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Abstract

A multi-Poisson structure on a Lie algebra g provides a systematic way to
construct completely integrable Hamiltonian systems on g expressed in Lax form
0X,/0t = [X), A,] in the sense of the isospectral deformation, where X, A, € g
depend rationally on the indeterminate A called the spectral parameter. In this
paper, a method for modifying the isospectral deformation equation to the Lax
equation 0X,/0t = [X, A\] + 0A,/O\ in the sense of the isomonodromic deforma-
tion, which exhibits the Painlevé property, is proposed. This method gives a few
new Painlevé systems of dimension four.
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1 Introduction

A differential equation defined on a complex region is said to have the Painlevé
property if any movable singularity of any solution is a pole. Painlevé and his
group classified second order ODEs having the Painlevé property and found new
six differential equations called the Painlevé equations. Nowadays, it is known that
they are written in Hamiltonian forms

( )dq_ﬁHJ dp_ (9HJ
Vg T op dt oq
Among six Painlevé equations, the Hamiltonian functions of the first, second and

fourth Painlevé equations are polynomials in both of the independent variable ¢t and
the dependent variables (q,p). They are given by

J=1--- VL (1.1)

1
Hy = §p2—2q3—tq, (1.2)
1 1 1
Hiu = —p%2— Zg*— 2t — 1.3
1 5P =54 = 5td — ag, (1.3)
Hr = —pg® +pq—2pgt — ap + Bq, (1.4)
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respectively, where «, § € C are arbitrary parameters. Another important property
of the Painlevé equations is that they are expressed as Lax equations. Let L) and
Ay be square matrices which depend rationally on the indeterminate A called the
spectral parameter. The Painlevé equations are written in Lax form as

0Ly 0A,

A L aA + A\

g~ A5
for some choice of Ly and A,. This equation arises from the compatibility condition
of the two differential systems

ov ov
—=LW, —=AV. (1.6)
ot
Since the monodromy of the former system oW /0\ = L,V is independent of ¢ if the
equation (1.5) is satisfied, (1.5) is called the isomonodromic deformation equation.
Another type of the Lax equation is of the form

00X
ot

which is called the isospectral deformation equation because the eigenvalues of the
matrix X, is independent of t. There are several systematic ways to construct
isospectral deformation equations [1]. In particular, a Lie algebraic method have
been often employed. Let g be a Lie algebra. On the dual space g*, there exists a
canonical Poisson structure called the Lie-Poisson structure. If g is equipped with
a nondegenerate bilinear symmetric form, the Lie-Poisson structure is also defined
on g. Let P:T*g — Tg be the Poisson tensor and F' : g — C a smooth function.
Then, the vector field PdF on g can be expressed as the Lax equation (1.7) with
some Xy, Ay € g [1].

It is notable that the isospectral deformation equation (1.7) is completely inte-
grable for most examples, although the isomonodromic deformation equation (1.5)
is not in general; it is believed that solutions of an isomonodromic deformation
equation define new functions called the Painlevé transcendents.

In Nakamura [16], a way to obtain the isospectral deformation equation (1.7)
from the isomonodromic deformation equation (1.5) by a certain scaling of the time
t is proposed, which is called the autonomous limit. She proved that the autonomous
limits of 6-types of two dimensional Painlevé equations and 40-types of four dimen-
sional Painlevé equations are completely integrable.

The purpose in the present paper is opposite; a way to construct the isomon-
odromic deformation equation (1.5) from the isospectral deformation equation (1.7)
will be proposed. Let g be a simple Lie algebra over C. Consider the set of g-valued
polynomials of degree n

(1.5)

= (X, A, (1.7)

gn = {Xn = XN+ Xi A"+ + X, | X € gl

with the indeterminate A. This set g, is equipped with a structure of a Lie algebra
by a certain Lie bracket. At first, the isospectral deformation equation (1.7) on
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g, is constructed with the aid of the bi-Poisson theory of Magri et. al [12, 13, 14,
15]. Tsospectral deformation equations obtained in this method are shown to be
completely integrable (Thm.2.4). Next, we restrict the equations onto a symplectic
leaf. Let ¢, -+, @n be Casimir functions of an underlying Poisson structure on g,,.
A symplectic leaf S is defined by the level surface of them as

S :={p; = a; (constant) |i =1,--- | N}.

Restricted on the leaf S, the isospectral deformation equation (1.7) becomes an
integrable Hamiltonian system. Since the matrix X, € g,, depends on the parameters
a:= (ag, - ,ay), it is denoted as X = X,\(t, «).

Now suppose that there exists a parameter, say «;, such that the following
condition holds

0X, 0A,
-2 =2, 1.
o ti) =5 (18)
Eq.(1.7) is put together with Eq.(1.8) to yield
8X>\ 8X)\ . aA,\
e (t,a) + Ta; (t,a) = [ X, A + o

Define the Lax matrix L, by
L)\ = X)\(t, Oé)’a].:t,

where the parameter o satisfying the condition (1.8) is replaced by t. Then, the
above equation is rewritten as the isomonodromic deformation equation (1.5).

Remark that the isomonodromic deformation equation (1.5) is equivalent to the
zero curvature condition of the connection 1 form Lyd\ + A,dt on a vector bundle
over the (¢, A)-space, while the condition (1.8) is the exactness condition of the
connection 1 form X,d\ + Axda;.

This method is demonstrated for the following three cases (I) g = s((2,C), n = 2,
(II) g = sl(2,C), n = 3 and (III) g = s0(5,C), n = 1. For the case (I), the first,
second and fourth Painlevé equations (1.2), (1.3), (1.4) will be obtained in Section
3.

More generally, for g = sl(2, C) with general n, one can obtain several Painlevé
hierarchies of dimension 2n — 2, including the first Painlevé hierarchy (Pj),,[10,
11, 17], the second-first Painlevé hierarchy (Pir1).,[5, 6, 10, 11], the second-second
Painlevé hierarchy (Pr2),, and the fourth Painlevé hierarchy (Pry)m,[7, 10]. They
are 2m-dimensional Hamiltonian PDEs of the form (m =mn —1)

= 3 = - ) .]:17”'7m;l:17"'7m
8t,~ 6pj 6ti 8qj (19)
Hi = Hi(Ql?"' yqmy>P1y " " - ,pm,t1,"' atm)

consisting of m Hamiltonians Hy,--- , H,, with m independent variables ty,--- ,%,,.
When m = 1 (the case (I)), (Pr); and (Pry); are reduced to the first and fourth
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Painlevé equations, respectively. Both of (Py.1); and (Ppa); coincide with the
second Painlevé equation, while they are different systems for m > 2. When m = 2
(the case (II)), Hamiltonians of (Pr)s, (P1r1)2, (Pr2)2 and (Pry)s are given by

Hy = 2pops + 3p3q1 + gi‘ — g?@h - qg —tiq +2t2(Qf — @),
(PI>2 Hy = pi + 2paprqn — 47 + p3g2 + 3472 — 2q145 (1-10)
+t1(q — q2) + ta(taqs + G192 — P3),

Hy = 2p1ps — P — pi@? + @2 — tips + tapy + 2041,
(Prr1)2 R Ha = —pi + pips + pip2G; + 201q142 (1.11)
+t1p1 + ta(tapr — p1@f + pip2) — @(2paqi + 2¢2 + 2taqr),

Hy = pips — p1ai — 2p1g2 + P2ie + 1G5 + oty + ta(q1ge — p1) + o,
(Pi2)2 ¢ Ho = pi — pipaqi + P32 — 2010102 — P25 + 4105
+t1(q1g2 — p1) — ta(pra + G5 + qata) + apa,
(1.12)
Hy = P} + p1ip2 — P14 + P21z — P2 — tip1 + tapage + aqz + B,
(Prv)2 R Ha = pipaqi — 2p1page — P2 + D214
+pagoty + ta(p1p2 — P2a3 + P2gata) + (D1 — q1G2 + gata) o — Bpo,
(1.13)
respectively, with arbitrary parameters a, 3 € C. These systems will be obtained
from the case (II) g = sl(2,C), n = 3 in Section 4. In our method, such Hamiltonian
PDEs are obtained if there are several Hamiltonian systems written in Lax form
(1.7), and if there are several parameters satisfying (1.8); such parameters will be
replaced by distinct times tq, 29, .
We will find other 4-dimensional Painlevé systems with Hamiltonian functions

Hiap0 = —plq — 2p1G; + 2p1ga — 2P1Page — 2P2q1Go
+(2p1q1 + 2p2q2)t + (202 + 263)q1 + 282p1 + 2053p2, (1.14)
Hi1a12) = D1—Ds— 2010142 — p2gs + 28302 + 2B5¢1 + pot, (1.15)
73 11 1
Heosgrove = —4pipa — 2p5q1 — ﬁQf + §Q%92 — 5613
%) (8% 2

" ( —) : 1.16
a1 48 Q1 + 6 1 ( )

where «;, 5; € C are arbitrary parameters (the subscripts for parameters are related
to the weighted degrees so that the Hamiltonian functions become quasihomoge-
neous, see below). The first two systems will be also obtained from the case (II).
As far as the author knows, these systems have not appeared in the literature. The
last one Hcosgrove Will be obtained from the case (III) g = so0(5,C), n = 1 in Section
5. If we rewrite the system as a fourth order single equation of ¢; = y, we obtain

1
y" = 18yy" +9(y')* — 24y° + 16t + ay(y + ;o). (1.17)

This equation was given in Cosgrove [8], denoted by F-VI, without a proof that
it has the Painlevé property. Since this system is obtained as the isomonodromic
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deformation equation in this paper, this equation actually enjoys the Painlevé prop-
erty. In his paper [8], it is conjectured that this equation defines a new Painlevé
transcendent (i.e. it is not reduced to known equations). Another expression of the
Hamiltonian function of the same system is

18 2 9 9

~ 180 8 8
Heosgrove = 2p1p2 — 1—3293611 BT 1—3(]%% +6¢5 —8qit + §Oé2(ﬁ’ + o7 241 (1.18)

The corresponding Hamiltonian system is also reduced to (1.17).
Note that all of the Hamiltonian functions above are polynomials in both of the
independent variables and the dependent variables. Furthermore, they are semi-

quasihomogeneous functions. In general, a polynomial H(z1,---,x,) is called a
quasihomogeneous polynomial if there are integers aq,--- ,a, and h such that
H(A\zy, - A"x,) = N'H (2q,- -+, ) (1.19)

for any A € C. A polynomial H is called a semi-quasihomogeneous if H is decom-
posed into two polynomials as H = H” + HY, where H” satisfies (1.19) and HY
satisfies

HYN X2y, - A%2,) ~ o(A"),  |A] = oc.

The integer wdeg(H) := h is called the weighted degree of H with respect to
the weight wdeg(zq, -+ ,x,) = (a1, - ,a,). For example, if we define degrees
of variables by wdeg(q,p,t) = (2,3,4) for Hy, wdeg(q,p,t) = (1,2,2) for Hy and
wdeg(q,p,t) = (1,1,1) for Hyy, then Hamiltonian functions have the weighted de-
grees 6,4 and 3, respectively (Table 1). The weights for four dimensional systems
above are shown in Table 2. In this paper, these weights are naturally obtained
from a suitable definition of weights of entries of a matrix X, € g, and the spectral
parameter . In particular, the weights of the Hamiltonian functions are closely
related to the exponents of simple Lie algebras because the Hamiltonian functions
are essentially Ad-invariant polynomials of simple Lie algebras. See Chiba [2, 3, 4]
for the detailed study of the weights of the Painlevé equations.

[ [ wdeg(q.p,t) [ wdeg(H) |

P (2,3,4) 6
Py (1,2,2) 4
PIV (17 17 1) 3

Table 1: Weights for two dimensional Painlevé equations.

2 Settings

2.1 Lie-Poisson structure on g,

We define a multi-Poisson structure on a certain Lie algebra following Magri et.
al [12, 13, 14, 15]. Let (g,[-, -]) be a simple Lie algebra over C. Consider the set
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| | wdeg(q1,p1, g2, p2) | wdeg(ty, ta) | wdeg(Hy, Hy) |

(P1)2 (2,5,4,3) 6,4 8,10
(Pr.1)2 (1,4,3,2) 4,2 6,8
(Pr1.2)2 (1,3,2,2) 3,2 5,6
(P ) (1,2,1,2) 2,1 4,5
H(llgo) (1,1,2,0) 1 3
H_14,12) (—1,4,1,2) 2 4
Hcosgrove (2,5,4,3) 6 8

Table 2: Weights for four dimensional Painlevé equations.

of g-valued polynomials of degree n
On ‘= {X,\ = Xo)\n—l-Xl)\n_l—F—FXn’XZ Eg}, (21)
with the indeterminate A. The bracket defined by

(X0 Yale = [Xo, Yol + A([Xn, Yooi] + [Xoo1, Vo) 4 - - -
FA" ([Xo, Vo] + [X1, Y] + - + [ X5, Y0))

introduces the structure of a Lie algebra on g,. Note that [X),,Y)], coincides with
[X,Y)] expanded in A and truncated at degree n.

It is known that the dual space g* of any Lie algebra g is equipped with a
canonical Poisson structure called the Lie-Poisson structure. If a nondegenerate
symmetric bilinear form n : g x g — C is defined on g, it induces a Lie-Poisson
structure on g. For functions F,G : g — C, the Poisson bracket on g is defined
by {F,G}(X) = n(X,[VF(X),VG(X)]), where VF(X) € g is defined through
(dF)x(Y) = n(VF(X),Y). To give the Lie-Poisson structure on g,, we define a
nondegenerate symmetric bilinear form n on g,, by

n(Xy, Yy) : ZTr XY, i)
by which g, is identified with its dual. For a smooth function F' : g, — C, define
the gradient VF € g,, through (dF)(Y)) = n(VF,Y,), and define V,F € g by
VE = (Vo)A + (V  F)A" -+ Vo F.
Using them, the Lie-Poisson bracket on g, is given by

{F.G}o = n(Xy,[VF, VG],)
= Tr(Xo:[VoF,VoG]) + Tr (X; - ([VoF, V1G] + [V1F, VoG])) +
FT(X,, - ([VoF, VoG] + - - + [V F, VoG]))
= —Tr(VoF - ([Xo, VoG] + [ X1, ViG] + - - + [ X, V,,.G))) —
TVt F - (X1, VoG] + (X, ViG])) = Te(VoF - [Xo0, VoG]).

6



The Poisson tensor (bivector) Py : T*g, — T'g, is defined so that
{F,G}o = dF (PydG) = (VF, PdG) = > Tr(ViF - (PydG);).
i=0
This implies

—(PodG)y = [Xo, VoG] + [X1, ViG] + - - + [X,, V,.G]

—(PodG)ny = [Xn_1, VoG] + [Xn, ViG]
—(PydG)y = [Xn, VoGl

The following expression is useful

[(Xo, -] [Xu, -] -+ [Xn,~]) ( VoG
Py dG — — : :
[Xn—la ] [Xna ] Vn_lG
[Xn, -] V.G
G

[VOG7 XO] + [VlGa Xl] 4+ [vn 7Xn]
- : . (2.2)
[VOG7 anl] + [VlGJ Xn]
VoG, X,

It is also represented as a matrix as follows. Let A = A(X) be a representation
matrix of the mapping

T'g(~g) —g, dG—[X,VG], G:9g—C, Xeg

with respect to some coordinates on g (here VG is the gradient on g). By the
definition, —A is a Poisson tensor of the Lie-Poisson structure on g. Since A(X) is
linear in X, A(X)) is expanded as A(X)) = A"A(Xp) + A" TA(X)) + - - + A(X,).
Putting A(X;) = A;, I is represented as an (n + 1)dim(g) x (n + 1)dim(g) matrix

AO e Anfl An
A, - A,
Po=—1 . . (2.3)
A,
In what follows, suppose dim(g) = d, rank(g) = h and let my,--- ,my be ex-
ponents of g. Let (y1, -+ ,yq) be coordinates on g. It is known that the Casimir

functions of the Lie-Poisson structure on g (i.e. a function ¢ satisfying {F, ¢} = 0
for any F': g — C) are the Ad-invariant polynomials denoted by ;(y1,- - ,ya), i =
1,--+, h, and they satisfy deg(y;) = m; + 1.
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Let z; := (zj1,- -+ ,2;4) be coordinates on the j-th copy of g (coordinate expres-
sion for X;) and (zo,--- ,x,) coordinates on g,. We define the weighted degrees of
variables to be

wdeg(z;) = wdeg(zj,) = j, wdeg(\) = 1. (2.4)

Then, X, is quasihomogeneous (homogeneous in the weighted sense) of wdeg(X)) =
n. Substituting y, = g A" —|—x17a/\”*1 + 4Ty o nt0 @i (Y1, -, ya) and expanding
it in A\ provide
Cilyr, s ya) = @io(o, ) AT 4y (g, -+ w ) AT 4
"+90i,(mi+1)n(x07"' al‘n)a 1= ]-) 7h7

which defines polynomials ¢; ; on g, satisfying

deg(y;;) =m; + 1, wdeg(pi;) = J. (2.5)
Proposition 2.1.
(i) @i depends only on (zg,---,z;) for 0 < j<n—1.
(i1) ©ij(To, T1, 5 Tn) = Gi(m41n—j (Tns++ , T1, To).
(ili) For each i, j, o, the derivative 0y; jyi/0%y o is independent of k =0,--- ., n.
(iv) For each 7, j, the gradient Vj; j1i is independent of k =0,--- ,n
(v) For each i, j, k, the equality

agpz, j+k—1 6902, l
ZA J ZAZ axjo = (2.6)

holds.
(vi) The Casimir functions of the Lie-Poisson structure P, on g, are

Pi,(m;+1)n—7>s 221, 7ha jZO, y 1L
Proof. (i) and (ii) follow from the definition of ¢; ;.
(iil) For yo = > p_g A" "2y o, we have

(mi+1)n
)\(mi+1)n7j§0i,j

0p; 0xpq O
0Ya Yo 0T o

(ms+1)n
— 2 P\ j+k (p’hj
8371904

manrk

— Z Nman—jtk iy

8x;m

For the last equality, we used Part (i) combined with Part (ii). Thus we obtain

6901 Z A\ ]a(pld-i-k
aya 8!Ek NeY



Since the left hand side is independent of k, so is each coefficient of A™"~J in the
right hand side. Part (iv) immediately follows from (iii).

(v) The first equality is a consequence of Part (iii). Since ¢;(y) is a Casimir
function of the Lie-Poisson structure on g, Adp; = 0, where A is a matrix defined
before. Substituting y = >_;_, A" *z;, yields

Opi - S g Otk
0 = A= =\"Ag+ \N"TA +-- -+ A,) Y NminTIThEE
= Z )\mm—j-&-n—lAl 8901'7]4]9
- Oxy,
75l
m;n—+l n ago '
- Z Amer”_jZAzﬂ-
=1 1=0 Oz
This proves the second equality of (v).
To prove (vi), it is sufficient to show
Ag -+ A Ap 380z‘,(mi+1)n—j/8330
Al tee An 8802',(7774‘—1-1)n—j/axl o
An a@i,(mi-i—l)n—j/axn

for j =0,--- ,n. This is verified with the aid of Part (v). O

Example 2.2. For g = sl(2,C), we have d = 3,h = 1 and m; = m; = 1. Denote a
general element X, € g, as

X, = NMXg+ N1 X+ 4+ X,

— )\n(uo UO)+)\n—1(u1 U1)++<un Un>'
Wo —Up wy —Uw Wp —Un

Let (u;,v;,w;) be coordinates on the j-th copy of g and (ug, vo, wo, - , Up, Uy, W)
coordinates on g,. Then,
10F OF 0
2 (9uj (911)]- Uj _wj
VjF = oF 19F 3 Aj = —Vj 0 2’&]'
- [ wj —2’U/j 0
(%j 2 8’&]'

The Casimir function on g is given by ¢; = ¢ = w®> + vw. Then, the functions
@i ; = @; are defined by expanding

(Nug + -+ + )+ (N + -+ v,) (Nwo + -+ - + w,,)
in A\. This gives

@j:Z<UkUZ+UkUJ[>, ]:0,,2n
k+i=j



Note that they are coefficients of —det X,. The Casimir functions of g, are given
by ¢; for j =mn, -, 2n.

2.2 Multi-Poisson structure on g°

In general, a manifold M is called a bi-Poisson manifold if

(i) there are two Poisson brackets { , }pand{ , };, and
(ii) the linear combination { , }o+¢{ , }1 is also a Poisson bracket for any
teC.

See [12, 13, 14, 15] for applications of bi-Poisson manifolds to integrable systems.
Here, we introduce a bi-Poisson structure on g, following [13]. The shift operator
X\ — X, defines an automorphism of g, with a parameter ¢ € C. It induces a
deformation, denoted by { , };, of the Lie-Poisson bracket { , },. Let

{ . h={ ., Yo+t{ . h++"" , Jaa+--

be its expansion. Magnano and Magri [13] proved that each { , }; (i =0,--- ,n+
1) and their any linear combination satisfy the axiom of a Poisson bracket. Hence,
g» has n + 2 compatible Poisson brackets and it becomes a multi-Poisson manifold.
Their Poisson tensors are

0 0 0 e 0
0] A4 -4, - —A4,
b= : : . ’
0 _An—l _An
0| —-A,
ol o ... 0 0 )
0 Ap
Poi=101A - Ay , k=1, ,n—1,
0 —Aps1 —A,
0 A,
0] 0 0 0
0 Ay
p—|0 A A
0] Ay -+ Ana An

(P is the same as before). Let g° be a submanifold of g,, defined by zy = constant;

g0 = {X) = Xo\"+ X;\" 1+ + X, | X = constant} C g,,. (2.7)
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Since the first row and column of Py,---, P, are zero (i.e. x9 = (zo1, " ,%0.4)
are Casimir functions of them), the restrictions of them on g define a multi-Poisson
structure on g%, whose brackets and tensors are again denoted by ({ , }i, B).
The tensors are given by

_Al _A2 Ce _An
Pl = )
_Anfl _An
_An
Ao
- AO . Akfl B B
Pry1 = A - —A, | k=1,---,n—1,
_An
Ao
Ao Ay
Pn+1 = .
AO An—2 An—l

Fori=1,---,hand j=1,---,(m; + 1)n, define functions ¢, ; on g by

wi,j<x17 e 73771) = Spi,j‘g% = Qpi,j’xozconstant-

(we do not define v; o because ;o is constant on g2).

Proposition 2.3.

(i) Casimir functions of Py are ¢;; (i =
j=mmn+k+1mn+k+2 -, (m+ 1)n.
(ii) Casimir functions of the combination AP,y — Py, are v, ; (1 = 1,---,h) for
j=12,--- k—landfor j=mn+k+1mmn+k+2 -, (m;+1)n, and

1,---,h) for j = 1,2,---  k and for

)\minwi,k + )\minilwi,k+1 + - wi,min+ka (2 = 17 ) h)

(iii) Let F : g% — C be a smooth function. The differential equation for the vector
field (APgi1 — Py)dF is expressed in Lax form as

d
0= (X5, ViF], Xo=A"Xo+ A" X+ + X,

(iv) Define the function G, ; to be

Gigj=— ()\jilwi,k + N P ggn 4+ %’,kﬂel) .
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Then, the equality
Pk+1d1/%,k+j = Pkdwi,kﬂ'—l = ()\PkJrl - Pk)dGi,k,j

holds for : =1,--- ,h, 7 =1,--- ;myn and k = 1,--- ,n. In particular, the vector
field Py41d; 1+; is independent of k and the equation for it is expressed in Lax form
as

d

X\ = [Xy, ViG],

dt A [ Ay Vk 7k7]]

(v) The vector fields Pyi1di; jqj fori =1,--- Jhand j =1,--- ,m;n commute with

each other (note that it is zero when j ¢ {1,--- ,m;n}).

Proof. (i) and (ii) can be verified by a straightforward calculation with the aid of
Prop.2.1 (v). To prove (iii), note that the vector field Py dF is written as

[X07 ] VIF
[X[), ] [Xk:—ly ] V;;F
Py dF =
bt —[Xitr, -] =X ] Vil 7
_[Xm ] VnF

and similarly for P.dF. Using them, write down the equation of X; for the vector
field (APyy1 — Pg)dF'. For example, the equation for X is dX;/dt = \[Xo, Vi F] —
[Xo, Vi—1F]. Summing up the equations of A" 77X proves the desired result.

(iv) Since A™™p; . + -+ + 4+ Vi ik 18 the Casimir of APy — Py, we have

(APrt1 — Po)dN™ ™ + N M pin 4+ Yimunsr) = 0.

Expanding this yields the first equality. The second equality is confirmed by a
straightforward calculation.

(v) Due to Part (iv), we can assume that & = n. Because of the property
[Ppy1dF, P, 11dG) = P,.1d{G, F'} of a Poisson bracket (the left hand side is the Lie
bracket for vector fields), it is sufficient to show the equality {¢i j/,; ;}nt1 = 0 for
i,i'=1,--- ,hand j,7 =1,--- (m; + 1)n. When j = 1,--- n, it is trivial because
1; ; is the Casimir of P, ;. Next, we have

{4 g+ AT e A Vit mank s i
= (d\""i i + N i e e+ Vit mintk) s Prardibing;)
= (O™ ik + N o1+ Yrmintk) > Pepardiigg )
= (A" irge + X gy - biminak) , AP — Pr)dGig)
= —(dGirj, (APes1 — Po)d(XN™ i + X" Wi jn + -+ + i munir)) = 0.

This provides

{¢i’,ka ¢i,n+j}n+1 == {¢i’,min+k7 ¢i,n+j}n+1 - 07
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forany k =1,--- ,nand any j = 1,--- ,myn, which completes the proof. [

Theorem 2.4. Suppose that the constant xy for the definition of g° is chosen
so that the functions {1;,};; are functionally independent. Then, the vector field
Py 1d; 15, which is independent of £, is completely integrable in the Liouville sense
for any ¢ and j.

Proof. Recall dim(g) = d and rank(g) = h. Thus, dim(g®) = nd. Since Py
has nh Casimir functions, the dimension of a symplectic leaf S of Py is n(d — h).
On the leaf S, the vector fields {Py1d;k+;}i; define n(d — h)-dim Hamiltonian
systems, among which nonzero vector fields are fori =1,--- ;hand j =1,--- ,m;n.
Further, these nonzero vector fields commute with each other and they are linearly
independent due to the assumption. The number of the nonzero vector fields is

Z m;n = %(dim(g) — rank(g))n = %n(d —h)= %dim(S).

i=1

Hence, the Liouville theorem shows that the vector fields are integrable. [

In what follows, we suppose the above assumption; the constant xg for the def-
inition of g¥ is chosen so that the functions {v;;};; are functionally independent.
That is, the differentials {dv); ;},; ; are linearly independent except for finite points.

2.3 Symplectic reduction
The next purpose is to perform a symplectic reduction [12, 13, 14, 15].
Lemma 2.5. The h dimensional distribution D defined by

D = span{Pydi; |i=1,--- ,h}

is integrable in the Frobenius sense. The vector fields Pydv; are linear for i =
1, h.

Proof. The first statement follows from Prop.2.3(v). Since Pydi;, is independent
of k, we obtain Ppdi; , = Pidi;;. Since wdeg(v;1) = 1, diy; is a constant, while
P is linear in (1, ,x,). O

The differential equation for Pydi;, = Pidi;, is given by

d
EXA = [X\, V1Giaa] = [V, X
Since V11,1 is independent of A, this is decomposed as
@ = Vi, X, k=1
- = ,15 ’ =L n.
P 1Vi1, Xk
In coordinates, it is expressed as
dxy, Oiq
—=-A : k=1,---,n. 2.8
dt k axl (.231), ) y TV ( )

13



Let us consider the orbit space 7 : g% — ¢°/D, which is a smooth manifold if
points on gY at which dim(D) < h is removed if necessary. The Marsden-Ratiu
reduction theorem states that the orbit space g, / D is again a multi-Poisson manifold

with compatible Poisson tensors denoted by Pl, . Pn+1 They are defined by

P, =mPor*. Let {, }x and {, }2 be Poisson brackets associated with P, and P,
respectively. For a function F on g? which is constant along each integral manifold

of D, a function F on 92 /D is well-defined through For=nF=F. Conversely,
for a function F' on 92 /D, we can find a function F on g which is constant along

D, such that F om = F. Then, { , }, is given by {F, G}, om = {F,G}».
Because of Prop.2. 3(v), ¥,  is constant along each integral manifold of D and

the projection % j is well-defined. The projected vector field is given by Pkdwz j =
7T*<Pkd¢z j)
It is convenient to realize gn 0/D as a submanifold of gn Let 0:¢%/D — g° be a
smooth section. The image o(g% /D) is a submanifold of g° which is diffeomorphic to
g% /D. In Prop.2.6(iii) below, g° /D is identified with a submanifold in this manner.

Proposition 2.6.

(i) Casimir functions of ﬁk;—i—l are Jw (¢=1,---,h) for j =1,2,--- ,k+ 1 and for
j=mn+k+1mn+k+2--, (m+ 1)n.

(ii) Casimir functions of the combination APy, — P are Jw (¢ =1,---,h) for
j=1,2,--- kand for j=mm+k+1,mn+k+2,---,(m;+ 1)n, and

A i AN T e 4+ Vi, (= 1,00+ R).

(iii) For a smooth function F : g°/D — C, there exist scalar-valued functions

Bi,- +, Bu: g0 /D — C such that the equation for the vector field ()\Pk+1 — Pk)dF
is expressed in Lax form as

. oo N N o N
EX)\ = [Xy, Vi F] — ;Bi[XA7V1¢i,1] = [X\, Vi F — ;@Vﬂﬂm],

where )?A = XA'g%/D and Vkﬁ = (VkF)|g%/D.
(iv) Define the function G, ; to be

éi,k,j = - (Aj_llzi,k + Aj_2izi,k+1 +- 4+ Ji7k+‘j_1) )
Then, the equality
ﬁk—rld%’,kﬂ' = deigz’,k—i—j—l = ()\ﬁk-i-l - ﬁkz)dézkj
holds fori=1,--- ,h, j=2,--- ,mmand k=1,--- ,n.

(v) The vector fields ]Bkﬂd%,kﬂ fori=1,---,hand j =2, ---,m;n commute with
each other (note that it is zero when j ¢ {2,--- ,m;n}).

14



Proof. (i) zz” forj=1,--- kand j=mn—+k+1,---,(m; + 1)n are Casimir of
P41 because they are Casimir of Pyq. For v; 541, we have

{F, i1 Yoot = {F i1 Yors = (dF , Poprdibigsr) = (Pedibig)(F).

The right hand side becomes zero because F' is constant along D.

(i) The first statement (on ¢ ) is trivial because they are common Casimir of
Pk+1 and Pk The last function A™"~ 11/1 k+1 + -+ is a projection of the function
given in Prop.2.3(ii).

The results of (iv) and (v) are projections of those of Prop.2.3(iv) and (v).

To prove (iii), g% /D is identified with a submanifold of g° as above. Put F = 7 “F.
We have to Calculate the projection of the vector field [X, Vi F| onto g% /D (see
Prop.2.3(iii)). At first, we restrict the domain to g% /D as

(X0, VieFllgo /0 = [Xalgo/p, (ViF)|go/p] = [X,\,VkF]

Since this is not tangent to T'(g2 /D), we calculate the projection of it according to
the decomposition T'g? = T'(g°/D) & D. Then, (iii) follows from the fact that the
distribution D is spanned by the vector fields of the form [Xy, Vi;1]. O

2.4 Isospectral deformation to isomonodromic deformation

Now we have (m;n — 1)h distinct vector fields on g2 /D

J=2: ﬁld";;i,Z == ﬁk—&-ldlzz‘,k—&—? == ~n+1d%’,n+2
J=17: Pld@/)m == Pk+1d¢z’,k:+j == n+1d¢i,n+j
J=min: ﬁld%’,mm == ﬁk—&-ldJLk—i—min == ~n+1d{/;i,(mi+1)n

They are (nd — h)-dimensional integrable systems. For fixed k, a symplectic leaf of
the Poisson structure P is given by a level surface of Casimir functions as

Sy = {1;2] = «; j (constant) |
Restricted on the symplectic leaf, the vector fields become (nd—nh—2h)-dimensional
completely integrable Hamiltonian systems of the form
d ~
dt X/\ = [X)\,A)\} on Sk, (29)

Ay = Vkéi,k,j - Z @'Vl%,l-
i=1

§k+1d7;i,k+j :

15



Both of X and A,\ depend on parameters {e; ;}; ; which define the symplectic leaf.

Thus, we write X, as X ,\(t «), where a denotes the collection of parameters o ;.
Now suppose that there exists a parameter oy ;» such that the following condition
holds

X L 0Ay
A 2.10
S (ta) =N (2.10)
for some integer [. Eq.(2.9) is put together with Eq.(2.10) to yield
(‘955)\ 85(:)\ laA)\
W(t, Oé) + aai,’ ( ) {X)\, A)\] + AN —= a)\

Define the Lax matrix L, by

1 =
L>\ = ﬁXA(t Oé)
where the parameter a; ;s satisfying the condition (2.10) is replaced by ¢. Then, the
above equation is rewritten as

dLy 0Ay
dt N

which is known as the isomonodromic deformation equation. It is known that a sys-
tem written as the isomonodromic deformation equation enjoys the Painlevé prop-
erty. The function 1); ;; restricted on S, will be a Hamiltonian function of the
Painlevé equation after replacing a; ;» — t and changing to Darboux’s coordinates
if necessary.

For ABCD-type simple Lie algebras, the dimensions of Painlevé systems obtained
in this manner are summarized in Table 3. In particular, the dimension is 2 when
g = slp,n = 2, and it is 4 when g = slo, n = 3 or g = so5, n = 1. From the
next sections, we will demonstrate our method for these cases. In particular, the
Hamiltonian functions shown in Sec.1 will be obtained.

’ ‘ ‘ dimension ‘hzl‘hzZ‘ h=3 ‘

il =t

= [Ly, Ax] + (2.11)

Ap(h>1) | sl nh>+nh—2h |[2n—2|6n—4|12n—6
Br(h > 2) | 509,41 2nh? — 2h — 8n—4 | 18n—6
Cr(h =3) | sy, onh? — 2k - — 181 -6
Dh(h > 4) 509 2nh? — 2nh — 2h — — —

Table 3: The dimensions of Painlevé systems.

3 2-dim Painlevé equations: g = sly, n =2

In this case, a general element of g, is written by

_ 2 [ W Vo Uy U Uy Vo
X=A (wo —u0>+)\<w1 —u1)+(w2 —U2)'
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The Painlevé equation obtained by our method depends on a choice of xy = (ug, vo, wp).
We consider the following two cases.

o ()= (5 %) a (o =08

From the former case, we will obtain the second and fourth Painlevé equations
P11, Prv, and from the latter one, we will obtain the first and second Painlevé equa-
tions PI, PH.

3.1 Case (I)

In this case, the functions 1;; = v, (since h = rank(g) = 1, we omit the subscript
i) are given by

Y1 = 2w

wg = 2UQ + u% + viwy

wg = 2u1u2 + Vw1 + V1Wo
'Lb4 = u% + VaWs.

(see Example 2.2). The differential equation (2.8) defining the distribution D is
ui; = 0, v = 2v;, w; = —2w; for j = 1,2. This is solved as a function of w; as

uy = Uy, ug = Uy, vy = Va/wy, vy = V3/wy, wy = Wiwy,

where Uy, Us, Vo, V3, Wy are integral constants (initial values at wy = 1), for which
the subscripts are given so that they are consistent with the weighted degrees (for
example, since wdeg(vow;) = 2 + 1 = 3, the weighted degree of V3 is three). This
relation defines a coordinate transformation

(uh U1, Wy, U2, V2, ’U)g) = (Ula ‘/27 Wh, U27 %7 Wl)

In the new coordinates, integral manifolds of the distribution D are straight lines
along wj-axis. In particular, the subset {w; = 1} C g2 gives the realization of
the orbit space g/D as a submanifold and (Uy, Vs, Uy, V3, W1) provides a global
coordinate system of g°/D.

At this stage, we have on g% /D

Yy =20,

s = 201Uy + Vs + ValWy
¢4 — U22 + ‘/3W17

and three Poisson structures P (Casimirs are 7:[;1, 7:53 , 5,2;4)’ b, (CNasimirs are {/;1, JQ, 124),
Py (Casimirs are 11,19, 13), and vector fields Pydy, = Pydis = Pydiys which are

17



expressed as the Lax equation d.X /dt = [Aj, X A], where
> 1 0 U, Vs U Vs
)2 1 2 2 3
Snfo M) ) (i ).

(1 0 U, Vi W, 0
w=alo B) (0 )= (0 )

The next purpose is to restrict the vector fields on a symplectic leaf. We will
consider Pgdw and Pgdwg separately (Pldwg will not be considered because there
are no parameters satisfying (2.10)).

(i) Consider the vector field ]33d@Z4. For the Poisson tensor Pj, a symplectic leaf is
defined by the level surface {¢; = constant, j =1,2,3}. In order for the condition

X, 0A\ (1 0 ) (3.1)

oo ox  \0 -1

to be satisfied, we find that U; in X A has to include a parameter o which will be
replaced by ¢ later. For this purpose, we take the symplectic leaf

S ={2U, =0, 2U; + U + Vi = 20y, 2U,U; + Vs + VoW, = as}.

Hence, we put Uy =0, Uy = ay —V5/2, V3 = ag— VoW, and (V3, W) gives a global
coordinate system for the symplectic leaf. Then, it turns out that X A satisfies the
condition (3.1) with @ = a3 on the symplectic leaf. Finally, by replacing ay by t,
we obtain the isomonodromic deformation equation (2.11) with

10 0 V. E=Va/2 as— VoW

__ )2 2 2 3 2VV1

=2 (0 —1)+A<1 0)*( Wy —(t—vg/z))’
(10 Y

AA_A(O —1>+< 1 Wl)'

The Poisson tensor f’g on the symplectic leaf with coordinates (V5, W) is given by

~ 0 2

B, = (_2 0) |
To change to Darboux’s coordinates, we put Vo = —2py, W, = ¢;. Then, 133 becomes
the canonical symplectic matrix. In the coordinates (gi,p2), the isomonodromic

deformation equation is a Hamiltonian system. The Hamiltonian function ’lZ4 for
the vector field Psdi, is written as

vy = U+ VW
(t —V2/2)* + (a3 — VaWy) W,
= pg + Qprz + 2tpy + azqy + 2.
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This is reduced to the Hamiltonian function (1.3) of the second Painlevé equation
by a certain coordinate change and the isomonodromic deformation equation (2.11)
is equivalent to the second Painlevé equation.

(ii) Consider the vector field ﬁgd@g. For the Poisson tensor 132, a symplectic
leaf is defined by the level surface {¢; = constant, j = 1,2,4}. In order for the
condition

22 =, (3.2)

a_)?A DA, 1 0
O o\

to be satisfied, we find that U; in X » has to include a parameter o which will be
replaced by t later, and the other components of X, cannot include a. For this
purpose, we take the symplectic leaf

S = {2U, = 2ay, 2Us + Ui 4+ Vo = ap + a3, Ui + VaW; = ay}.
This relation is rewritten as
U=, Voa=ay—2U0,;, V3= (044 - U22)/W1'

By substituting them, X, satisfies the condition (3.2) with @ = ay. Finally, by
replacing ay by ¢, we obtain the isomonodromic deformation equation (2.11).

The Poisson tensor P, on the symplectic leaf with coordinates (Us, W7) is given

by
5 o O W1
B (—m ' )
For Darboux’s Coordinateskwe put Us = p1qy — B2 and Wy = ¢;, where [, is an

arbitrary constant. Then, P, is transformed to the canonical symplectic matrix. In
the coordinates (g1, p1), the isomonodromic deformation equation is a Hamiltonian

system. The Hamiltonian function 13 for the vector field ﬁgdiZg is written as

vy = 200U, + V3 + VoV
= 2tU2 + (Oé4 — UQZ)/Wl + (Oég — 2U2)W1

044—622

= —piq — 2p1@} + 2tpiqy + 2Bop1 + (o + 2B9)qy — 269t + .
1

We choose the free parameter 35 to be ay = 2 so that the Hamiltonian becomes a
polynomial. This is the Hamiltonian function (1.4) of the fourth Painlevé equation
up to some scaling. The isomonodromic deformation equation (2.11) is equivalent
to the fourth Painlevé equation, where

L 0 t ax+20 —2piqa L (pign — B2 —pigs +2B2p1
Ly=A\ + + < ,
A 0 —1) (1 —t A 7 (P11 — P2)
_ L0 t—q ay+208:; —2piqa
AA_A(O —1)*( 1 —(t—q) )
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3.2 Case (II)

In this case, the functions 1); ; = 1; are given by

U1 =1

77/}2 = u% + vy + V1w

¢3 = 2U1U2 + Vw1 + V1Wse
Yy = U3 + vows.

The differential equation (2.8) defining the distribution D is v} = —v;, v} = 0, w; =
2uj for j = 1,2. We can assume without loss of generality that v, = 1 by a
suitable scaling of variables (indeed, v; is a common Casimir of Pj, P, P3). Thus,

the equations are solved as a function of u; as
v =1, v =V, up = Vouy + Us, wy = —uf + Wa, wy = —Voui — 2Usuy + Wi,

where V3, Uz, Wy, Wy are integral constants (initial values at u; = 0). This relation
defines a coordinate transformation

(u17w17u27v27w2> — (ula W27 U37 ‘/27W4)-

In the new coordinates, integral manifolds of the distribution D are straight lines
along uj-axis. In particular, the subset {u; = 0} C g% gives the realization of the
orbit space g2 /D and (W, Us, Vo, W) provides a global coordinate system of g® /D
restricted to v; = 1.

On g°/D, we have functions

P =1

¢2 Vo + Wa
¢3 VoWsy + Wy
1/14 U3 + VoW,

and three Poisson structures P, (Casimirs are @Zzl, @Dg w4) Pg (Casmnrs are 1/11, 1[)2, w4)
P3 (Casimirs are ¢1,¢2,¢3) and vector fields P3d1/14 = Pgdw;), = Pldwg which are
expressed as the Lax equation dX, /dt = [Ay, X,], where

> 00 0 1 Us V.
_ )2 3 2
Xa=A (1 0)+)‘(W2 o)*(m —U3>’
00 0 1 0 0
= (5 0)+ (o) o)
The next purpose is to restrict the vector fields on a symplectic leaf.

(i) Consider the vector field f’gd@. For the Poisson tensor ]53, a symplectic leaf
is defined by the level surface {t); = constant, j =1,2,3}. For the condition

X, 0A, <0 0)

- 10

i (3:3)
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we find that W, in X A has to include a parameter a. To this end, we take the
symplectic leaf as

S:{{/;lzL 1;2:‘/2+W2:O, 1;3:‘/2W2+W4:Oé4}.

Hence, we put Vo = —W,, W, = ay+ W2, so that (W5, Us) gives a global coordinate
system on the leaf. Then, X, satisfies the condition (3.3) with a = ay. Finally, by
replacing ay by ¢, we obtain the isomonodromic deformation equation (2.11) with

0 0 0 1 Uy —W.
—_ )2 3 2
Iy=2 (1 0)+>‘(W2 0>+<t+W22 —U3)’

0 0 0 1
AA_A<1 0)+(2W2 0)

The Poisson tensor f’g on the symplectic leaf is given by

~ 0 1

P3 - <_1 0) )
which is already in canonical form. On the symplectic leaf, the function 124 is written
as

Gy = U+ VaWy=UZ — W} —tWy.
This is the Hamiltonian function (1.2) of the first Painlevé equation (up to some
scaling) and the isomonodromic deformation equation (2.11) coincides with the first
Painlevé equation.
(ii) For the vector field J%d{b},, we again obtain the second Painlevé equation and
the detailed calculation is omitted.

4 4-dim Painlevé equations: g =sly, n =3

In this case, a general element of g, is written as

X/\_)\:s(uo UO)+)\2<U1 Ul)+)\(u2 U2)+(U3 U3>'
Wy —Ug w1, —Up W2 —U3 w3 —Us
For the definition of g%, we again consider the following two cases.
u v \_ (1 0 u vy _ (00
(I) (wo —U0>_(0 —1)7 (II) (wg —Uo)_(l O>

From the former case, we will obtain Hamiltonian functions (1.12),(1.13),(1.14), and
from the latter one, we will obtain (1.10),(1.11),(1.15).
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4.1 Case (I)

In this case, the functions 1; ; = ¢; (since h = rank(g) = 1, we omit the subscript
i) are given by

()1 =2y
77[)2 = QUQ + U% + viwq
Y3 = 2uqug + 2uz + vowy + Viwe
g = U3 + 2uqug + v3wy + Vaws + ViwW3
Vs = 2UgU3 + V3Ws + Vaws
[ Y6 = u% + v3ws.

The differential equation (2.8) defining the distribution D is v} = 0, v} = 2v;, wj =
—2w; for 7 = 1,2,3. This is solved as a function of w; as

up = Uy, ug = Uy, us = Us,

vy = VaJwy, vy = V3/wy, vy = ViJwy, wy = Wiwy, ws = Wawy,

where Uy, Us, Us, Vo, V3, Vy, W1, Wy are integral constants (initial values at w; = 1).
This relation defines a coordinate transformation

(Ul, U1, W1, U2, V2, W2, U3, V3, w3) — (Ul7 ‘/27 Wwr, U27 ‘/37 W17 U37 ‘/47 WQ)

In the new coordinates, integral manifolds of the distribution D are straight lines
along wj-axis. In particular, the subset {w; = 1} C g2 gives the realization of
the orbit space g°/D as a submanifold and (Uy, Va, Us, V3, Wy, Us, Vi, W) provides
a global coordinate system of g¥/D.

At this stage, we have on g% /D

( {/;1 =20,
Uy = 2Us + U2 + Vs
?:UV3 = 204Uy + 2U3 + V3 + VoIV,
by = 20,Us + UZ + Vi + VaWs + V5W1,
s = 2UsUs + VW, + VsW,

[ Vs = U32+V4W27

and two vector fields

Pydips = Pydipy = Pydis,
Pydipy = Pydi)s = Pydif,.

The differential equations of these vector fields are expressed in Lax form as

0X ~ . 0X _
—— =4, X)], 7;:[AQ,)Q], (4.3)
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respectively, where
(S 1 0 U, V; Uy, Vi Us 'V,
_\3 2 1 2 2 3 3 4
X/\_)\ 0 -1 +A 1 —U1 +A W1 —U2)+(W2 _US)’

(10 U, v\ (W0
Al_A(o 1)\ - 0 - )

1 0 U<V U, V. W, 0
_ 2 1 2 2 3\ 2
Az = A (0 —1)+A(1 —U1)+(W1 —U2> (0 —WQ)'

The next purpose is to restrict the vector fields on a symplectic leaf.

(i) Consider the pair of vector fields }N74dzz5 and }N74d126. For the Poisson tensor

ﬁ, a symplectic leaf is defined by the level surface {zzj = constant, j = 1,2,3,4}.
In order for the two conditions

0X, 94 (1 0 X, 94, . (1 0 UV
w‘m‘(o —1)’ do’ ~ _”(0 —1)+(1 ) WY

to be satisfied, we find that Usz in X, has to include a parameter «, which will be
replaced by t; later, and Us; and W5 have to include a parameter o/, which will be
replaced by ty later. For this purpose, we take the symplectic leaf

S = {12;1 =0, 12;2 = das, 1;3 = 203, QZ4 = aq + 4a3}.

Further, we change the coordinate as Wy = Wg + vy because Wy should include a
parameter. Then, the above relation for S is rearranged as

1 1 1
Ui =0, Uy =200 — Vs, U3 = a3 — V3 — VLW,
2 2 2
1 —
Vi=oy +asVy — 4_1‘/22 — VoW, — VsWi.

Substituting them into X A A1 and Ag, we can verify the condition (4.4) with o = a3

and o/ = ap. By replacing az, as by t1, to, respectively, we obtain the isomon-
odromic deformation equations
OL) 0A, OL, 0A,
—= =[A, L —, —=1[As L — 4.5
g, —AuDl+ 5o g = e L+ 5 (4.5)

which are equations of (Va, V3, Wi, Wg) with two independent variables t1,t; ,where

( 1 0 0 Vs o, — LV Vi

_1\3 2 2 2 2 2 3
Ly=A (o —1)+A (1 0)+A( W, —(2@—%1/2))
ty— Vs — WaWy ay + Vo — V2 — VW, — VW,

+ fipt 9
Wo + 19 —(t1 — %V?) — %%Wl)

(10 W,V
Al_A(o —1>+( 1 W1>’
1 0 0 V. ty — LV, — W Vi
Ay = N2 + A 2)+ 27272 2 s ).
’ (0 _1) <1 0 Wi —(ty — Vo — Wh)
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The Poisson tensor ﬁ4 on the symplectic leaf written in the coordinates (V5, V3, Wi, /_WVQ)
is given by

0 0 0 2
~ 0 0 20
P4_0—200

-2 0 00

The above two isomonodromic deformation equations can be written as Hamilto-
nian systems. The Hamiltonian functions of these equations are obtained by deleting
Uy, Us, Uz, Vy from 15 and g by using the aboveNrelations, and changing to Dar-
boux’s coordinates by a scaling so that the above Py is transformed to the canonical
symplectic matrix. In this manner, we obtain Hamiltonian functions (1.12) of (Pyyz)s
given in Sec.1.

(ii) Consider the pair of vector fields ﬁgd@l; and ﬁgd{/%. For the Poisson tensor

P, a symplectic leaf is defined by the level surface {¢); = constant, j = 1,2, 3,6}.
For the two conditions

85@_ 0A; 1 0 3)~(A_ 0Ay o (1 0 Ur Wy
a0 A) G (o L) (T ) e

we find that U; in X A has to include a parameter «, and U; and W, have to include
a parameter o/. For this purpose, we take the symplectic leaf

S = {1 = dan, ¥s = 205 + 602, Py = az + dai (s + a?), U6 = ag}.
Further, we change the coordinate as W; = Wl + 4. Then, the above relations for
S yield
1 __
Uy =2ay, Uy =as+aj — §V2, Vs = ag — 2U3 — VolWy + a1 Vs,
‘/4 = (Oéﬁ — UBQ)/WQ

Substituting them into X A, A1 and As, we can verify the condition (4.6) with o = ay
and o/ = a;. By replacing ag, ay by t1, ty, respectively, we obtain the isomon-
odromic deformation equations (4.5), which are equations of (Vg,Wh Us, W) with
two independent variables tq,t,. The Poisson tensor ]33 on the symplectic leaf ex-
pressed in the coordinates (V5, Wl, Us, W) is given by

0 2 0 0
~ 20 0 0
Ps = 0 0 0 W,

0 0 =W, 0

To change to Darboux’s coordinates, put

(VQ,Wl, Us, Ws) = (2p1, q1, q2p2 — B3, p2),
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where (3 is an arbitrary parameter. In the new coordinates, we obtain

(4.7)

O = O O

Therefore, the two isomonodromic deformation equations (4.5) are Hamiltonian sys-
tems in thls coordinate system. The Hamiltonian functions are obtained by deleting
(U1, Us, V3, Vy) from ¢4 and 1/)5 and by changing to the coordinates (p1, q1, p2, g2). It
is easy to verify that if we set 82 = ag, then two functions become polynomials,
which give Hamiltonian functions (1.13) of (Pryv)2 given in Sec.1.

(iii) Consider the pair of vector fields Edig and ﬁgd'{/}/zl. For the Poisson tensor

ﬁg, a symplectic leaf is defined by the level surface {1); = constant, j = 1,2,5,6}.
In this case, we cannot find an integer [ and a parameter o’ such that the condition

0%, 04
oo’ o\
holds. Hence, we impose only one condition
OXy  L04, L, [(1 0
g N ax N o - (48)

For it, U; in X A has to include a parameter . To this end, take the symplectic leaf

S = {h =201, Uy = 205+ a3, U5 = as, P = ag}.
This is rearranged as

Uy = a1, Vo =2ay —2U,, V3= (a5 —20,Us — VyW1)/Ws,
Vi = (a6 — U3)/Wa.

Substituting them into X, and Ay, we can verify the condition (4.8) with o = .
By replacing oy by ¢, we obtain the isomonodromic deformation equation

0Ly 0A,

ot = AL+ oN

The Poisson tensor ﬁg on the symplectic leaf with coordinates (Us, Wy, Us, W3) is
given by

O Wl 0 W2

ﬁ o —W1 O —WQ O
27 0 W, 0 0
W, 0 0 0
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To change to Darboux’s coordinates, put

(Uy, Wy, Us, Ws) = (p1gq + p2g2 — B2, 1, p1G2 — B3, G2),

where (5 and (3 are arbitrary parameters. In the new coordinates (g1, p1, g2, P2), 23
is reduced to the same form as (4.7). The isomonodromic deformation equation is
a Hamiltonian system whose Hamiltonian function is 13 written in this coordinate
system. It is easy to verify that if we set ag = 7 and a5 = 23»03, then 13
written in the coordinates (g1, p1, g2, p2) becomes a polynomial. In this manner, the
Hamiltonian function (1.14) given in Sec.1 is obtained.

4.2 Case (II)

In this case, the functions 1; ; = 1; are given by

( (R
wg = U% + vy + v1wy
wg = 2U1UQ + V3 + VoW1 + V1W2
1/)4 = u% + 2U1U3 + V3w + VaWo + V1W3
Y5 = 2ugug + V3w + Vw3
[ Y6 = u% + v3ws.

The differential equation (2.8) defining the distribution D is v} = —v;, v} = 0, w); =
2uj for j = 1,2,3. We can assume without loss of generality that v; = 1 by a
suitable scaling of variables. These equations are solved with respect to u; as

v =1, w; = —U% + Wa, ug = Vouy + Us, v = Vo, wy = _‘/QU% — 2Usu; + Wy,
uz = Viuy + Us, v3 = Vi, wy = —Vyu — 2Usuy + W,

where Wy, Us, Vo, Wy, Us, Vi, Wy are integral constants (initial values at u; = 0).
This relation defines a coordinate transformation

(U'l) w1, U2, V2, W2, U3, U3, wS) — (u17 WQa U37 ‘/27 W47 U5a ‘/4; WG)

In the new coordinates, integral manifolds of the distribution D are straight lines
along uj-axis. In particular, the subset {u; = 0} C g% gives the realization of the
orbit space g° /D as a submanifold and (W, Us, Va, Wy, Us, Vi, Ws) provides a global
coordinate system of g° /D restricted to v; = 1.

On g°/D, we have functions

( QZI -1
¢2 Vo + Wy
¢3 Vi+ Wi+ VaWy
Ya = UF + W + VaWa + Vil
¢5 = 2U3Us + VoW + VW,
\ ¢6 U5 + V4W67
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and two vector fields (4.1), (4.2) expressed in Lax form (4.3) with

(= 0 0 0 1 Us Vi Us V.
— )3 2 3 2 5 4
e (3 p) e, o) () (i 5)

0 0 0 1 00
Al—A(1o w, o)_ V, 0)°

0 0 0 1 Us V 0 0
— )2 3 2\
e (o) oo o)+ G ) - (0 0)

The next purpose is to restrict the vector fields on a symplectic leaf.

(i) Consider the pair of vector fields }N74dzz5 and }N74d126. For the Poisson tensor

ﬁ, a symplectic leaf is defined by the level surface {zzj = constant, j = 1,2,3,4}.
In order for the two conditions

X, 94 [0 0 X\, 04, [0 0 0 1
oo (o) wemen(e) (o) oo

to be satisfied, we find that Wy in X A has to include a parameter o, which will be
replaced by t; later, and W, and V, have to include a parameter ', which will be
replaced by 5 later. For this purpose, we take the symplectic leaf

S:{{/a:l, 22220, 1;3:30447 1;42046}-

Further, we change the coordinate as Wy = W4 + 2ay. Then, the above relation for
S is rearranged as

‘/QZ—WQ, ‘/42044—W4+W22, W62046—U§+2W2W4—W23+044W2.

Substituting them into X, A; and A,, we can verify the condition (4.9) with o = ag
and o = ay. By replacing ag, ay by t1, t2, respectively, we obtain the isomon-
odromic deformation equations (4.5), which are equations of (W3, Us, W4, Us) with
two independent variables t;,t,. The Poisson tensor P, on the symplectic leaf writ-
ten in this coordinate system is given by

0 0 0 1
~ 0 0 -1 0
Pr = 0o 1 0 W
-1 0 -W, 0

To change to Darboux’s coordinates, put

(W27U3,/M74, Us) = (q1,p2, 92, p1 + p2h)-

Then, ]54 is transformed to the canonical symplectic matrix. In the coordinates
(q1, 1, G2, P2), the above two isomonodromic deformation equations are Hamiltonian
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systems. The Hamiltonian functions are obtained by deleting V5, Vy, Ws from QZ5
and g by using the above relations, and changing to Darboux’s coordinates. In this
manner, we obtain Hamiltonian functions (1.10) of (P;)2 given in Sec.1.

(ii) Consider the pair of vector fields ﬁgd@@ and ﬁgd’l:;& For the Poisson tensor

P, a symplectic leaf is defined by the level surface {{ﬁvj = constant, j = 1,2,3,6}.
For the two conditions

X, 0A, [0 0\ 90Xy 94 _,[(0 0 0 1

we find that W, in X A has to include a parameter o, and W5 and V5 have to include
a parameter o/. For this purpose, we take the symplectic leaf

S = {1;1 — 1, Uy = 39, U3 = ay+ 3a3, e = a0}

Further, we change the coordinate as V5 = ‘N/Q + . Then, the above relation for S
is rearranged as

Wy = 205 — Vo, Wy = oy +aj — Vs —Vi+ Vi, Ws = (a9 — UZ)/Va.
Substituting them into Xy, 4; and As, we can verify the condition (4.10) with o = ay
and o/ = ay. By replacing ay, as by t1, to, respectively, we obtain the isomon-

odromic deformation equations (4.5). The Poisson tensor P; on the symplectic leaf
written in the coordinates (V3, Us, V4, Us) is given by

0 1 0 0

~ -10 0 0

P3_OOO—V4
0 0V, 0

To change to Darboux’s coordinates, put

(‘f727 U37 ‘/217 U5) = (p?;qQaplac.lel - @5),

where a5 is an arbitrary parameter. Then, ]33 is transformed to the canonical sym-
plectic matrix. In the coordinates (q1, p1, g2, p2), the above two isomonodromic defor-
mation equations are Hamiltonian systems. The Hamiltonian functions are obtained
by deleting Wy, W, Wg from 4 and 15 by using the above relations, and by chang-
ing to Darboux’s coordinates. It is easy to verify that if we set ajg = a2, then two
functions become polynomials. In this manner, we obtain Hamiltonian functions
(1.11) of (Prr1)2 given in Sec.1.

(iii) Consider the vector fields ﬁQd’(Zg and ﬁgdl;;;. For the Poisson tensor ]52, a
symplectic leaf is defined by the level surface {t¢); = constant, j =1,2,5,6}. In this

case, we cannot find an integer [ and a parameter o’ such that the condition
0X) _ 1042
oo’ O\
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holds. Hence, we impose only one condition

Xy 041 L, [(0 0

For it, W5 in X A has to include a parameter a. To this end, take the symplectic leaf

S = {% =1, QZQ = (o, JL% = Qs, TZG = o}

This is rearranged as
W = ay = Vo, Wy = (ag — 2UsUs — VaWe) /Va, W = (a0 — UZ)/Va.

Substituting them into X, and A;, we can verify the condition (4.11) with o = avs.
By replacing a4 by ¢, we obtain the isomonodromic deformation equation
0L 0A
— = A, L —_—.
ot [ 1, )\] + O\
The Poisson tensor ﬁg on the symplectic leaf with coordinates (Us, Vs, Us, Vy) is given
by

0 -V, 0 -V,
~ |V 0 v, o0
P2_0—1/400

Vi 0 0 0

To change to Darboux’s coordinates, put

(Us, V2, Us, Vi) = (@1 + p2g2 — Bs, D2, P1g2 — Bs, P1),s

where B3 and 5 are arbitrary parameters. Then, _ﬁg is transformed to the canonical
symplectic matrix. In the coordinates (q1, p1, g2, p2), the above isomonodromic defor-
mation equation is a Hamiltonian system. The Hamiltonian function is obtained by
deleting Wy, Wy, Wy from @Zg by using the above relations, and by changing to Dar-
boux’s coordinates. It is easy to verify that if we set a9 = 52 and ag = 23305, then
17;3 written in the coordinates (q1, p1, g2, p2) becomes a polynomial. This procedure
yields the Hamiltonian function (1.15) given in Sec.1.

5 4-dim Painlevé equations: g = so5, n =1

According to [9], we use the following representation for the Lie algebra g ~ so; of
type B

pi ¢ 1 s 0
ti Uy V; 0 S;
Xi = w; Xj 0 (5 —T;
yi 0 x —uo g
0 v —w & —p
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Consider the Lie algebra g; = {X)\ = AXo + X1 | X; € g >~ so05}. For the definition
of g7, we only consider the following case

0

o O O

OO = OO
o= O OO
_ o O O O
o O O oo

(i.e. g =ty = 1 and zeros otherwise). The purpose in this section is to derive
the Hamiltonian (1.16) for Cosgrove’s equation. The other choice of Xy may yield
different Painlevé systems. Note that n = 1,rank(g) = h =2, m; = 1 and my = 3.
We have the following functions

( 2/11,1 = —2¢q; — 21,
Y10 = —2q1t1 — ui — 2011 — 2511
o = —25y
oo = g — 251t + 2qv1 — 48124
o3 = 2¢7t 4 2q1t1v1 + 2510wy — 4s1tmy + 210121 — 28127 — 2q18141 + 251010
2/12,4 = Q%t% — 2qiu v wy + 2q131w% + 2q1t1v121 + 251Uu1w1 24
—2s1t12% — 2q1s1tyn — 2qu0iyn + 251018051 + S5,

\

which are coefficients of the characteristic polynomial det(u — X).

We solve the differential equations for the two dimensional distribution D as func-
tions of (py, 1) with the initial condition (qi, s1, t1, uy, v1, wy, 1, y1) = (Q, S, T, U, V,W, X, Y)
at (p1,71) = (0,0). The expressions of solutions are too long and omitted here. These
solutions define a coordinate transformation

(pla7’17Q17517t1>U17U17whl’layl) = (plvrla Q7S7 T7 U7 V7 W7 X7 Y)

In the new coordinates, integral manifolds of the distribution D are plains which
are parallel to the (pi,r;)-plain. In particular, the subset {p; = r; = 0} C g gives
the realization of the orbit space g¢/D as a submanifold and (Q, S,T,U,V,W, X, Y)
provides a global coordinate system of g¢/D.

At this stage, we have on g{/D

( Prq=—2Q -2V
1o =—2QT —U? —2VX —2SY
a1 = —28
Voo = Q? — 28T +2QV — 45X
| o3 = 2Q%T +2QTV + 2SUW —4STX 4 2QV X — 25X2 — 2QSY + 25V,

and the vector field ﬁgdizzg, whose Casimir functions are 1;171, JLQ, 72271 and 7}272. The
corresponding differential equation is expressed in Lax form as dX,/dt = [A,, X,],
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where

0 00O0@PO 0 @ 0 S 0
1 00 0O T U V 0o S
Xa=A101 000+ W X 0 Vo 01,
00100 Y 0 X -U Q
00010 oY -wW T 0
Ay = Avl% 1+ V1¢22 +(V-Q) 1?/)1 1+ % - 1% 1
0 0O 0 0 O 0 O
_ 0 0O 0 0 O 0 O
Viggpo=| 0 0 0 0 0|, 1¢1 1= 0 - 0 01,
-2 0 000 0 0 2 0 0
0 -2 0 0 0 0 0 -2 0
0 —28 0 0 0
N 20Q+V) 0 —48 0 0
Voo = —2U 20) 0 —45 0
—2(T +2X) 0 2Q 0 —25
0 —2(T+2X) 2U 2Q+V) 0

The next purpose is to restrict the vector field on a symplectic leaf. For the Pois-
son tensor P, a symplectic leaf is defined by the level surface {¢); ; = constant, i, j =
1,2}. In order for the condition

0 0 000
= 0 0 000
X A
%—%—00000 (5.1)
@ -2 0 00 0
0 -2 00 0

to be satisfied, we find that Y in X » has to include a parameter o which will be
replaced by ¢ later. For this purpose, we take the symplectic leaf

S = {152,1 = —2, 1;1,1 = —2ay, IZM = —2a4 + a3, 121,2 = dag — 2a20 }.
This is rewritten as

1
Szl, Q:OCQ—V, T:Oé4—2X—§V2,

1 1
Y = =205 — U = SV? = 3VX + 2V + 205X + V.
Substituting them into X, and A,, it turns out that the condition (5.1) is sat-
isfied with @ = a. Finally, by replacing o by ¢, we obtain the isomonodromic

deformation equation (2.11). The Poisson tensor P, written with respect to the
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coordinates (U,V,W, X) is already in the canonical symplectic matrix. Thus, the
isomonodromic deformation equation is a Hamiltonian system with the Hamiltonian
function v, 3 written in the coordinate system (U, V, W, X). Since this expression is
too complicated, we further introduce the symplectic transformation

(U, V, W, X)

( L ;2 ( LB ) tler L 2( L1 )%)
= —« — — - —Q5 — — —ag)).

P2, 41 8% yai 13172 q1 1342) q2 3T 182 T 13 q1 1842

Then, the Hamiltonian function (1.18), which is equivalent to (1.16), is obtained.
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