 — 2}/3383 (2 12)
des —5¢e2 " odes —ber ] '

on the other inhomogeneous coordinates. Although the transformations (2.4) have
branches, the above equations are rational due to the symmetry (2.6) of (P). Hence,
they define a rational ODE on CP3(3,2,4,5) in the sense of an orbifold.

Next, we give the second Painlevé equation (1.2) on the fourth local chart of



CP3(2,1,2,3). By (2.4), (Py) is transformed into the following equations
Ay =24+ YViQ2YP +YiZi 4 aey) dZy  —2e1 +22,(2Y + Y121 4 aey)

d€1 n 381(2}/13+§/121 +OZ61) ’ d€1 B 361(2Y13+§/121+0461)
dXQ . 2X22 — (2 + Zg + O[Eg) dZQ . QXQZQ — &9

d€2 N 3X2€2 ' d€2 N 3X282

ng N 4}/})3 + 2}/25 + 20&53 — 2X3€3 dYEg o 2X3 — Yé{-fg

des —3¢e3 "odes =33 7

on the other local charts. They define a rational ODE on CP3(2, 1,2, 3) because of
the symmetry (2.6) of (Py).

Similarly, we give the fourth Painlevé equation (1.3) on the fourth local chart of
CP3(1,1,1,2). The equations written in the other inhomogeneous coordinates are
given by

dY,  =Y2+2Y) —2Y1Z; — 2koe; + Yi(1 — 2Y) — 271 + 20.,.21)
d€1 281(1 — 2}/1 — 221 + 290081) ’

le . €1+ Zl(l - 2}/1 - 221 -+ 290081) (216)
dey  2e1(1—2Y) — 27 +20,21)
dX2 - —X22 + 2X2 -+ 2X2Z2 — 290052 + X2(1 — 2X2 + 222 + 2:‘4:082)
d€2 252(1 — 2X2 + 222 -+ 25082) ’ (2 17)
dZ2 - s+ Zg(l — 2X2 + 2Z2 + 2/‘6082) '
dEQ B 282(1 — 2X2 + 222 + 2/1062)
ng . —Xg + 2X3YE), + 2X3 - 290063 - X3€3
des —2¢2 ’
dYs Y+ 2XaY; — 2Y; — 2nocs — Ve (2.18)
d€3 N —26% .

They define a rational ODE on CP3(1,1,1,2).

2.3 Laurent series of solutions

Let us derive the Laurent series of solutions of the Painlevé equations and define
the Kovalevskaya exponent. Since any solutions of (Pr), (Pr) and (Pry) are mero-
morphic, a general solution admits the Laurent series with respect to T := z — 2,
where zy is a movable pole.

For the first Painlevé equation (Pr), the Laurent series of a general solution is
given by

()@ @ () Qe (B

(2.19)

. (2.13)

(2.14)

(2.15)



where Ag is an arbitrary constant.
For the second Painlevé equation (Pyp), the Laurent series are expressed in two
ways as

(i) (i):(é>T2— (?>T1+ (200/6) N ((1;0%/2>T+ (gj)ﬁjL...’
(i) (‘;):— (é)T‘2+ (?)T‘l _ ("‘00/6) _ (“jo%/Q)T— <g§)T2+... |

where By = (1 — «)/4 for the first line, By = (1 + a)/4 for the second line and A,
is an arbitrary constant.

For the fourth Painlevé equation (Pry), there are three types of the Laurent
series given by

@ () (g (e
B A L
(44) (y) (1) T (ZO) ((z—zg — 40 +2m0)/3) T+ (Bg) e

Aj is an arbitrary constant and Bj is a certain constant depending on Aj.

Let us consider a general system (2.2) satisfying the assumptions given in Sec.2.1;
the Newton diagram consists of one compact face that lies on the plane pyx + poy +
rz = s, and g; satisfies g;( APz, \P2y, \"z) ~ o(A*~"TPi). In this case, the system has
a formal series solution of the form

z(z) = Z Az — z9) 0,
n0 (2.20)
y(z) = Z Bn(z — z9) 772",

The coefficients A,, and B,, are determined by substituting the series into the equa-
tion. If the series solution represents a general solution, it includes an arbitrary
parameter other than zy. The Kovalevskaya exponent k is defined to be the least
integer n such that the coefficient (A,, B,,) includes an arbitrary parameter. For the
Laurent series solution of (Py), kK = 6. For (Pyy), x = 4 for both series, and for (Pry),
r = 3 for all Laurent series solutions. Note that the Kovalevskaya exponents of
them coincide with the weighted degrees of Hamiltonian functions given in Sec.2.1.
In Sec.5, it is shown that the Kovalevskaya exponent coincides with an eigenvalue
of a Jacobi matrix of a certain vector field, and the exponent is invariant under the
actions of automorphisms of CP3(p, q,r,s). See [1, 3, 7, 18, 31, 32| for more general
definition and properties of the Kovalevskaya exponent.

10



2.4 Relation with dynamical systems theory

In this section, a relationship between the Painlevé equations and the normal form
theory of dynamical systems is shown. The Painlevé equations will be obtained from
certain singular perturbed problems of vector fields.

Let us consider a singular perturbation problem of the form

{ &= f(x,z2¢), (2.21)

z=¢g(x, z,¢),

where ¢ € R™ 2z € R", and (f, g) is a smooth vector field on R parameterized
by a small parameter ¢ € R. The dot () denotes the derivative with respect to
time ¢t € R. Such a system is called a fast-slow system because it is characterized
by two different time scales; fast motion @ and slow motion z. This structure yields
nonlinear phenomena such as a relaxation oscillation, which is observed in many
physical, chemical and biological problems. See Grasman [14], Hoppensteadt and
Izhikevich [17] and references therein for applications of fast-slow systems. The
unperturbed system is defined by putting e = 0 as

= f(x,2,0), z=0. (2.22)

Since z is a constant for the unperturbed system, it is regarded as a parameter of
the fast system & = f(x, z,0).

It is known that when f ~ O(1) as € — 0 in some region of R"*" the dynamics
of (2.21) is approximately governed by the first system & = f(x,z,0), and when
f ~ 0 while Df ~ O(1), the dynamics of (2.21) is approximately governed by the
slow system z = eg(p(z),z,0), where Df is the derivative of f with respect to @
and ¢ is a function satisfying f(o(2), z,0) = 0. However, if both of f and D f are
nearly equal to zero, both of the fast and slow motion should be taken into account
and a nontrivial dynamics may occur. The condition

f(mQ,Z0,0) = 07 Df(m())anO) =0

implies that the first system & = f(x, z,0) undergoes a bifurcation at @ = @y with
a bifurcation parameter z = z,. A type of a bifurcation almost determines the local
dynamics of (2.21) around (x, z) = (xg, 2¢)

For the most generic case, in which the fast system undergoes a saddle-node
bifurcation, it is well known that a local behavior of (2.21) is governed by the Airy
equation d*u/dz? = zu. In particular, the asymptotic analysis of the Airy function
plays an important role, see [20, 13]. Chiba [5] found that when the fast system
* = f(x,z,0) undergoes a Bogdanov-Takens bifurcation, then a local behavior of
(2.21) is determined by the asymptotic analysis of Boutroux’s tritronquée solution
of the first Painlevé equation. This result was applied to prove the existence of a
periodic orbit and chaos in a certain biological system [6]. Here, we will demonstrate
how the first, second and fourth Painlevé equations are obtained from fast-slow
systems. For a normal form and versal deformation of germs of vector fields, the
readers can refer to [9].
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Suppose that a one-dimensional dynamical system & = f(x) lies on a codimension
1 bifurcation at x = 0. This means that f satisfies

f(0) = f(0) =0, f"(0) #0. (2.23)

The normal form is given by f(z) = 22, and its versal deformation is # = z? + z or
i = 22+ zx with a deformation parameter z € R. The former is called a saddle-node
bifurcation and the latter is a transcritical bifurcation. The fast-slow system having
the saddle-node as an unperturbed fast system is written by

t=a+z+ef(x,2,6), 2=-¢eg(z,z2ce). (2.24)

We also assume the generic condition ¢(0,0,0) # 0 so that we can write g(z, z,¢) =
14 O(x, z,¢) without loss of generality. In order to investigate the local behavior
of the system near (z,z) = (0,0) for a small e, we rewrite Eq.(2.24) as a three
dimensional system

t=a*+z+ef(z,2,¢)

i=c+¢e-0(zx,z2¢) (2.25)

e=0,

by adding the trivial equation ¢ = 0. For this system, we perform the weighted
blow-up at the origin defined by

xr (&1 7’2X2 7"3X3
2| =z | = | r? =|rZ; |. (2.26)
£ r3ey r3ey 3

The weight (exponents of 7;’s) (1,2,3) can be found by the Newton diagram of
Eq.(2.25) as in Sec.2.1. The exceptional divisor of the blow-up is CP?(1,2,3) given
by the set {r; = 0} U {ry = 0} U {r3 = 0}. On the (X3, Z3,e3) chart, Eq.(2.25) is
written as

Xg = 7“3X§ + 7“3Z3 + O(?”g), Z3 =T3 -+ 0(7“32,), 7:'3 - O (227)
This is equivalent to

ng - Xg -+ Zg + O(Tg)
ng N 1 + O(Tg)

In particular, on the exceptional divisor CP?(1,2,3), it is reduced to the Riccati

equation

dXs

— = X2+ Z,, 2.28

ng 3 3 ( )
which is equivalent to the Airy equation u” = —Z3u by X3 = —u’/u. Similarly, if we
use the transcritical bifurcation as the fast system and apply the weighted blow-up
with the weight (1,1,2), we obtain the Hermite equation «” — Zsu' — au = 0 on

12



the exceptional divisor. See [4] for the analysis of the Airy equation based on the
geometry of CP?(1,2,3).

The Painlevé equations are obtained from codimension 2 bifurcations in a similar
manner. Suppose that a 2-dim system of (x,y) undergoes a generic codimension 2
bifurcation called the Bogdanov-Takens bifurcation. The normal form is given by
& = y? + xy, ¥y = x; that is, the linear part has two zero eigenvalues. Its versal

deformation is _ )

rT=y +ry—+ =2, (2.29)
y=ux, '

where 2 is a deformation parameter. The fast-slow system having it as an unper-

turbed fast system is written by

t=y +ay+z+efi(zy 2, ¢)

y =T+ 5f2($,%275)a
Z:5+5'O($7?/a275)7 (230)
e=0,

where the trivial equation € = 0 is added as before. For this system, we introduce
the weighted blow-up with the weight (3,2,4,5) defined by

x r3 r3 X, r3Xs r3Xy

AR AN AT .
2| |z | | iz | | s S iz | '
€ rie T3, ries 3

The weight (3,2,4,5) can be obtained via the Newton diagram of the system (2.30).
The exceptional divisor of the blow-up is the weighted projective space CP3(3,2, 4, 5)
given as the set {r; =0} U{ry = 0}U{r3 = 0} U{ry = 0}. Transforming the system
(2.30) to the (X4, Yy, Zy,74) chart, we obtain

X4 =raY{ +raZs + O(r3),
Yy = 14Xy +O(r}),
Zy =14+ O(r?).

Asry — 0, it is reduced to the first Painlevé equation dX,/dZ, = Y+ Z,, dYy/dZ, =
X4. This implies that the dynamics on the divisor CP3(3,2,4,5) is governed by the
compactified first Painlevé equation, and a local behavior of the system (2.30) near
(x,y,2) = (0,0,0) can be investigated by a global analysis of the first Painlevé
equation.

Next, we consider a 2-dim system that undergoes a Bogdanov-Takens bifurcation
with Zg-symmetry (z,y) — (—z, —y). The versal deformation of the normal form

is given by
. 3 3
=y —xyt + 2y,
{ y—z. (2.32)

13



with a deformation parameter z. The fast-slow system having it as an unperturbed
fast system is written by

Yy = $+5f2(1’,y;7575)a
=e+e-0(z,y,2,¢),
e =0.

t=y*—ay® + 2y +efi(z,y, z,€)
! (2.33)

For this system, we introduce the weighted blow-up with the weight (2, 1,2, 3), which
is found by the Newton diagram of the system (2.33). On the (Xy, Yy, Z4,74) chart,
it provides

Xy = raYP 41 ZyYy — i XaYP + rafi(r3 Xy, raYa, r3 Za,v3),

Yy =riXy+0(r}),

Zy =144 O@r3).

Note that ryfi(riXy, riYy, riZy,ry) = ary + O(r}), where a := f1(0,0,0,0). As
r4y — 0, this system is reduced to the second Painlevé equation X} = Y} + Y Z, +
a, V) = X, with a parameter a.

Finally, we consider a 2-dim system that undergoes a Bogdanov-Takens bifurca-
tion with Zs-symmetry. Using the complex variable n € C, the normal form of such
a bifurcation is given by 7 = n|n|?+7?. Note that this system is invariant under the
Zs action 1 +— €*™/3n). The versal deformation of the normal form is

i =nn® +7" +nz. (2.34)
where z € C is a deformation parameter. Putting n = x + iy, 2 = 21 + 12y yields
b =2%—y® + 21w — 20y + O(n?),
Y= —2xy + 21y + 200 + O(1?).

We assume z; = 0 so that the above system may become a Hamiltonian system, and
change the notation 2o — 2z to obtain

=2 -y —zy+ O(n?),
Y= —2xy + zx + O(n?).
The fast-slow system having it as an unperturbed fast system is written by
T = 1'2 — y2 — 2y + 0(773) + €f1(.1',y,2,5)
y = —ny + zx + 0(773) + €f2('r7 Y, Z7€)7
z = €+€’O($;y727€)7
e=0.

(2.35)

For this system, we introduce the weighted blow-up with the weight (1,1,1,2).
Moving to the (X4, Yy, Z) chart and putting 4 = 0 as before, it turns out that the
system (2.35) is reduced the system

XV ZYi+
dZ4 (2.36)

dy,
— = 22Xy, + Z,Y,
A7, 4¥q+ Z4Yy + o,
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where «a; := f;(0,0,0,0) is a constant (¢ = 1,2). This is equivalent to the fourth
Painlevé equation (1.3) through an affine transformation of (X4, Ys).

’ Bifurcation type \ Exceptional divisor \ Equation on the divisor ‘
saddle-node CP*(1,2,3) Airy
transcritical CP?(1,1,2) Hermite

Bogdanov-Takens (BT) CP3(3,2,4,5) (Pr)
BT with Zy symmetry CP3(2,1,2,3) (Pn)
BT with Zs symmetry CP3(1,1,1,2) (Prv)

Table 1: Differential equations obtained by the weighted blow-up of the fast-slow
systems.

The results are summarized in Table 1. It is remarkable that the weights
(p,q,7,s) derived in Sec.2.1 via the Newton diagrams are determined only by the ver-
sal deformations of the codimension 2 bifurcations. Further, the Painlevé equations
are obtained in a compactified manner on CP3(p, q,r,s), which is the exceptional
divisor of the weighted blow-up.

3 Singular normal forms and the Painlevé prop-
erty

Recall that a singularity z = 2z, of a solution of a differential equation is called
movable if the position of z, depends on the choice of an initial condition. In this
section, we give local analysis near such movable singularities based on the normal
form theory. Our purpose is to show that near movable singularities, the Painlevé
equations are locally transformed into integrable systems called the singular normal
form. Further, we will give a new proof of the Painlevé property; any solutions of
(P1), (Pu) and (Pry) are meromorphic on C (for this purpose, we do not use the
Laurent series given in Sec.2.3).

3.1 The first Painlevé equation

(P1) is given on the weighted projective space CP3(3,2,4,5) as a tuple of equations
(1.1), (2.10), (2.11) and (2.12). Coordinate transformations between inhomogeneous
coordinates are given by

-3/5 X25_3/5 . X35_3/5

v El 2/5 B 22 5 B 32 5
2= ZiegP = ZyeP = 'R
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Due to the orbifold structure of CP3(3,2,4,5), local charts (Y1, Z1,¢1), (X2, Zs,€9)
and (X3, Y3, e3) should be divided by the Zs, Zs and Z,4 actions

(Y1, Z1,61) — (le,wQZl,wsl), W= 62’”/3, (3.2)
(X2> Z2,€2) — (—Xz, Zo, —62),
(X37 }/37 83) = (iX?)a _}/E’n _i53)7

respectively. Indeed, Eqgs.(2.10),(2.11),(2.12) are invariant under these actions. For
our purposes, it is convenient to rewrite Egs.(2.10), (2.11) and (2.12) as 3-dim vector
fields (autonomous ODEs) given by

Y, =3—12Y}? —2vi 7,
7y =3e, — 24Y2 7, — A7, (3.5)
¢ =e,(=30Y?2 - 572),

Xy = (=12 =27, + 3X2)/Xo,
7y = (—2e2 +4X275)/ Xo, (3.6)
E.:Q = 562,
X3 = 24Y2 +4 — 3X3e3,
Yy = 4X5 — 2Yses, (3.7)
3 = —be3,

where (") = d/dt and t is an additional parameter.

Recall the decomposition (2.8) with (2.9). According to Egs.(3.5),(3.6),(3.7), the
set CP?(3,2,4) is an invariant manifold of the vector fields; that is, ;(t) = 0 when
£;(0) = 0 at an initial time. The dynamics on the invariant manifold describes the
behavior of (P;) near infinity. In particular, fixed points of the vector fields play
an important role. Vector fields (3.5),(3.6),(3.7) have exactly two fixed points on
CP%(3,2,4);

(i). (XQ, ZQ, 52) = (:i:2, O, O)

Due to the Z, action on the (Xj, Zs,e5)-coordinates, two points (2,0,0) and
(—2,0,0) represent the same point on CP3(3,2,4,5) and it is sufficient to consider
one of them. We will show that this fixed point corresponds to movable singularities
of (P1). By applying the normal form theory of vector fields to this point, we will
construct the singular normal form of (Pr). In Sec.4, the space of initial conditions
for (Py) is constructed by applying the weighted blow-up at this point.

(ii)' (X3) }/37 63) = (07 :t(_6>71/27 0)

Again, two points should be identified due to the Z4 action on (X3, Y3, e3). This
fixed point corresponds to the irregular singular point of (Py) because 5 = 0 provides
2 = 00.

Note that fixed points obtained from the (Y3, Z1, 1)-coordinates are the same as
one of the above. For example, the fixed point (Y1, Z1,e1) = ((1/4)1/3,0,0) is the
same as (Xo, Zg,29) = (£2,0,0) due to (3.1).
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At first, let us show that (P;) is locally transformed into a linear system around
(X, Z2,e2) = (2,0,0). By putting Xy = Xy — 2, Eq.(3.6) is rewritten as

(

—3X3 + Xy 7,

)?2 - 6X2 - ZQ +
Xo&9 (3.8)

The origin is a fixed point with the Jacobi matrix

6 -1 0
J=[0 4 -1]. (3.9)
00 5

The eigenvalues A = 6,4, 5 satisfy the conditions on the Poincaré linearization the-
orem (for the convenience of the reader, we give the statement of this theorem in
the end of this subsection). Hence, there exists a neighborhood U of the origin and
a local analytic transformation defined on U of the form

( A ) (a ) ( A ( : | | ))
22 V2 22 ¢2(‘<27 227 62) 7
SUCh lhal Eq(38) iS linearized as

Uy = 6ily — vy,
Uy = 4vy — &9, (3-10)
é? = 5827

where local analytic functions ¢; and ¢ satisfy 1, ¢ ~ O(|| X|[2), X 1= (Xa, Zs, €5).
Note that we need not change €5 because the equation of e, is already linear. Fur-
thermore, we have (¢9(Xs, Z5,0) = 0 because the equation of Zs is linear when
g9 = 0. Thus, we can set ¢o = €95 and the above transformation takes the form

<X2) — (ﬁ2) _ < XQ +901(XA27Z2752) ) ’ (311)
Zy U2 Zy + €22(Xa, Zo, €3)
with @1 ~ O([| X|?) and @y ~ O(Xy, Zs, &9).

For the linear system Eq.(3.10), let us change coordinates as 4y = uy — 2, and
T = u25;3/5,§ = 5;2/5, zZ = 02554/5; that is, we move to the original chart for (Py).
We can verify that (7,7, Z) satisfies the equation d?g/dz* = 632, whose solution can
be expressed by the Weierstrass’s elliptic function. The relation between (z,y, z)
and (7,7, 2) is

j; T + y?’/QSO1 (xy—3/2 _ 2’ Zy—Q7 y—5/2)
y | = y
2 = + y71/2g02(xy73/2 . 27 nyQ’ y75/2)
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In particular, § = y is not changed. Now we have obtained

Proposition 3.1. There is a local analytic transformation (z,z) — (Z, Z) defined
near (Xy, Zs,5) = (0,0,0) such that (Py) y” = 6y® 4 z is transformed into the
integrable system y” = 6.

This fact was first obtained by Costin-Costin [10] for (P;) without using the
Poincaré theorem. Our proof using the weighted projective space and the Poincaré
theorem is also applicable to the second Painlevé to sixth Painlevé equations to prove
that they are locally transformed to solvable systems. Since Eq.(3.10) is linear, we
can construct two integrals explicitly as

_ 1 _ _ 1 _
Cy=¢y 4/51)2 + 5;/5, Cy = 552 5y €9 6/5112 — 552 6/51;2.
By applying the transformations (3.11), X, =X, —2and (3.1), we obtain the local

integrals of (Pp) of the form

Cl =2+ y71/2 + y71/2902(‘ry73/2 o 27 Zy727 y75/2),
(3.12)

| 1 1
Cr= oy =2 +ay™? — Sy + P () — Sy PPl ),

Arguments of ¢; and ¢y in the second line are the same as that of the first line.
Now we give a new proof of the well known theorem:

Theorem.3.2. Any solutions of (Py) are meromorphic on C.

A well known proof of this result is essentially based on Painlevé’s argument
modified by Hukuhara ([25], [16], see also [15]). Here, we will prove the theorem by
applying the implicit function theorem to the above integrals.

Proof. Fix a solution (z(z),y(2)) of (Py) with an initial condition (z(z),y(20)) =
(x0,Y0). The existence theorem of solutions shows that the solution is holomorphic
near zp. Let B(zp, R) be the largest disk of radius R centered at z; such that
the solution is holomorphic inside the disk. Let z, (# oo) be a singularity on the
boundary of the disk (if R = oo, there remains nothing to prove). The next lemma
implies that the fixed point (X3, Zs,e5) = (£2,0,0) corresponds to the singularity
Zu.

Lemma.3.3. (Xs, Z5,69) — (£2,0,0) as z — z, along a curve I' inside the disk
B(Z(), R)

Proof. Suppose that there exists a sequence {z,}>°, converging to z, on the curve
" such that both of x(z,) and y(z,) are bounded as n — oco. Taking a subsequence
if necessary, we can assume that (z,y) converges to some point (z.,y.). Because of
the existence theorem of solutions, a solution of (Py) satisfying the initial condition
(%, Ys, 2+ ) is holomorphic around this point, which contradicts with the definition
of z,. Hence, either x or y diverges as z — z,.

(i) Suppose that y — oo as z — z.. We move to the (X, Zs, £5)-coordinates.
Eq.(3.1) provides

Xo=ay™®?, Zy=z2y2 =y (3.13)
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This immediately yields Zy — 0, e5 — 0 as z — z,. Let us show Xy — +2. (Py) is
a Hamiltonian system with the Hamiltonian function H = x?/2 — 2y® — zy. Thus,
the equality H = — [y(z)dz holds along a solution. In the (Xs, Zs, 5)-coordinates,
this is written as

2 2 Z2
XQ(ZQ)2 =4+ §Z2 — ge2(22)6/5/ 62(2)—6/5dz’
3

where (X5(Z3),e2(Z3)) is a solution of the ODE solved as a function of Zs, and ¢ is
a certain nonzero number determined by the initial condition. Since Zy — 0, g5 — 0
as z — 2, we obtain X2 — 4.

(ii) Suppose that * — oo as z — z.. In this case, we use the (Y1, 71, e1)-
coordinates given by

Y, =y 23, Z, = 23, e = a3, (3.14)

By the assumption, we have Z; — 0,7y — 0 as z — 2z,. Then, we can show
that Y? — 1/4 as 2 — z, by the same way as above. This means that (Y}, Z;,&;)
converges to the fixed point ((1/4)'/2,0,0) of the vector field (3.5). It is easy to
verify that this fixed point is the same point as (Xs, Zs,22) = (2,0, 0) if written in
the (Xs, Z5, £9)-coordinates. [

The sign of Xy = xy~3/? depends on the choice of the branch of y'/? and two
points (2,0,0) and (—2,0,0) are the essentially the same. In what follows, we
assume that (X, Z3,22) — (2,0,0) as z — z,. Due to the above lemma, when z
is sufficiently close to z,, the solution is included in the neighborhood U, on which
local holomorphic functions ¢, and ¢y are well defined. Then, the integrals (3.12)
are available. To apply the implicit function theorem, put

~1/2
w _ Y
(u) = (%y1/2—2y3+xy3/2— %yz)’ (3.15)

Then, (3.12) takes the form
6,1 a4 L 5 4 3
C1 =z + w + wps(uw +§Zw — W awh,w )
1

Co=u+wrp () — §w_1g02(- ).

Note that C; = z + w + O(w®) and Cy = u + O(w?) as w — 0. Since w — 0 as
Zz — 2, the constant C] = z, is just the position of the singularity. If we set

flw,u, 2) = 24w+ wes(---) — 2,

1
folw,u, 2) = u+w™Cp(---) - §w_1902(' ) = Oy,
then f;(0,Cq,2.) = 0. The Jacobi matrix of (fi, fo) with respect to (w,u) at
(w,u,z) = (0,Cy, z,) is the identity matrix. Hence, the implicit function theo-

rem proves that there exists a local holomorphic function g(z) such that f; = fo =0
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2

is solved as w = ¢g(z) ~ O(z — z,). Since y = w2, z = 2, is a pole of second order

of y. This completes the proof of Thm.3.2. [

The Poincaré linearization theorem used in this subsection is stated as follows:
Let Az + f(z) be a holomorphic vector field on C" with a fixed point x = 0, where
Ais an n x n constant matrix and f(z) ~ O(|z|?) is a nonlinearity. Let Ay, -+, A,
be eigenvalues of A. We consider the following two conditions:

(Nonresonance) There areno j € {1,--- ,n} and non-negative integers my, - - - , m,
satisfying the resonant condition

(Poincaré domain) The convex hull of {A;,---,\,} in C does not include the
origin.

Suppose that A is diagonal and eigenvalues satisfy the above two conditions. Then,
there exists a local analytic transformation y = z + p(z), ¢(x) ~ O(|x|?) defined
near the origin such that the equation dx/dt = Az + f(x) is transformed into the
linear system dy/dt = Ay. See [9] for the proof.

3.2 The second Painlevé equation

(P) is given on the weighted projective space CP3(2,1,2,3) as a tuple of equations
(1.2), (2.13), (2.14) and (2.15). Coordinate transformations between inhomogeneous
coordinates are given by

51—2/3: X262_2/3= X35_2/3

r= Zie = ZyeP = R

Due to the orbifold structure of CP3(2, 1,2, 3), local charts (Y3, Z1, 1) and (X3, Y3, €3)
should be divided by the Z, actions

(Y1,Z1,€1) = (—Y1,Zl,—€1)a (3-18)
(Xg, }/3783) —> (Xg, —YE),, —83). (319)

For our purposes, it is convenient to rewrite Eqs.(2.13), (2.14) and (2.15) as 3-dim
vector fields (autonomous ODEs) given by

Yi= =24+ Y1(2Y] + YiZ1 + aey),
7y = —2e1 +22,(2Y} + Y1 Z1 + aey), (3.20)
él = 351(2Y13 + YiZl + 0481),

XQ = 2X2 — (2 + ZQ + 0462)/X2,
Ly =275 — €2/X27 (3-21)
é? = 3527
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Xg = 4}/:33 + QYE), + 20&83 — 2X3€3,
1/3 = 2X3 - }/353, (322)
€3 = —3e3.

The set CP?(2,1,2) expressed as {e; = 0} U {e3 = 0} U {e3 = 0} is an invariant
manifold of the vector fields. The dynamics on the invariant manifold describes
the behavior of (Py) near infinity. Vector fields (3.20),(3.21),(3.22) have four fixed
points on the “infinity set” CP?(2,1,2);

(I)' <X27 ZQ> 82) = <:|:17 07 O)
We will show later that these fixed points correspond to movable singularities of
(Pyp).

(II). (XQ, ZQ, 62) = (O, —2, 0) and (Xg, }/3, 53) = (O, O, 0)

In this case, it is easy to see from (3.17) that z = co. Thus, these fixed points
correspond to the irregular singular point of (Pyy).

Note that other fixed points represent the same point as one of the above. For ex-
ample, the fixed point (Y1, Z1,€1) = (1/4,0,0) is the same as (X3, Z3, €2) = (£1,0,0)
due to the transformation (3.17).

At first, we show that (Pyp) is locally transformed into a linear system. Putting

X, = X, £ 1 for Eq.(3.21) yields

g 0 2X3 + XoZs + aX.
Xo =4X, £ Zy £ agy — 72 1242 = & 262
o Xo F1
us 3.23
h=2TteF 22, (323)
2 F 1
&2 = 352
\
The origin is a fixed point with the Jacobi matrix
4 +1 +a
J=(0 2 =+1|. (3.24)
0o 0 3

Now we apply the normal form theory [9] to the fixed point. The eigenvalues \; =
4, N = 2, A3 = 3 satisfy the resonance relation 2X\s = A;. However, Eq.(3.23) does
not include the corresponding resonance term. Hence, Poincaré’s theorem on normal
forms proves that there exists a neighborhood U of the origin and a local analytic
transformation defined on U of the form

<X2) . (ﬁz) _ (X2+<P1():(2,ZQ,52))
Zy U2 Zy + po(Xo, Zy,€9) )
such that Eq.(3.23) is linearized as

’ILLQ = 47:L2 + (%) + Qagg,
’(.12 = 21}2 + €9, (325)
éQ = 3527
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where local analytic functions @, and @, satisfy @1, @2 ~ O(|| X |2), X = (X3, Zo, &2).
Note that we need not change €5 because the equation of ¢, is already linear. Fur-

thermore, we have ()52(X2,ZQ,0) = 0 because the equation of Z, is linear when
g9 = 0. Thus, we can set ¢o = €99 and the above transformation takes the form
<X2) - <“2) = < Xo + 01(X2, Z3,22) > , (3.26)
Zy U2 Zy + e202(X2, Z3, €2)

with ¢; ~ O(|| X||?) and ¢y ~ O(Xs, Z3, €5). Although ¢y, 2 and the neighborhood
U depend on the choice of the sign of X, = Xo & 1, we need not distinguish them
in this subsection.

For the linear system (3.25), let us move to the original chart for (Py); that is,

/ —1/3

) . - —2/3 - ~ —2/3
change coordinates as s = us £ 1 and & = uge, ', = €5 ', Z = V9&, /3, Then,

we obtain the solvable system

dz I

— =22y +4y° + 2y + a,

g% (3.27)
Y= 3

dz '

The coordinate transformation is given by

r+yroi(zy 2 £1,2y7%y %)

y
zHy toa(ay £ 1,2y 2y P

X X
Il

Hence, we have obtained the next proposition.

Proposition.3.4. There exists a local analytic transformation (z,z) — (&, 2) de-
fined near (Xy, Zs,e5) = (£1,0,0) such that (Py) is transformed into the solvable
system (3.27).

For (Py) d?y/dz? = 2y® + yz + «, if y becomes sufficiently large for a finite z,
we expect that the equation is well approximated by d*y/dz* ~ 2y* . Indeed, the
second equation of (3.27) provides d?j/dz?* = 2¢°.

Since Eq.(3.25) is linear, we can construct two integrals explicitly as

_ _ 1 _ 1 _ _
Cl =& 2/3U2 + E;/g, CQ = &9 4/317,2 + 552 4/31)2 + 552 1/3 + (075 1/3.

By applying the transformations (3.26), X, = X, +1 and (3.17), we obtain the local
integrals of (Pyr) of the form

Ci=zF y_l + y_IQPQ(J:y_Q +1, Zy_27 y_3)7

1 1 1
Co = (gia)y+xy2i§y22iy4+y4901(-“)igywz(---)-

(3.28)
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Arguments of ¢; and @9 in the second line are the same as that of the first line. The
next theorem is proved by the same way as Thm.3.2 for (Py).

Theorem.3.5. Any solutions of (Py) are meromorphic on C.

Proof. Fix a solution (z(z),y(z)) of (Pr1) and take a disk B(zy, R) as in the proof
of Thm.3.2. Let z,(# oo) be a singularity on the boundary of the disk. The
next lemma implies that the fixed point (X, Zs,e5) = (£1,0,0) corresponds to the
singularity z,.

Lemma.3.6. (Xy, Z5,62) — (1,0,0) or — (—1,0,0) as z — z, along a curve I'
inside the disk B(zo, R).

Proof. The same argument as the proof of Lemma 3.3 proves that either z or y
diverges as z — 2.
(i) Suppose that y — oo as z — z.. We move to the (Xs, Zs, 5)-coordinates.
Eq.(3.17) provides
Xo=ay™2 Zy=12y? e=y"> (3.29)

This immediately yields Zo — 0, €5 — 0 as z — z,. Let us show Xy — £1. (Py) is
a Hamiltonian system with the Hamiltonian function H = 2?/2 —y*/2 — 242 /2 — ay.
Thus, the equality H = — [y(z)?dz/2 holds along a solution. In the (X», Zs,es)-
coordinates, this equality is written as

Z2
Xo(Z3)? — 1 = Zy + 2ae5(Zy) — 52(22)4/3/ e2(2)"Hdz,
3

where (X5(Z2),e2(Z2)) is a solution of the ODE solved as a function of Z,, and ¢
is a certain nonzero number determined by the initial condition. Since Z, — 0 and
gy — 0 as z — z,, we obtain X2 — 1.

(ii) Suppose that * — oo as z — z.. In this case, we use the (Y1, Z21,¢1)-
coordinates given by

Yy =yx V2, Zy=za7l, e =272 (3.30)

By the assumption, we have Z; — 0,7y — 0 as z — z,. Then, we can show
that Y — 1 as z — 2, by the same way as above. This means that (Y}, Z;,&;)
converges to the fixed point (1/4,0,0) of the vector field (3.20). It is easy to verify
that this fixed point is the same point as (Xs, Z3,e9) = (£1,0,0) if written in the
(X3, Zs, &9)-coordinates. [

Due to the above lemma, when z is sufficiently close to z,, the solution is included
in the neighborhood U, on which local holomorphic functions ¢; and ¢, are well
defined. Then, the integrals (3.28) are available. To apply the implicit function
theorem, put

wY Fy !
(U>_<(%i@)y+xy2i%zy2iy4>’ (3:31)
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Then, (3.28) takes the form

1 1
Ci = 2z +w F wpy(vw? £ (5 + a)w® F §zw2, 2w?, Fuw?),
1
C2 =u-+ w_4gpl(. . ) — §w_1¢2(. .. )

Note that C; = z +w+ O(w?®) and Cy = u+ O(1) as w — 0 because p; ~ O(|| X||?)
and o ~ O(X). Let a be a constant such that

1 1
w o (uw? £ (5 + a)w® F §zw2, 2w? Fu?) = a2 + O(w),

so that Cy = u+az?+O(w) as w — 0. Since w — 0 as z — z,, the constant C; = z,
is just the position of the singularity. If we set

fl(U%U,Z)Zz+w:Fw¢2(...)_Z*
1

falwyu,2) = u+wton(-) = Sl ) = G,

then f;(0,Cy — az?, z,) = 0. The Jacobi matrix of (fi, fo) with respect to (w,u) at
(w,u,2z) = (0,Cy — az?, z,) is

10

* 1)

Hence, the implicit function theorem proves that there exists a local holomorphic
function g(z) such that f; = fo = 0 is solved as w = g(z) ~ O(z — z,). Since
y = Tw™ !, z =z, is a pole of first order of y. This completes the proof of Thm.3.5.
O

3.3 The fourth Painlevé equation

(Prv) is given on the weighted projective space CP3(1,1,1,2) as a tuple of equations
(1.3), (2.16), (2.17) and (2.18). Coordinate transformations between inhomogeneous
coordinates are given by

= 5;1/2 _ X 651/2 - X 551/2
y ey 3/151_1/2 e 62_1/2 = }/5363_1/2 (332)
. 2151—1/2 _ Z252_1/2 5;1/2

We rewrite Eqs.(2.16), (2.17) and (2.18) as three-dimensional polynomial vector
fields as before, which results in

Y1 =3Y) — 2kpe; — Y7 — 2Y1Zy — Yi(2Y1 + 271 — 2061),
Zl = Zl +é1— 21(2}/1 + 2Zl — 280081), (333)
él = 251 — 251(2Y1 + 221 — 2‘90051)7
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XQ = 3X2 — 290052 — X22 + 2X2Z2 — X2(2X2 — 2Z2 — 2/'1062),
ZQ = Z2 + &9 — Z2(2X2 — 2Z2 — 2%052), (334)
ég = 282 — 2€2<2X2 — 222 — 2/1082),

Xy = — X2 4 2X3Y5 + 2X3 — 20,065 — Xses,
Y3 = =Yy +2X;3Y5 — 23 — 2rpe5 — Yaes, (3.35)
ég = —263.

These vector fields have seven fixed points on the “infinity set” CP?(1,1,1);

(1). (Y1, Z1,e1) = (0,0,0), (1,0,0) and (X, Zo, £2) = (0,0,0).
(IT). (X3,Y3,e3) = (0,0,0),(0,-2,0),(2,0,0) and (2/3,—2/3,0).

As in the case of (Pyy), three fixed points in type (I) correspond to movable
singularities of (Pry), and four fixed points in type (II) correspond to the irregular
singular point z = oo of (Pry). Note that other fixed points represent the same
point as one of the above. For example, the fixed point (Xs, Zs,5) = (1,0,0) is the
same as (Y7, Z1,e1) = (1,0,0).

By the same way as for (P1) and (Py1), we can show that (Pry) is locally trans-
formed into a solvable system, and that any solutions of (Pry) are meromorphic.
Suppose that a solution (z(z),y(z)) has a singularity z = z.. As in the proof of
Lemma.3.6, we can show that as z — z,, a solution converges to one of the fixed
points listed in type (I) above (the proof is the same as Lemma 3.6 and omitted).
Indeed, the Laurent series (i),(ii),(iii) given in Sec.2.3 correspond to the fixed points
(Y1, Z1,e1) = (0,0,0),(1,0,0) and (Xs, Zs,e9) = (0,0,0), respectively. Local analy-
sis around these fixed points using the normal form theory is done in the same way
as before.

Let us consider the fixed point (Y7, Z1,¢1) = (0,0,0). The Jacobi matrix of the
vector field at the origin is given by

3 0 —21'{0
J=lo1 1 |]. (3.36)
00 2

We can confirm that the vector field does not have resonance terms. Hence, due to
Poincaré’s theorem, there exists a neighborhood U of the origin and a local analytic
transformation defined on U of the form

1/1 Uy }/i+901(}/17Z17€l)
— = , 3.37
<Z1> (U1> (Zl+€1§02<YLZl,€1) ( )
such that Eq.(3.33) is linearized as

1'111 = 3u1 — 25051,
1')1 = v + €1, (338)
Z'/Ll = 251;

with 1 ~ O(||Y||?) and 3 ~ O(Y'), where Y = (Y7, Zy, ;). For this linear system,

/ /2

we move to the original chart for (Pry) by & =&, /%, § = uge; 7,7 = 71152_1/2. Then,
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we obtain the solvable system

dj ~92

— = —I ,

dz (3.39)
dy .

— = 229y — 2kKy.

dz

The coordinate transformation is given by

x x
gl =1 vt+taop(zly, 27 2,272)
z 2+ a tog(xty, x7 2, 272)

Hence, we have obtained the next proposition.

Proposition.3.7. There exists a local analytic transformation (y, z) — (g, 2) de-
fined near (Y3, Z1,e1) = (0,0,0) such that (Pry) is transformed into the integrable
system (3.39).

Since Eq.(3.38) or (3.39) is solvable, we can construct two local analytic integrals
of (Pry). By applying the implicit function theorem for them, it is proved that if
a solution satisfies (Y7, Z1,¢1) — (0,0,0) as z — z,, then z, is a pole of first order.
The same procedure can be done for the other fixed points (Y1, Z1,¢1) = (1,0,0)
and (Xo, Z5,e9) = (0,0,0) to prove that

Theorem.3.8. Any solutions of (Pry) are meromorphic on C.

The detailed calculation is the same as the proof of Thm.3.5 and left to the
reader.

3.4 Characterization of (Py)

In order to apply the Poincaré linearization theorem to Eq.(3.8), eigenvalues of the
Jacobi matrix (3.9) have to satisfy certain conditions and the other components of
the matrix are not important. However, to prove the meromorphy of solutions, the
(2,3)-component of the Jacobi matrix also plays an important role. If the (2,3)-
component of the Jacobi matrix were zero, the function f;(w,u,z) defined in the
proof of Thm.3.2 becomes f; = z+wps(- -+ ) — 2z, (i.e. the term w does not appear).
As a result, the implicit function theorem is not applicable and we can not prove
Thm.3.2. To see the geometric role of the (2,3)-component, let us consider the
dynamical system

=6y + z,
y =, (3.40)
z=p,

where § € C is a constant. When 5 # 0, this is reduced to (P;) by a suitable
scaling. This system defines a family of integral curves on C?. We regard C? as
a vector bundle; z-space is a base and (z,y)-space is a fiber. As long as 5 # 0,
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each integral curve is a local section of the bundle, while if 5 = 0, integral curves
are tangent to a fiber and we can not solve the system as a function of z. Now we
change the coordinates by (3.1) and Xy = X5 — 2. Then, Eq.(3.40) is brought into
the system

;

: N —3X2 XZ
Xy =6Xy — 7y + 2 T X222

- Xoe 3.41
22:422—552+5 2 (3:41)
2+

L <€"2 = 582.

Hence, integral curves give local sections if and only if the (2, 3)-component of the
Jacobi matrix of the above system is not zero.

This suggests that the (2, 3)-component is closely related with the Painlevé prop-
erty. On the (z,y, 2)-coordinates of CP3(3,2,4,5), give the ODE

dx dy

E:f(xvyvz% E:g($7ﬁy,z)7 (342)

where f and ¢ are holomorphic in z,y and meromorphic in z. We suppose that
this equation defines a meromorphic ODE on CP3(3,2,4,5). This means that
the equations expressed in the other inhomogeneous coordinates are also meromor-
phic. We will show later that these equations are rational (recall that a mero-
morphic function on a projective space is rational). Thus, there are relatively
prime polynomials hq, he, h3 such that the equation written in the (X, Zs,&)-
coordinates is giVGIl by dXQ/d€2 = hl(X27ZQ,€2)/h3(X2,22,52) and ng/d€2 =
ho(Xa, Z,€9)/hs(Xa, Za,£2). As before, we introduce a vector field

X2 = h1(X2,Z2,€2)7
Z2 = hQ(XQaZ27€2>7
€y = h3( X2, Zs,€2).

We call it the associated vector field with dXy/dey = hy/hs,dZs/des = ho/hz. The
next theorem shows that (Pp) is characterized by the (i) geometry of CP3(3,2,4,5)
and (ii) a local condition at a fixed point. Note that there are infinitely many
equations satisfying only the condition (i) below. It is remarkable that the condition
(ii) seems to be very weak, however, it completely determines an equation.

Theorem.3.9. Consider the ODE (3.42), where f and g are holomorphic in x,y
and meromorphic in z. Suppose the following two conditions:

(i) Eq.(3.42) defines a meromorphic ODE on CP3(3,2,4,5).

(ii) The associated polynomial vector field in the (Xs, Z, £9)-coordinates has a fixed
point of the form (X5, Z5, &) = (X,,0,0). Eigenvalues and the (2, 3)-component of
the Jacobi matrix at this point are not zero.

Then, Eq.(3.42) is of the form

d d
d—j = ay® + bz, v cx, (3.43)
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where a # 0, ¢ # 0 and b are constants. When b # 0, this is equivalent to (P;), and
when b = 0, this is equivalent to the integrable equation 3" = 637°.

Proof. At first, we show that f and g are polynomial in x,y and rational in z. In
the (X, Y, £9)-coordinates, Eq.(3.42) is written by

-3/5 _—2/5 —4/5
ax, _ 1 <3X2 _251/5f(X2€2 P e Zoey” )>

dey — bey L (Xaey 7, Zoey M)
dzy 1 2/5 1

- 47y — 2
d€2 552 ( (X25_3/5, —-2/5 225—4/5)

By the condition (i), the right hand sides are meromorphic in €5. In particular,
f<X2€;3/5, 6;2/5, Z25;4/5) and g(X25;3/5, 552/5, 22854/5) are meromorphic as a func-
tion of 5;/ °. On the other hand, they are obviously meromorphic in €, s, Thus,
they are rational in 5;/ . Therefore, the right hand sides above are rational in es.

—2/5

This implies that e, 7 "¢ and €, /s f are rational in €5 and we can set

-1/5 -3/5 2 5 —4/5 Zh (Xo, Z2)5i
€9 / f(X252 : y € / Z2 / ) ZhZ(XQ 22)5?7
) 2

—2/5 -3/5 2 5 —4/5 Zh?’(XQ, Z2)€i
ol s ) = S, Ty
) 2

where all Y are finite sums, and h}, h?, h3, h} are meromorphic in Xy, Zo. In the

original chart, f and g are written as
Fop7) = S Wl (ay 502, 2y 2)y 0212
o >0 i (wy =32, 2y =2y 52

>R (ay P, 2y Ry
g(l’,y, Z) = 4 —3/2 -2 —5:/2 ° (344)

Next, we move to the (X3, Y3, e3)-coordinates. Eq.(3.42) is written as

dX. 1
C‘f? 51 (3.45)
e (2&@,53—463 g(X3533/5 Yss‘”i ;4/5))-
d€3 5
Substituting (3.44) yields
dX3 1 Zhl(Xg 3/2 }/73_2)}/2%751'/271/28%—"_1
45 52 3X3e3 — 2y y 2y :
2 > I (XY 7 Y)Y, T e
3 —3/2 — —5i/2—1 441 (3 46)
RN U DD 91 16 ¢ PRt ) PR
d_ - ﬁ 2Y3e3 — 4 —3/2 y,—2\v—bi/2 ; :
£3 €3 Yo hi( XYy VT Yy )Y, T ey
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The right hand sides are obviously rational in €3. By the same argument as before,
they are also rational in Y3. Hence, the right hand sides of Eq.(3.45) are rational in
Y3, e3, and we can set

Z hz] <X3)
> hey(X3)Ys
ST h Xg)YZE?’

- - (
53/5g(X353 3/57}/:353 34/5) Zh](X )YZE,‘ )
3)13¢3

where ) are finite sums and hj;, hY;, h;, h¥; are meromorphic in X.

Finally, we move to the (Y1, Z1,¢1)- Coordmates Repeating the same procedure,
we can verify that e 1/5f(51 8/5 ,Yie, 2/5 A 4/5) and ;7% g(e] 8/5 ,Yie] 25z 8_4/5)
are rational in Y7, Z;,e1. This proves that f(x,y,z) and g(zx,y, z) are ratlonal func-
tions. By the assumption, they are polynomial in z and y.

Now we can write g and f/g as quotients of polynomials as

SappX'YIZF f(X,Y,Z) Y pippX'YIZ*
Shzk 7 g(X, Y, Z) Y qi XYIiZE

Our purpose is to determine coefficients a;;i, bg, pijr and g;jx by the conditions (i)
and (ii). In the (X, Y2, Zy)-coordinates, Eq.(3.42) with (3.47) is given by

dX2 1 1/5 ngkX Zk —(3i+2j+4k)/5
3X, _ 2eM/7 L :
2

4/5f(X35_3/5 Y,e —2/5’ 3—4/5>

9(X,Y,Z) = (3.47)

‘deg  Heg G X3 Zke 2— (3i+2j+4k)/5 .
az _ 1 AZy — 2627 S by Zey P '
dsz 552 S ain X 2582—(3i+2j+4k) /5

Due to the condition (i), the right hand sides are rational in 5. This yields the
conditions for coefficients as

pijk 70 only when 3i+2j+4k—-1=>5m+46, (m=-1,0,---,M),
¢ijr 70 only when 3i+2j+4k=5m'+6, (m'=0,1,---, M),

by #0 only when 4k —2=5n+4d", (n=-1,0,---,N),

a;r 70 only when 3i+2j+4k=5n"4+0, (' =0,1,---,N’'),

(3.49)
where 6,0’ € {0,1,2,3,4}. More precisely, the first line means that p;;; # 0 only
when there are integers m and 0 such that (¢, j, k) satisfies 3i +2j +4k—1 = bm+9,
where ¢ € {0, 1,2, 3,4} is independent of (i, 7, k). Since Eq.(3.48) is rational, there is
the largest integer m satisfying 3¢ +2j 44k —1 = 5m+0 and p;;, # 0. In (3.49), the
largest integer is denoted by M. Integers M’', N and N’ play a similar role. Then,
Eq.(3.48) is rewritten as

dXs 1 sz]kX Zkgz

£ (3,

iz, 1 (42 , Zka ey ) '
dey  Beo 2 Zaijk;X'Zk —n' |-



In order to confirm the condition (ii), we shall rewrite it as a polynomial vector field.
(I). When M > M’ and N > N’, the associated polynomial vector field is of the
form
(X =3X(Y an X3 Zsey ) (L anXaZiey ™)
2 pik X5 Z5ey ") (X aie X5 Z5ey ),
Zy = AZ(3 aip X3 252y ) (X ain X3 Z5e3 ™) , (3.51)
=2 b Zyey ) (X ain X3 Zyey ™),

| &2 = 5e0(3 i Xa Z5e) ™) (3 qin X3 Z5e) ™).

Because of the condition (ii), we seek a fixed point of the form (X, 0, 0) with nonzero
eigenvalues. Since N —n’ > 0 and M —m’ > 0, the right hand side of the equation
of &5 is of order O(£3). Hence, the Jacobi matrix at the point (X,,0,0) has a zero
eigenvalue. In a similar manner, we can verify that two cases M > M’, N < N’ and
M < M’',N > N’ are excluded. In these cases, the right hand side of the equation
of &5 is of order O(g2) and the Jacobi matrix has a zero eigenvalue.

(IT). When M < M’ and N < N’, the associated polynomial vector field is of
the form

([ Xo=3Xo(T ainXiZe) N ainXsZiey’ ™)
=2 i X3 Z5ey" ) (X aip X5 Z5e5" ),

Zy = 425 ap X525y " ) (X ain X Z5e3" ™) (3.52)
2 beZyey (X aipXsZyey' M),

| €2 =520 aiijgzggévl’”/)(Z QiijgzgeéW’m/)_

Suppose that this has a fixed point of the form (X,,0,0). The (2, 3)-component of
the Jacobi matrix at this point is given by

8 _n i "/
O beZie) ™ ap X3z ).

882
We require that this quantity is not zero.

(IT-a). Suppose that the polynomial 3 by Zkel' ™ includes a constant term.
This means that b, # 0 when & = 0 and n = N’. Substituting it to the third
condition of (3.49) provides —2 = 5N’ + ¢§’. This proves that N’ = —1 and ¢’ = 3.
Then, the fourth condition of (3.49) yields 3i + 2j + 4k = —2. Since there are no
nonnegative integers 1, j, k satisfying this relation, a;;, = 0 for any 4, j,k. In this
case, we obtain €, = 0 and the Jacobi matrix has a zero eigenvalue.

(II-b). When 3" b, Z5)" ™ does not have a constant term, it has to include a
monomial £5. Otherwise, the (2,3)-component of the Jacobi matrix becomes zero.
This means that b # 0 when £ = 0 and n = N’ — 1. The third condition of (3.49)

(X4,0,0)
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provides —2 = 5(N’ — 1) + ¢’, which proves N’ = 0 and ¢’ = 3. Since N < N’ we
have N = —1 or N = 0. In this case, (3.49) becomes

{ br #0 only when 4k —2= -2 or 3, (3.53)

a;jx 70 only when 3¢+ 2j + 4k = 3.

Therefore, nonzero numbers among these coefficients are only by and aygg. This
proves that ¢(X,Y, Z) is given by a190X/bg. In what follows, we put ajp9/by = c.
Since g = ¢X and f is polynomial in X,Y’, f/g can be written as

FX.Y,Z) S pipX'YiZF

g(X7 Y, Z) Z%%sz

In this case, the equation of g in (3.22) is given by
Z—fg = 5@100X22€2 . (Z (]10]€Z§€é\4,_m/> . (354)

The polynomial 3 qiox Z5e}”' =™ has to include a constant term so that the Jacobi
matrix at (X4, 0,0) does not have a zero eigenvalue. This means that gjor # 0 when
k =0 and m' = M'. Thus (3.49) provides 3 = 5M’ + §. This shows M’ = 0 and
d = 3. Then, (3.49) becomes

{ pij 7 0 only when 3i+2j +4k —1 =3, (3.55)

qior # 0 only when 3+ 4k = 3.

Therefore, nonzero numbers among these coefficients are only poasg, poor and gigo-
Putting a := ¢po20/q100 and b := ¢poo1 /G100, we obtain the ODE (3.43) as a necessary
condition for (i) and (ii). It is straightforward to confirm that (3.43) actually satisfies
the conditions (i) and (ii) when a # 0, ¢ # 0. This completes the proof. [J

4 The space of initial conditions

For a polynomial system, a manifold F(z) parameterized by z € C is called the
space of initial conditions if any solution gives a global holomorphic section on the
fiber bundle P = {(z,2) |z € E(z),z € C} over C. For the Painlevé equations,
it was first constructed by Okamoto [24] by blow-ups of a Hirzebruch surface eight
times and by removing certain divisors called vertical leaves. Different approaches
are proposed by Duistermaat and Joshi [12] and Iwasaki and Okada [19]. They also
performed blow-ups many times. See [27, 21| for algebro-geometric approach. Here,
we will obtain the spaces of initial conditions by weighted blow-ups only one time
for (Pr), two times for (Pyy) and three times for (Pry). These numbers are the same
as the numbers of types of Laurent series given in Sec.2.3. We will easily find a
symplectic structure of the space of initial conditions. For (Py), we will recover the
Painlevé coordinates in a purely geometric manner. We find a symplectic structure
of the space of initial conditions and show that the Painlevé coordinates are the
Darboux coordinates of the symplectic structure.
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4.1 The first Painlevé equation

Recall that (Py) written in the (X5, Zs, €5)-coordinates has two fixed points (42,0, 0).
Putting Xy = X5 + 2, we obtain

;

: . +3X2 + X, 7.
X2:6X2:EZQ+ 3 2+A22
N 2:FX2
X 4.1
Z2—4Z2:i:€2+ 262, ( )
2:FX2
\6.2:582.

(In Sec.3, we used only X, =Xy — 2). The origin is a fixed point of the vector field
and it is a singularity of the foliation defined by integral curves. We apply a blow-up
to this point. At first, we change the coordinates by the linear transformation

N, — 1,1
Xo=uFjv— zw,
Z2:U7

E9 = W.
This yields

u = 6u+ fl(U,U,UJ),
v =4dvtw+ folu,v,w), (4.2)
w = dw,

where f; and f5 denote nonlinear terms. Note that the linear part is not diagonal-
ized; since we know that the (2, 3)-component is important (Thm.3.9), we remove
only the (1, 2)-component of the linear part of (4.1). Now we introduce the weighted
blow-up with weights 6,4, 5, which are taken from eigenvalues of the Jacobi matrix,
defined by the following transformations

u =ul  =vSuy =wlus,

Ay .4 _ 4
voo= u%vl = v% = wgvg, (4.3)
w =ulw; =viwy = w3.

The exceptional divisor {u; = 0} U{vy = 0} U{ws = 0} is a 2-dim weighted projec-
tive space CP?(6,4,5) and the blow-up of (u,v,w)-space is a (singular) line bundle
over CP%(6,4,5). We mainly use the (us,vs,ws)-coordinates. In the (us,vs,ws)-
coordinates, Eq.(4.2) is written as

dU3

1
Jo. 3 (viws £ Bvsw; + 2w F Bugvsw;i — 10uzw; + 12uzw3)

3 4.4)
dwy 1 (
% = Z <:|:4 + U3U)3 + U)3 2u3w3)

3

The relation between the original chart (z,y, z) and (us, vs, ws) is

_ 1 1
xr = u3w§’ F 2’11]3 3 + 51}3?1]3 - 5?1)%,
I (4.5)
y — U)3 )
< = Us,
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or
1 1
Uz = xy3/2 + 23 + §Zy + §y1/2,
~1/2 (4.6)

V3 = 2.

It is remarkable that the independent variable z is not changed despite the fact that
z is changed in each step of transformations. Now we have recovered the Painlevé
coordinates (4.5) which was introduced in his paper to prove the Painlevé property
of (Py). He found this transformation by observing a Laurent series of a solution,
see also Gromak, Laine and Shimomura [15]. At a first glance, (C ) U (CQUd ws)
glued by (4.5) does not define a manifold because (4.5) is not one- to one but one-
to-two. Nevertheless, we can show that (4.5) defines a certain algebraic surface.
Recall that the (X3, Zs,€9)-space should be divided by the Zy action (X, Z5,&5) —
(—Xa, Zy, —e9) due to the orbifold structure of CP3(3,2,4,5). This action induces a
certain Zsy action on the (us, vs, ws)-space. If we divide the (us, v, ws)-space by the
Zs action, we can prove that (4.5) becomes a one-to-one mapping. Then, (C2 (@) and

(C / Zs are glued by (4.5) to define an algebraic surface, which gives the space

(usz,ws
of untlal conditions for (P;). The space C?
algebraic surface defined by

(usws)/ L2 15 realized as a nonsingular

M(2): V2 =UW* +2:W? 4 4W (4.7)

with the parameter z, where U,V and W are polynomial invariants of the Z, action
given by Eq.(4.16). By using (U, V, W), the relations (4.5),(4.6) are rewritten as

1

_ 2__ _ -2 — .3

x=VW W, 7 V—xyl—l—Qy ; (4.8)
y=Ww W=y~

Hence, C2 ) and M (2) glued by this relation defines a nonsingular algebraic surface
denoted by E (z). The surface M(z) admits a holomorphic symplectic form

1 1
———dV NdW = dV N dU. 4.9
wH 4UW3 +6:W?2 44 (4.9)
We can verify that
1
dx N\ dy = —de A dW. (4.10)
Thus, E(z) also has a holomorphic symplectic form. (Pr) written by (V, W) is
dv OH
=6+ 2W*+ W3+ 4V)(W? —2V) = Wi —
P2 4W( TV =W oW (1)
dw 1 . ,0H ’
@ 2 VT
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where H is given by

1
H = §x2—2y3—zy
V2 V 1 2 z
= —— -t =-WiP- = - . 4.12
24 2W+8 w3 W ( )

Hence, Eq.(4.11) is a Hamiltonian system with respect to the symplectic form
—W=4dV A dW as well as the original (P;) written by (z,y). Let z, be a pole
of a solution of (Py). As z — z,, x,y — oo and VW — 0. By using (4.7), it
is easy to verify that Eq.(4.11) is holomorphic even at W = 0. This proves that
E(z) = C}, ) UM(2) is the desired space of initial conditions. Note that the system
(4.4) is already a Hamiltonian system with the Hamiltonian

1 1 1
H= 3 (:I:8u3 + 2uzvsws + 2uzws — 2uiws — §v§w§ F vswh — §w§) . (4.13)

The transformation (4.5) yields
dx N\ dy = —2dug A dws. (4.14)

This means that (us,ws)-coordinates are the Darboux coordinates for the form
—W=4dV A dW (if we remove the factor —2 by a suitable scaling). These results
are summarized as follows.

Theorem.4.1.
(i) The space C%u&m) divided by the Zj action induced from the orbifold structure

of CP3(3,2,4,5) gives the algebraic surface M(z). The space of initial conditions
E(z) for (Py) is given by C?, ) U M (z) glued by (4.8).

(ii) M(z) and E(z) have holomorphic symplectic forms and (P;) is a Hamiltonian
system with respect to the form. The Painlevé coordinates defined by (4.5) are the
Darboux coordinates of the symplectic form on M (z).

(iii) Consider an ODE (3.42) defined on the (z, y, z)-coordinates, where f and g are
polynomials in z and y. If it is also expressed as a polynomial ODE in the Painlevé
coordinates, then (3.42) is (Py).

Recently, a similar result is obtained by Iwasaki and Okada [19] by a different
approach. Symplectic atlases for the Painlevé equations are found by Takano et al.
28, 22, 23] for the second Painlevé to sixth Painlevé equations. They also proved
for the second to sixth Painlevé equations that these systems are unique polynomial
Hamiltonian systems defined on the spaces of initial conditions, while left open for
(P1). Hence, the above (iii) solves the missing part of Takano’s work.

Proof. Due to the orbifold structure of CP3(3,2,4,5), the (X3, Zy, £2)-space should
be divided by the Zy action (Xo, Zs,€9) = (—Xa, Zo, —&3). It is straightforward to
show that in the (ug,vs, ws)-coordinates, this action is written by

U3 —us + 03w§2 + 4w§6
U3 — U3 . (415)
w3 —Ws3
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Since vg is fixed, we consider C%ug ws) /Zsy. Polynomial invariants of this action are
generated by

1
U = uz(uzws — vawsy — 4) + ngvg,
1
V = wi(us — §v3w3_2 — 2w;3 %), (4.16)

W = w;.
They satisfy the equation (4.7), which proves C? ,

usws)/ L2 = M(z). The rest of (i)
and (ii) have already been shown. Let us prove (iii). In what follows, we omit the
subscripts for us, vs, ws. By (4.5) with the upper sign, Eq.(3.42) is written in the

Painlevé coordinates as

3 1 1 1
d [ u w?Pf+cuw?g—z-g+3wtg— Sw-g+ w3
_< ) - 2 4 1 2 2
dz \w —Ew?’-g
lwiZ A~
= T+ (¥ ) =1 (@.17)

Our purpose is to show that if T(f, g) is a polynomial, then Eq.(3.42) is (Py). Since
we know that 7’ (f,g) is a polynomial for (Py), it is sufficient to show the uniqueness.
We define operators T and 1" as above. The operator T is a linear mapping from
the space of polynomials Clz,y] x Clz,y] into the space of Laurent polynomials
Clu, w, w1 x Clu, w, w™!] for each z. Let

I : Clu,w,w '] x Clu,w,w™ '] = Clu,w™ '] x Clu,w™!] (4.18)

be the natural projection to the principle part. If there are two pairs of polynomials
(f1,91) and (fa, g2) such that T'(f;, ¢;), (i = 1,2) are polynomials, then

T(flygl) - T(f2,92) = T(f1 — fo, 91 — 92)

is also a polynomial and IT o T(f; — f2,91 — g2) = 0. Hence, it is sufficient to
prove KerIT o T'= {0}. For this purpose, we show that images of monomials of the
form (XY™, 0),(0,X™Y"™), (m,n = 0,1,---) are linearly independent. They are
calculated as

T(X™Y",0) =

mymy *
T<Ou XY ) - <_%w—2n+3(uw3 — w3 lyy— lw2)m> ’

It is easy to verify that the principle parts of them are linearly independent. [

Remark.4.2. We have constructed the space of initial conditions by the weighted
blow-up at the fixed point (Xs, Zs,9) = (2,0,0). We can also construct it by using
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the fixed point (Y1, Z;,e1) = ((1/4)'/3,0,0), which represents the same point as
(X2, Za,e9) = (2,0,0). By the same procedure as before (an affine transformation
and the weighted blow-up in the (Y7, Z1, £1)-coordinates), we obtain the one-to-three

transformation
3

T =w;3",

2—1/3
y = ugwg — U3w§ + 2_2/3w3_27 (419)
Z = V3.

Due to the orbifold structure, the (Y;, Zy,¢e;1)-space should be divided by the Zj
action (3.2). This induces the Zs action in the (ug,vs, ws)-space and we can show
that (C%x’y) and C?usw) /Z3 glued by (4.19) gives the same algebraic surface F(z) as
before.

4.2 The second Painlevé equation

Recall that (Pyr) written in the (Xs, Zs, £2)-coordinates has two fixed points (£1, 0, 0).
Putting X, = X,41, we have obtained Eq.(3.23). The origin is a fixed point of (3.23)
and it is a singularity of the foliation defined by integral curves. We apply a blow-up
to this point. At first, we change the coordinates by the linear transformation

XQZU:F%U— (%ia)w,
ZQ =, (420)
Eo2 — W.

Then, we obtain

u=4u+ f1(u,v,w),
b =2vtw+ folu,v,w), (4.21)
w = 3w,

where f; and f5 denote nonlinear terms. Now we introduce the weighted blow-up
with weights 4,2, 3, which are taken from eigenvalues of the Jacobi matrix, defined
by the following transformations

u =uf = vjuy = wius,
— 2 2 2

v o=ujvy = v = w3vs, (4.22)
— .3 _ .3 3

The exceptional divisor {u; = 0}U{ve = 0}U{ws = 0} is a 2-dim weighted projective
space CP?%(4,2,3) and the blow-up of (u, v, w)-space is a (singular) line bundle over
CP?(4,2,3). Note that we performed the blow-ups at two points (Xy, Z,&9) =
(1,0,0) and (—1,0,0). If we want to distinguish the sign of X, = X, & 1, the

notation (ui, v, wF) for i = 1,2,3 will be used. In the (us,uvs,ws)-coordinates,

AR B at)
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(4.21) is written as

4

p . OH

aus _ - (dusws — 1 F 20) (Fos + 2usw; — (1 £ 2a)ws) = — ’
dvy 4 ~ Owy (4.23)
%—1(_21411)44—(1:&204)10 + vyw? :|:2) oH
dvs 2 873 3 M 8u3

This is a Hamiltonian system with the Hamiltonian

1 1 1
H:2( uzws (1i2a)u3w3:|:u3v3w3i2u3)$1(1:t2a)(v3w3j:2(1i—2a)w3) (4.24)

as well as the original (Py;). The relation between the original chart (x,y, z) and
(Ug, U3, UJ3) 1s

_ 1 1
T = uzw; Fwy > F ~v3 — (= £ a)ws,
1 2 2 (4.25)
y = U)3 ’
Z = Us,
or
o, a1 o 1
us =y ty £ 52"+ (5 L ay,
1 2 2 (4.26)
w3 =Yy , ’
V3 = 2.

It is remarkable that the system (4.23) is polynomial, and the independent variable
z is not changed despite the fact that 2 is changed in each step of transformations.
Now we distinguish the choice of the sign of X, = X, + 1. For the upper sign
X, = X, + 1 and the lower one X, = X, — 1, we use the notation (u3, v, wy) and

(uz, vy ,wsy ), respectively. Eq.(4.26) should be
1 1

1 1 _
uf = xy® +y* + ézy2 + (5 +a)y, | uz =ay* —y* - Ezy2 - (5 —a)y,
wi =y, wy =y, (4.27)
vy = 2. vy = 2.
Thus, (C%x y) C? + ) and C? ~ oy ATe glued by (4.27) to define an algebraic surface
, Uz W3 Uz Wy

E(z), which gives the space of initial conditions for (Py;). The transformation (4.27)
yields
dy A dx = dui A dwy, (4.28)

where z is regarded as a parameter, and
dy Ndx — dH A dz = dut A dwE — dH A dz, (4.29)

where z is regarded as a coordinate. These results are summarized as follows.

Theorem.4.3.
(i) The space of initial conditions E(z) for (Py) is given by C, I)U(C? * ) U(C2
) ug ,w

(uz sw3’)
glued by (4.27).
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(ii) The transformation (4.27) is symplectic, and (Py) written in (uj,wy) and
(uz ,ws ) are also polynomial Hamiltonian systems.

(iii) Consider a Hamiltonian system (3.42) defined on the (z,y, z)-coordinates,
where f and g are polynomials in z and y. If it is also expressed as a polyno-

mial Hamiltonian system in the (uj, w5 )-coordinates, then (3.42) is (Py).

Part (iii) is proved in the same way as Thm.4.1 and omitted. The same result is
also obtained by Takano et al. [28, 22, 23] using a slightly different coordinates.

4.3 The fourth Painlevé equation

(Prv) have been written as three dimensional vector fields (3.33), (3.34) and (3.35).
They have three fixed points (Y1, Z1,1) = (0,0,0),(1,0,0) and (Xy, Zs,69) =
(0,0,0), which correspond to movable singularities. Let us construct the space of
initial conditions for (Pry) by weighted blow-ups at the three fixed points.

(l) (Yl, Zl, 81) = (O, 0, 0)

For Eq.(3.33), we change the coordinates by the linear transformation

}/1 = Ul + 2/€OW17
7 =V, (4.30)
&1 = W17

which results in

[:]1 = 3U1 + fi(Ur, Vi, Wh),
‘{1:‘/1+W1+f2(U1,V1,W1)a (4.31)
W1 - 2W1,

where f; and f; denote nonlinear terms. We introduce the weighted blow-up with
weights 3, 1,2 by

— 3 _ .3 — 3
Uy =u = VU = Wius,
Vi =wuv =1y = w303, (4.32)
_ 2 .2 2
Wi =ujw, =vijwy = ws.

The exceptional divisor {u; = 0}U{vs = 0}U{w3 = 0} is a 2-dim weighted projective
space CP%(3,1,2). In the (us, vz, w3)-coordinates, Eq.(4.31) is written as

d oH
Ms — (404 — 8k )uzws + 2usvs + 3usws + dro(ko — Oso) = ——1,
dus N Ows ™ (4.33)
dw3 8H1
. =1 — 2uzwi — 2usws + (2000 — 4kg)ws = T
This is a Hamiltonian system with the Hamiltonian
H, = Uz — udwh — 2uzvsws + (200 — 4o usws — 4rg(ko — O )ws (4.34)
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as well as the original (Pry). The relation between the original chart (x,y, z) and

(us, v3, w3) is )

r=w;3",
y = uzws + 2kKows, (4.35)
Z = V3.

We can verify the equalities

dx N\ dy = duz A\ ws,
de Ndy + dH A dz = dug A dws + dHy A dz,

where z is regarded as a parameter in the former relation, and as a coordinate in
the latter one.

(i) (V1. Zu.21) = (1,0,0).

In this case, putting Y7 =Y; — 1 for Eq.(3.33) yields

?1 — 3V, + 47, + (2K0 — 20 )e1 + fl(Yl, Zy,€1),
Zy =2y — e+ fo(Y1, Z1,€1), (4.36)
él = 2617

where f; and f, denote nonlinear terms. After a certain linear transformation
(Y1, Z1,e1) — (Ug, Vo, W3), which removes the (1,2) and (1, 3)-components of the
linear part as before, we introduce the weighted blow-up with weights 3, 1,2 by

_ .3 _ .3 3
Uy =y = VsUs = Wgle,
‘/2 = U4Vy4 = Ujy = WegVg, (437)
Wy =wiwy =viws = wp.

In the (ug, vg, wg)-coordinates, we obtain

d OH

d_:j = 3utw? — 2uv — 4(2K¢ — O — 2)uw + 4(1 — 2/i0 + 0o + Ko — Koboo) = _8_11)2’

d OH.

d—zj = —1 — 2uw® + 20w + 2(2k — Os — 2)w? = 8_uz’

Hy := —u — v?w? + 2uvw + 2(2kg — O — 2)uw? — 4(1 — 2k + 0o + K2 — Koloo )W
(4.38)

where the subscripts for ug, vg, ws are omitted for simplicity. The relation with the
original chart (z,y, z) is

1

T =wg ",
y = wg ' + ugws — 2vg — 2(ko — O — 1)ws, (4.39)
Z = Vg,

which is symplectic as the case (i).
(iii) (X2, Z3,€2) = (0,0,0).
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After a certain linear transformation (Xs, Zs,e5) — (Us, V3, W3) as before, we
introduce the weighted blow-up with weights 3, 1,2 by

— 3 — 3 .

Us =uy = vgUg = Wyly,

VE; = U7y = Ug = W9qlg, (440)
— 2 2 a2

Wi =wuzw; =vgws = wj.

In the (ug, vy, wg)-coordinates, we obtain

du OH

o= 3utw? — 2uv — (4kg — 8Os )uw + 4900(920 — Kg) = _8_21)3’

d H 4.41
o1~ 2w + 20w + (2K — 4050 )w? = OH, iy (4.41)
dv ou

Hs = u — v?w? + 2uvw + (2k¢ — 40,0 )uw? — 40, (0 — Ko)w,

where the subscripts for ug, vg, wy are omitted. The relation with the original chart
(x,y,2) is
T = u9w§ + 26wy,
y=w;y ', (4.42)
Z = g,

which is symplectic as the case (i).

Thus, C%x’y),C%u37w3),C%u6’w6) and (C%ug’wg)
formations to define an algebraic surface E(z), which gives the space of initial con-

ditions for (Pry). These results are summarized as follows.

Theorem.4.4.

(1) The space of initial conditions E(z) for (Pry) is given by (C%I
Cligawg) Y Clug ) Slued by (4.35), (4.39) and (4.42).

(ii) These transformations are symplectic.

(iii) Consider a Hamiltonian system (3.42) defined on the (z,y, z)-coordinates,
where f and ¢ are polynomials in x and y. If it is also expressed as polynomial
Hamiltonian systems in the (ug,ws), (ug, ws) and (ug, wg)-coordinates, then (3.42)

is (PIV)-

are glued by above symplectic trans-

2
) U (C(uza,wa) U

Part (iii) is proved in the same way as Thm.4.1 and omitted.

5 Characteristic index

As usual, the weight (p, q,r, s) denotes (3,2,4,5), (2,1,2,3) and (1,1, 1,2) for (Py),
(Pyr) and (Ppy), respectively. Recall the decomposition

CP*(p,q,r,s) = C*/Z, UCP*(p,q,r).

The Painlevé equation is defined on the covering space of C?/Z,, and CP*(p,q,r) is
attached at infinity. We have seen that there are fixed points of the vector field on
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CP?(p,q,r) which correspond to movable singularities. In Sec.3 and 4, the eigen-
values (A1, A2, A3) of the Jacobi matrices at the fixed points play an important role,
where (A1, A2, A3) = (6,4,5),(4,2,3) and (3,1,2) for (P), (Py) and (Prv), respec-
tively. In Sec.3, they are used to apply the Poincaré linearization theorem. In
Sec.4, they determine the weight of the weighted blow-up. We call the eigenval-
ues (Aq, Ag, A3) the characteristic index for (Pj), see Table.2. Obviously, they are
invariant under the actions of automorphisms on CP3(p, q,r, s).

’ H CP*(p,q,r,5) ‘ A1, Az, A3 ‘ (AL +A2)/ A3 ‘ K ‘
(Py) || CP3(3,2,4,5) | 6,4,5 2 6
(Pn) | CP3(2,1,2,3) | 4,2,3 2 1
(Pr) || CP3(1,1,1,2) | 3,1,2 2 3

Table 2: The characteristic index (A1, A2, A3) and the Kovalevskaya exponent k.

We observe the following properties:

(i) 7 = Ao and s = As.

(ii) Ay = k = deg(Hj;) = s+ 1, where & is the Kovalevskaya exponent and deg(Hj)
is a weighted degree of the Hamiltonian given in Sec.2.1.

(iii) (A1 + A2)/As3 is an integer.

(iv)p+q=s.

In the paper [7], the properties (i) and (ii) are proved for a general m-dimensional
system satisfying certain conditions on the Newton diagram; two numbers in the
characteristic index coincide with r» and s determined by the Newton diagram, and
the others coincide with the Kovalevskaya exponents.

Part (iii) and (iv) are related to the following proposition.

Proposition.5.1. For (Py), (Py) and (Pry), the symplectic form dz Ady+dH;Ndz
is a rational form on CP3(p,q,r,s).

This can be proved by a straightforward calculation. For example, on the
(Y1, Z1,¢e1) chart, we have

do A dy = d(e;”°) Ad(Yie; 7).

In order for it to be rational in 1, p + ¢ should be a multiple of s, and this is true
for (Py), (P1) and (Pry). Similarly, we can verify that dH A dz is rational, which is
a consequence of Part (iii) above.

The above properties (i) to (iv) seem to be true for higher dimensional Painlevé
equations. The first and second Painlevé hierarchies denoted by (Py)s, and (Pry)a,
are 2n-dim Hamiltonian systems obtained by the reduction from the KdV and mKdV
hierarchies, respectively. When n = 1, they give (P;) and (Py). The characteris-
tic indices and the Kovalevskaya exponents for the 4-dim and 6-dim first Painlevé
equations, (Pr)4 and (Pg)g, and the 4-dim second Painlevé equation (Pyr)4 are shown
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in Table 3. The Hamiltonian functions of them are given by

1, 3 1
H = =2yl + Syive — 595 — 2035 — 4o — 2y, (5-1)

for (PI)4,

1 3 3
H = —Eyf+2yi’y2—§yfy3—§y1y§+y2y3+4y1x2x3+2y2$§+4$1903+2$§—Zy1, (5.2)

and for (Py)g, and ,

1 1 1
H = —162% +82%2 + 2z,2 + 1—6x2y§ + 322,19 — 1122 — 820k — 1_6?/% — 32, (5.3)
for (Pr1)s. In Table 3, the equality p; +¢; = s holds and v := (A1 +- - - + A2p) /Aont1
is an integer. Furthermore, r = \y,,s = Ag,11 and the Kovalevskaya exponents

coincide with Ay, -+, Agp_1. See [7] for the detail.
’ (PJ)271 H CP2n+1(p17QI7”' 7pn7Q7larvs> ‘ >‘17"" »)‘2n+1 ‘ v ‘ K ‘
(P1)4 CP>(5,2,3,4,6,7) 8,5,2,6,7 3 8,5,2
(P1)6 CP(7,2,5,4,3,6,8,9) 10,7,5,4,2,8,9 | 4 | 10,7,5,4,2
(Prp)4 CP5(2,3,4,1,4,5) 6,3,2,4,5 3 6,3,2
Table 3: The characteristic index (A, -+, Aant1), the Kovalevskaya exponent x and

vi= A+ Aon)/Aanga

6 The Boutroux coordinates

In his celebrated paper, Boutroux [2] introduced the coordinate transformations
y = ut??, z = t*5 for (Py), and y = ut'/?, z = t*/* for (Py;) to investigate the asymp-
totic behavior of solutions around the essential singularity z = co. His coordinate
transformations are essentially the same as the third local chart of CP3(p,q,r,s),
see Eq.(3.1) and (3.17), and put €5 = 1/t. Hence, we call the third local chart
(X3,Y3,e3) of CP3(p,q,r,s) the Boutroux coordinates even for (Pry). On the
Boutroux coordinates, (P1), (Pr) and (Pry) expressed as the autonomous vector
fields are given by Eq.(3.7), (3.22) and (3.35), respectively. Recall that the set
CP?(p,q,7) = {e1 = 0} U {e2 = 0} U {e3 = 0} is attached at infinity of the origi-
nal chart (z,y, z). In particular, the set {e3 (= 27%") = 0} describes the behavior
around the irregular singular point z = 0. Putting ¢3 = 0 in Eq.(3.7), (3.22) and
(3.35), we obtain

{ Xy = 24Y) +4, (6.1)

Y = 4X;,
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X3:41@,3+2Y3, (6.2)
}/;3 = 2X37 .
and )
X3 = = X3+ 2X3Y5 + 2X, (6.3)
Yy = =Yy +2X3Y; — 2V5, '

respectively. It is remarkable that they are autonomous Hamiltonian systems with
the Hamiltonian functions H; shown in Table 4.

’ H space \ H \ symmetry ‘
(P1) | CP3(3,2,4,5) 2X37 —8Y —4Y; Zy
(Pn) || CP3(2,1,2,3) X2 -V -VY? Lo X o
(Prv) || CP3(1,1,1,2) | X3Y5 — X3V — 2X3Y5 S;

Table 4: Hamiltonian functions defined on the set {e5 = 0}. See Section 7 for the
symietry.

Therefore, each leaf of the foliation on the set {e3 = 0} C CP?(p,q,r) is de-
termined by the level set {#; = ¢}, ¢ € C of the Hamiltonian, which is an elliptic
curve for a generic value of ¢ € C. In particular, H; = c is the Weierstrass form and
H;r = c is the Jacobi form.

In what follows, we will see that the space of initial conditions written in the

Boutroux coordinates has been already constructed by the weighted blow-ups intro-
duced in Sec.4.

6.1 The first Painlevé equation

We have proved that (z,y)-space and (ug, ws)-space are glued to give the space of
initial conditions. In this subsection, it is shown that (X3, Y3)-space and (uz,vs)-
space give the space of initial conditions for (Py) written in the Boutroux coordinates.
On the (X3, Y3, e3)-coordinates, (Py) is given as

X, 1 ) dy; 1
— = — (—24Y; -4+ 3X — = — (—4X;5 + 2Y35¢e3) . 6.4
Bz 5l ( 3 + 3X3e3) des  5el ( 3+ 2Y3e3) (6.4)

It has an irregular singular point e3 = 0. Since z = €§4/ 5, this equation also has the
Painlevé property with a possible branch point €3 = 0.

Recall that the (ug, v2, wy)-coordinates are defined by (4.3). In these coordinates,
(Py) is written as

dus 1 1 3
d_wg = 5_w§ (—51}2 — 6ugvg + 6uswy F QUSUJQ + 5u2v§w2 + 4U2®§ - USUJ%) )
dl)g 1

d_w2 = 5_w§ (:F4 F vg + 2u2vg — VW9 — Ugwg) .

(6.5)
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This is a polynomial ODE with an irregular singular point wy = 0. The relation
between two charts are

B 1 1

X3 =0, 3(vgu2 T 51}3 — Evgwg F2),

}/33 — 052’ (66)
€3 = W2,

or 1 ]

Uy = X3Yé3/2 + 55/?31/283 + §Y:0, + 2}/33,

vy — Y3_1/2, (6.7)
Wo = £3.

We should divide the (ug,vs, ws)-space by the Zsy action as before. The Zy action
induced from the orbifold structure is given by

Us —uy + vy 2 + 4vy "
() — —7V9 . (68)
o) W2

We define invariants of this action to be

1
U = ug(ugv§ — vy — 4) + —v3

4
V = v (uy — 5112_2 —20,9) (6.9)
W = 3.
This defines a nonsingular algebraic surface M = C%Wm)/ Lo
M :V?=UW* 4 2W? + 4W. (6.10)

Note that it is independent of a parameter. Eqs.(6.5) to (6.7) are rewritten as

_ 1 o 1
Xy = WV — o Wey V= XYy + Yy e (6.11)
Vs =W, W=y
and
d 1 2
v — 8y _ e3V — 2e3VW?2 —4W? — 3W° — 24 |
aw 1 (6.12)

= (2w 4V — o3
d€3 58% ( et 83) ’

respectively. Hence, (C%XS’YS)UM gives the space of initial conditions for the Boutroux
coordinates. Note that Egs.(6.4) and (6.12) are not Hamiltonian systems, though
they are reduced to Hamiltonian systems as €3 — 0.
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6.2 The second Painlevé equation
On the (X3, Y3, e3) chart, (Pyp) is written as

ng . 4Y:33 + 2Y3 + 20[63 — 2X3€3 dY3 2X3 - }/353
des —3e32 " odes =33

(6.13)

The space of initial conditions for this system is also obtained by the weighted blow
up as follows: Recall that (uQi, vy, wy) is defined by (4.22). The relation between
(X3,Ys,e3) and (u3, vy, wy) is given by

1
u2 = X3V +Y! £ Y2 + (= £ a)esYs
2 (6.14)
vy = Y3t :
in = &3.
It is remarkable that the independent variable €3 is not changed. The equation
written in (u3, vy, e3) is

2

d —1 1 1
e <4uzv F 2uv + (5 + a)e — 6(5 + a)euv?® — deu + % + 20y + 20°c

de ~ 3e2

~1
= =32 (£2 £ 0% — 2uw* + ev + ev® £ 2ae0?)
(6.15)

where the subscript and the superscript for u2i, vf, €3 are omitted. Since this equa-
tion is polynomial in u and v, the space of initial conditions is obtained by glueing

Clxsvs)s C2 ¢ 8nd (C2 ~ ;) by the relation (6.14).

6.3 The fourth Painlevé equation

We call the third local chart (X3, Y3,e3) for (Pry) the Boutroux coordinates as in
the first and second Painlevé equations. In this chart, (Pry) is written as

ng B —X32 + 2X3YE; + 2X3 — 200083 — X3€3

d —2¢2

°3 ©3 (6.16)
dYs —Y? +2X3Y3 — 2Y3 — 2Kpe3 — }@53
deg —2¢2

In Sec.4.3, (ug, v, ws), (us, vs, ws) and (ug, v, ws) coordinates are defined through
the weighted blow-ups. The relations between them and (X3, Y3, e3) are given by

X3 =uvy" =v;!
Y3 = ugv? + 2K0wavy = usv? + 2(1 + O — Ko)wsvs +v5 ' — 2 (6.17)
€3 = W2 = Ws,
and
X5 = ugvg + 20, wgvg
Vs =g (6.18)
€3 = Ws
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In particular, the independent variable €3 is not changed. The equations writ-
ten in (ug, g, we), (us, vs, ws) and (us, vs, wg) are polynomial in (us, vs), (us, vs) and
(us, vg), respectively. Thus, the space of initial conditions is obtained by glueing
(C?XS’YS)7 C? Y C? ) and C? ) by the above relation.

(uz2,v2 (us,vs (us,vs

7 The extended affine Weyl group

It is known that there exists a group of rational transformations acting on C3 which
changes the Painlevé equation to another Painlevé equation of the same type with
different parameters. The transformation group is isomorphic to the extended affine
Weyl group. See [30] for the complete list of the actions of the groups for the second
to the sixth Painlevé equations written in Hamiltonian forms. In this section, we
study the actions of the extended affine Weyl groups for (Py) and (Pry).

For a classical root system R, the affine Weyl group and the extended affine
Weyl group are denoted by W (R™M) and W (RM), respectively. Let G = Aut(R™M)
be the Dynkin automorphism group of the extended Dynkin diagram. We have
W(RW) =G x W(RW).

For the second Painlevé equation,

W(ANM) = G x W(AV) = (s1,7),
G = Aut(AV) = (1) 2 Z,.

The action of the group is given in Table 5.

(T - T v ]
20— 1)y a—1/2)° a—1/2
S1 —Oé+1 yZ—ZE—}-Z/Q (y2_x+z/2)2 y+m
s —Q — —Y

Table 5: The action of the extended affine Weyl group for (Pyy) .

For the fourth Painlevé equation,

W(Agl)) 2 G K W(Agl)) = <80, 81,82,0'1,0'2>,
G = Aut(AVY) = (01, 00) = .
The action of the group is given in Table 6.

In the next theorem, R and (p,q,r, s) denote Agl) and (2,1, 2,3) for (Pyy), and
Agl) and (1,1, 1,2) for (Pry), respectively.

Theorem.7.1. -
(i) The transformation group W(R(M) given above is extended to a rational
transformation group on CP3(p,q,r, s).
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I R v | y E

50 | 140 Ko — 1 x+2<1_%0+90®) y+2<1_%0+90@) z
T —y—2z T—y—2z

S1 —Ko 0o — Ko r — 2Ko/y y

S || Ko — O —0 T y—20/x

s —0 kg — 0o — 1 —r+y+2z —x

o1 —0 —Ko —1y —iT 1z

o9 Ko Ko — O — 1 1 i(r —y—2z) 1z

Table 6: The action of the extended affine Weyl group for (Pry) .

(ii) For each element s in W (R™), the action of s on the infinity set CP?(p, q,7)
is trivial: s|cpe(pq = id. Hence, the transformation group W(R(l)) =~ Aut(RW) x
W(RM) is reduced to Aut(RM) on CP?(p,q,r).

(iii) The foliation on CP?(p,q,r) is Aut(R™M)-invariant.

Proof. We give a proof for (Py;). A proof for (Pry) is done in the same way.
(i) The original chart (z,y,z) for (Py) has to be divided by the Zs-action
(z,y,2) = (W2, wy,w?2), w := *™/3 because of the orbifold structure, see Eq.(2.6).

It is easy to verify that the actions of the generators s; and 7 of /VIV/(A?)) shown in
Table 5 commute with the Zs-action, so that they induce actions on the quotient
space C3/Zs. Further, these actions are extended to the whole space CP3(2, 1,2, 3).
For example, the action of s; on the third local chart is expressed by

(O( — 1/2)63
VXt 12 )

3 3

(7.1)

This is rational and commutes with the action (3.19) defining the orbifold structure.
It is straightforward to calculate the action on the other charts (Y;, Z1,e1) and
(X3, Z5, ), which proves that the action s; is well defined on CP3(2,1,2,3). The
same is also true for the action of 7.

(ii) The set CP?(2,1,2) is given by {e; = 0} U {3 = 0} U {e3 = 0}. The action
(7.1) is reduced to the trivial action as e3 — 0. Similarly, the action of s; on the
other charts (Y1, Z1, 1) and (Xa, Zs, £9) becomes trivial as e; — 0 and €3 — 0. On
the other hand, the action of 7 on CP?(2,1,2) is not trivial. For example, the action
of m on (Xg, 1/3, 83) is (Xg, YE)), 83) — (—Xg, —YEJ,, 83).

(iii) The action of W(Agl)) transforms (Pyy) into (Pyp) with a different parame-
ter. However, the foliation on CP?(2,1,2) is independent of the parameter o, see

,2

Eq.(6.2). Thus, the foliation on CP2(2,1,2) is Aut(A{")-invariant. O

(200 — 1)Y3e3 (o —1/2)%€2

X3, Y- X,
( 3 37€3>'_>( 3+}/232_X3_|_1/2 (}/32—)(34‘1/2)27

Y3 +

In Table 4 in Sec.6, the symmetry groups of the foliations on CP?(p, q,r) gener-
ated by (Py), (Py1) and (Pry) are shown. The foliation generated by H; is invariant
under the Zy-action (3.4) which arises from the orbifold structure. The foliation
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X3

g

Fig. 1: The foliation {H;y = ¢} for c € R.

generated by H; is invariant under the Zs-action (3.19), and Aut(Agl)) = 7 given
by (X3,Y3) — (—X3,—Y3). Similarly, the foliation generated by Hjy is invariant
under the action of Aut(Agl)) = &3, while there is no symmetry induced from the
orbifold structure.

The foliation {H;y = ¢} for real ¢ € R is represented in Fig.1. Note that
Aut(A(Ql)) is isomorphic to the dihedral group D3 of a triangle. In Fig.1, the zero
level set Hyy = 0 consists of three lines, which creates a triangle. Aut(Agl)) acts on
the triangle as the dihedral group Ds.

8 Cellular decomposition and Dynkin diagrams

In this section, the weighted blow-up of CP?(3,2,4,5) with weights 6,4,5 defined
in Sec.4.1 is called the total space for (P;) and denoted by M;. We calculate the
cellular decomposition of it. It will be shown that M is decomposed into the fiber
space P = {(z,2) |z € E(z),z € C} for (Py), an elliptic fibration over the moduli
space of complex tori defined by the Weierstrass equation and a projective line. We
also shows that the extended Dynkin diagram of type Eg is hidden in the space M.

8.1 The elliptic fibration

Let us calculate a cellular decomposition of M;. CP3(3,2,4,5) is decomposed as
(2.8). Furthermore, CP?%(3,2,4) is decomposed as CP?(3,2,4) = C?/Z,UCP'(3,2).
Since CP'(3,2) is isomorphic to the Riemann sphere, we obtain

CP?*(3,2,4,5) = C*/Zs U C*/Z, U C U {p},
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where {p} denotes the point (X3, Zs,¢2) = (2,0,0), at which the weighted blow-up
was performed. In local coordinates, C*/Zj is the (z,y, z)-space divided by the Zs
action, and C?/Z, is the set {(X3,Y3,¢e3) |3 = 0} divided by the Z, action. On the
set {(X3,Y3,e3) e = 0}, the foliation is defined by the Hamiltonian system (6.1)
with the Hamiltonian function H = 2X? — 8Y3 — 4Y. This equation is actually
invariant under the Z, action given by (3.4).

Next, due to the definition of the weighted blow-up, we have

M;=C?/Zs UC?*/Zy U C U CP*(6,4,5).
Since CP?(6,4,5) = C*/Z5; U CP(6,4), we obtain

= C*/Zs U C?/Z4 u C
U C*Zs U CP'Y6,4\{g} U {q}, (8.1)

where {¢} denotes the point (uy,vy,w;) = (0,0,0). In local coordinates, C?/Zs is
given as {(us,vs, w3) |ws = 0} divided by Z;. This implies that the first column
C3/Zs UC?/Zs is just the fiber bundle P for (Py) divided by the Zs action, the fiber
space over C whose fiber is the space of initial conditions. The last column CU {¢}
is the Riemann sphere.

Let us investigate the second column C?/Z,UCP*(6,4)\{q}. On the space C?/Z,,
the equation (6.1) divided by the Z4 action is defined, and CP'(6,4) is attached at
“infinity”. Note that each integral curve X? = 4Y3 + 2Y — g3 of (6.1) defines an
elliptic curve, where g3 is an integral constant; compare with the Weierstrass normal
form X% =4Y3 — oY — gs.

The Weierstrass normal form defines a complex torus when gi — 27¢2 # 0. Two
complex tori defined by (g2, ¢93) and (g}, g3) are isomorphic to one another if there
is A # 0 such that (g2, g3) = (Ag), \°¢%). Hence, CP'(6,4)\{one point} is a moduli
space of complex tori.

According to Eq.(6.1), the (X3, Y3)-space is foliated by a family of elliptic curves
(including two singular curves gs = #(8/27)%/2) defined by the Weierstrass normal
form X? = 4Y3+2Y — g5. By the Z, action (X3, Y3) — (i X3, —Y3), the normal form
is mapped to X2 = 4Y3 +2Y + g3. This means that by the Z, action induced from
the orbifold structure, two elliptic curves having parameters (—2, g3) and (—2, —g3)
are identified. However, the equality (=2, g3) = (=2, g4A%) holds for some ) if and
only if g3 = ¢4 or g5 = —gs. This proves that two elliptic curves identified by the
74 action are isomorphic with one another, and C?/Zy is foliated by isomorphism
classes of elliptic curves (including a singular one, while the case g, = 0 is excluded).
The set CP(6,4)\{q} is expressed as {(uz, vo, ws) |v2 = wy = 0} divided by the Zs
action us — —us. We can show that each isomorphism class of an elliptic curve
X? = 4Y3 + 2Y F g3 intersects with the moduli space CP1(6,4)\{q} at the point
(ug, vo,ws) = (g3/4,0,0) ~ (—g3/4,0,0). This proves that the second column of
(8.1) gives an elliptic fibration whose base space is the moduli space CP'(6,4)\{q}
and fibers are isomorphism classes of elliptic curves including the singular curve, but
excluding the curve of g, = 0.
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Theorem.8.1. The total space M| is decomposed into the disjoint union of the fiber
bundle P for (P;) divided by Zs, an elliptic fibration obtained from the Weierstrass
normal form as above, and CP*.

Similar results also hold for (Py) and (Pry), for which elliptic curves are not
defined by the Weierstrass form but Hamiltonians represented in Table 4.

8.2 The extended Dynkin diagram

It is known that an extended Dynkin diagram is associated with each Painlevé
equation (Sakai [27]). For example, the diagram of type Ejg is associated with (Py).
Okamoto obtained Ejg as follows: In order to construct the space of initial conditions
of (Pr), he performed blow-ups eight times to a Hirzebruch surface. After that,
vertical leaves, which are the pole divisor of the symplectic form, are removed. The
configuration of irreducible components of the vertical leaves is described by the
Dynkin diagram of type Es, see Fig.3(a). Our purpose is to find the diagram Eg
hidden in the total space M.

Recall that M is covered by seven local coordinates; the inhomogeneous coordi-
nates (3.1) of CP3(3,2,4,5) and (u;, v;, w;) defined by (4.3). These local coordinates
should be divided by the suitable actions due to the orbifold structure. The actions
on (Y1, Z1,¢e1), (Xa, Z,e2) and (X3, Y3, e3) are listed in Egs.(3.2) to (3.4). The action
on (uy,vy,wy) is given by

(U1,U1,w1) = (CulaCz’Ulanl)7 ¢= /s, (8-2)

Each fiber (the space of initial conditions) for (Pp) is not invariant under the Zs
action (1.4) except for the fiber on z = 0. Hence, we consider the closure of the fiber
on z = 0 in M;. The closure is a 2-dim orbifold expressed as

N = {(z,y,0)} U{(Y1,0,e1)} U{(X2,0,e9)} U{(us,0,ws)} U{(us,0,wy)}. (8.3)

N is a compactification of the space of initial conditions E(0) = {(z,y,0)} U
{(us,0,ws)} obtained by attaching a 1-dim space

D = {(¥1,0,0)}U{(X3,0,0) | X # £2}U{(u1,0,0)}, Xo =Y, ** = ubF2. (8.4)
N has three orbifold singularities on D given by
(Y17€1> = (070)7 (X2752) = (Oa O)? (u17w1) = (070) (85)

Let us calculate the minimal resolution of these singularities. For example, the
singularity (Xs,e2) = (0,0) is defined by the Z, action (Xy,e9) — (—Xz, —&2); i.e.
this is a A; singularity, and it is resolved by the standard one time blow-up. The
self-intersection number of the exceptional divisor is —2. Similarly, singularities
(Y1,€1) = (0,0) and (u1,w;) = (0,0) are resolved by one time blow-ups, whose self-
intersection numbers of the exceptional divisors are —3 and —6, respectively. From
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D

Fig. 2: The minimal resolution of singularities of the closure of E(0).

the minimal resolution of singularities of N, we remove the space of initial conditions
E(0). Then, we obtain the union of four projective lines, whose configuration is
described as Fig.3(b), see also Fig.2. .

Although the diagram Fig.3(b) is different from FEjs, it is remarkable that the
self-intersection numbers —2, —3, —6 are the same as the lengths of arms from the
center of Fx.

The same results hold for (Py;) and (Pry). Let My be the total space for (Pyy) ob-
tained by two points blow-up with the weights (4, 2,3) of CP3(2,1, 2, 3) constructed
in Sec.4.2. Consider a fiber E(0) (the space of initial conditions) on z = 0 and take
the closure N of it in My;. From the minimal resolution of N at the orbifold singu-
larities, we remove F(0). Then, we obtain the union of four projective lines, whose
configuration and self-intersection numbers are described in Fig.3(b). Although the
diagram Fig.3(b) is different from £, the self-intersection numbers —4, —4, —6 are
the same as the lengths of arms from the center of E;. A similar result is true for

(PIV)-
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