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Abstract

A Hopf bifurcation in the Kuramoto-Daido model is investigated based
on the generalized spectral theory and the center manifold reduction for
a certain class of frequency densities. The dynamical system of the order
parameter on a four-dimensional center manifold is derived. It is shown
that the dynamical system undergoes a Hopf bifurcation as the coupling
strength increases, which proves the existence of a periodic two-cluster state
of oscillators.

1 Introduction

Collective synchronization phenomena are observed in a variety of areas such
as chemical reactions, engineering circuits and biological populations [13]. In
order to investigate such phenomena, a system of globally coupled phase
oscillators called the Kuramoto-Daido model [7]

do;
dt

K N
:MﬁN;f(ej—ei),z'=1,---,N, (1.1)

is often used, where 0; = 0;(t) € [0,2) is a dependent variable which denotes
the phase of an i-th oscillator on a circle, w; € R denotes its natural frequency
drawn from some density function g(w), K > 0 is a coupling strength, and
where f(0) is a 2m-periodic function. The complex order parameter defined
by

re .=

N
e =1 (1.2)
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Figure 1: Collective behavior of oscillators. The points represent the quan-
tities €’ in the complex plane. r is the magnitude of the average of them.

is used to measure the amount of coherence in the system; if r is nearly
equal to zero, oscillators are uniformly distributed (called the incoherent
state), while if > 0, the synchronization occurs, see Fig. 1.

In this paper, the continuous limit (thermodynamics limit) of the follow-
ing model

K N
d9 . NZ sin(6; — 6;) —l—h~Sin2((9j—9i)), (1.3)

will be considered, where h is a parameter which controls the strength of the
second harmonic. For the continuous limit of the system, a Hopf bifurcation
from the incoherent state to the two-cluster periodic state will be investigated
based on the generalized spectral theory.

It is known that when the frequency density g(w) is an even and unimodal
function, the transition from the incoherent state to the partially synchro-
nized state occurs at the critical coupling strength K = K. = 2/(7g(0)). In
Chiba [2, 3], this result is proved based on the generalized spectral theory
[4] under the assumption that g(w) has an analytic continuation near the
real axis. With the aid of the generalized spectral theory, it is proved that
the order parameter is locally governed by the dynamical system on a center
manifold as
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Figure 2: Bifurcation diagrams of the order parameter for (a) f(6) = siné
and (b) f(f) = sinf + hsin26. The solid lines denote stable solutions, and
the dotted lines denote unstable solutions.

for h # 0, where C' is a certain negative constant. As a result, a bifurcation
diagram of r is given as Fig.2. When A = 0, the synchronous state emerges
through a pitchfork bifurcation, though when h # 0, it is a transcritical bi-
furcation. Our method based on the generalized spectral theory is applicable
to any coupling function f(0) (cf. Eq.(1.1)), however, a bifurcation scenario
strongly depends on a balance of its Fourier coefficients. Thus, we consider
only the coupling function of the form (1.3) for simplicity.

The purpose in this paper is to investigate a Hopf bifurcation of the
system (1.3) under certain assumptions for the density function g(w). In
particular, the dynamics of the order parameter on a center manifold will be
derived. For this purpose, we need five assumptions (A1) to (A5) given after
Section 3. Here, we give a rough explanation of these assumptions.

(A1) We assume that h < 1 so that sinf is a dominant term in the coupling
function.

(A2) We assume that the density g(w) of natural frequencies is an analytic
function near the real axis. This is the essential assumption to apply the
generalized spectral theory.

(A3) We assume that at a bifurcation value K = K, a pair of generalized
eigenvalues of a certain linear operator obtained by the linearization of the
system are at the points +7y. on the imaginary axis. Furthermore, such a
pair is unique and they are simple eigenvalues.

(A4) We assume that as K increases, the pair of generalized eigenvalues
transversally crosses the imaginary axis at the point +iy. from the left to
the right.

(A5) Assume that g(w) is an even function.

It seems that (A3) and (A4) are satisfied for a wide class of even and
bimodal densities g(w) as long as the distance of two peaks are sufficiently
far apart, though we do not assume explicitly that g(w) is bimodal. The



main results in the present paper are stated as follows;

Theorem 1.1 (Instability of the incoherent state).
Suppose (Al) and g(w) is continuous. There exists a number € > 0 such that
when K, < K < K.+ ¢, the incoherent state is linearly unstable, where

2
79(Ye)

and y, is a certain real number, see (A3) above.

Theorem 1.2 (Local stability of the incoherent state).
Suppose (A1) and (A2). When 0 < K < K, the incoherent state is linearly
asymptotically stable in the weak sense (see Section 4 for the weak stability).

Theorem 1.3 (Bifurcation).
Suppose (A1) to (Ab). There exists a positive constant ey such that if K. —
gg < K < K.+ ¢ and if an initial condition is close to the incoherent
state, the dynamics of the order parameter is locally governed by a certain
four dimensional dynamical system on the center manifold given in Section
6. At K = K, the system undergoes a Hopf bifurcation and when K. <
K < K.+ ¢p, h <0 and Re(p2) < 0 (see below), the system has a family of
asymptotically stable periodic orbits.

(i) Suppose h = 0. On the family of stable periodic orbits, the complex
order parameter 7; defined in Section 2 is given by

—Re p1

m(t) =24 ——2VK — K.e” cos(y.t + O(K — K,)) + O(K — K_),

Re(p2)

where p; and p, are certain complex constants explicitly given in Section 6,
and # € R is an arbitrary constant specified by an initial condition. (The
assumption (A4) implies Re(p;) > 0; i.e. —Re(p1)/Re(p2) > 0.)

(i) Suppose h < 0. On the family of stable periodic orbits, the complex
order parameter 7); is given by

m{t) = ~25 7 Relpn) (K — Ko e cos(yt + O(K — K) + O((K — K. ),

where p; is the same constant as (i).

The constants p; and py are determined only by the frequency density
g(w). The condition Re(ps) < 0 seems to be satisfied for most even and
bimodal densities. If Re(py) > 0, a family of unstable periodic orbits exists
when K, — g9 < K < K_; that is, a bifurcation occurs in the subcritical
regime, while the expression for 7, is the same as above. Similarly, if 0 <
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h < 1, a bifurcation is subcritical and a family of unstable periodic orbits
exists for K. — ¢y < K < K, see the right figure of Fig.2. This case looks
important because a hysteresis seems to occur.

In Martens et al.[9], the following bimodal frequency density defined as
the sum of two Lorentzian density

1 1 1
g(w)_%<(w—w0)2+1+(w+wg)2+1)’ (14)

is considered. They revealed the dynamics of the order parameter in detail
by using the Ott-Antonsen ansatz [12], though the ansatz is applicable only
when h = 0. The present paper extends their result for the case h # 0. For
this bimodal density, we can verify that K, = 4, y. = /w2 — 1, Re(p1) = 1/4
and Re(pz) = —4. Hence, there exists a family of stable periodic solutions
for both of h = 0 and h < 0, and unstable one for h > 0. See also Example
3.5 and Example 5.3.

Our physical motivation for considering a bimodal g(w) is as follows.
Recently, a study of multiagent systems that are formed by several groups
consisting of a large number of interacting elements becomes more and more
important. Such systems often show collective phenomena such as synchro-
nization and clustering. Typical examples of multiagent systems include
social sciences and biological systems. For instance, a system of interact-
ing two populations of fireflies, where each population inhabits a separate
tree, consists of two subgroups of oscillators. It has been shown experimen-
tally that synchronization arises between different neighboring visual cortex
columns.

In [1], [11] and [10], they considered the Kuramoto-type model with a
bimodal (or multimodal) frequency density for the model of such systems.
In particular, Mikhailov et al.[10] experimentally realized such a system by
using the electrochemical oscillators.

Let us consider two populations of coupled oscillators governed by the
Kuramoto model. Let g(w) be an even and unimodal density function. We
suppose that a natural frequency of one population is drawn from the function
g(w — 24), and a natural frequency of the other population is drawn from
Gg(w — ), where ; and €, are constants. For such a system, it is natural
to consider the Kuramoto model with the density function of the form

1. .
9(w) = 59w = Q) + glw = D)),
whose average is given by (€1 42)/2. This is a bimodal function if [Q; — Q|
is sufficiently large. Because of the rotation symmetry, a change of variables
0; — 0; + (21 + Q9)t/2 gives the same model, whose frequency density is
an even and bimodal function. For such a system, our main result implies



that under suitable assumptions shown in Theorem 1.3, there exists a stable
periodic two-cluster state. The velocities of them are approximately given
by y. + (1 + Q3)/2 and —y. + (21 + Q2)/2, respectively.

2 The continuous model

For the finite dimensional Kuramoto-Daido model (1.1), the [-th order pa-
rameter is defined by

N
R 1 0,
in(t) =+ Z el (2.1)
j=1
By using it, Eq.(1.1) is rewritten as
Byt K f) fin(tye "%, £(6) = f) fie'.
dt ’ l=—00 ’ l=—00

The continuous limit of this model is an evolution equation of a density

(0 9,
SEF g =0, pi=p(0w),
vi=w+ K Y fmi(t)e ™, (2.2)

l=—00
2w
m(t) := // e (0, w)g(w)dbdw.
\ rJo

Here, g(w) is a given probability density function for natural frequencies,
and the unknown function p; = py(f,w) is a probability measure on [0, 27)
parameterized by t,w € R. () is a continuous analog of 7;(¢) in (2.1). In
particular, ;(¢) is a continuous version of Kuramoto’s order parameter (1.2).
The trivial solution p; = 1/(27) of the system is a uniform distribution on
the circle, which is called the incoherent state (de-synchronous state). Our
purpose is to investigate the stability and bifurcation of the incoherent state
and the order parameter 7.
Define the Fourier coefficients

2
Z,(t,w) ;:/0 €99 (6, w) b,

Then, the continuous model is rewritten as a system of evolution equations

az; .. . ..
d—tj = ijZj + Z]Kfj?’]j + Z]KZ fﬂ]le_l. (23)
I1#]



The trivial solution Z; = 0(j = %1,+2,---) corresponds to the incoherent

state (Zp = 1 because of the normalization fo%pt(ﬁ,w)dﬁ = 1). In what
follows, we consider only the equations for Z;, Z,,--- because Z_; is the
complex conjugate of Z;.

3 The transition point formula and linear in-
stability

To investigate the stability of the incoherent state, we consider the linearized
system. Let L?(R, g(w)dw) be the weighted Lebesgue space with the inner
product

(6,0) = / ()@ g (w)dw.

We define a one-dimensional integral operator P on L*(R, g(w)dw) by

(Po)(w) = / H(w)g(w)dw = (6, Py) - Po(w), (3.1)

where Py(w) = 1 € L*(R, g(w)dw) is a constant function. Then, the order
parameters are written by

n;(t) = /RZj(taw)g(w)dw = (Z;, Ry) - Po(w) = PZ;. (3.2)

Hence, Eq.(2.3) is expressed as

z,
=L = (ijw + K f;P)Z, +ijK Y fi(PZ) 2. (3.3)
I#j

The linearized system around the incoherent state is given by

% = T,7; = (ijw+ijKf;P)Z;, j=12- (3.4)
where T; = ijw + ijK f;P is a linear operator on L*(R, g(w)dw). Let us
consider the spectra of 7;. The multiplication operator ¢(w) — we(w)
on L*(R,g(w)dw) is self-adjoint. The spectrum of it consists only of the
continuous spectrum given by o.(w) = supp(g) (the support of g). There-
fore, the spectrum of the multiplication by ijw lies on the imaginary axis;
o.(ijw) = ij-supp(g) (later we will suppose that g is analytic, so that o.(ijw)



is the whole imaginary axis). Since P is compact, it follows from the per-

turbation theory of linear operators [8] that the continuous spectrum of T

is given by o.(7};) = ij - supp(g), and the residual spectrum of 7} is empty.
When f; # 0, eigenvalues A of Tj are given as roots of the equation

1 1
/R/\ — Z,ng(w)dw = KT (3.5)

Indeed, the equation (A — 7})v = 0 provides

v=1jKf;(v, Py)(A — ijw) ' F.

Taking the inner product with Py, we obtain Eq.(3.5). If X is an eigenvalue
of Tj, the above equality shows that

u(w) = 5 —1ijw (3.6)

is the associated eigenfunction. This is not in L*(R, g(w)dw) when X is a
purely imaginary number. Thus, there are no eigenvalues on the imaginary
axis. Putting A = = + iy in Eq.(3.5) provides

T B —Im(f;)
| e = RSP

Y — jw _ Re(fj)
[Ex =g = TR

which determines eigenvalues of T;. In what follows, we restrict our problem
to the model (1.3), for which the coupling function is given by f(0) = sin +
hsin26. In this case, we have f; = 1/(2i), fo = h/(2¢) and f; = 0for j # 1,2.
The spectrum of the operator T; for j # 1,2 consists only of the continuous
spectrum on the imaginary axis. 77 and 75 also have the continuous spectra
on the imaginary axis. Further, they have eigenvalues determined by the
equations

x 2
b= 87
/R%g(w)dw =0,
and 5
/w? Fy—p =g 5.3

Yy — 2w
dw =0
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respectively. Eq.(3.5) for j = 1 is given by

A — iw

D)) = /R ! g(w)dw:%. (3.9)

The next lemma follows from formulae of the Poisson integral and the Hilbert
transform. See [14] for the proof.

Lemma 3.1. Suppose g(w) is continuous. Then, the equality

1
; (n) = (—1)"nl- 1 - -
,\Ji%lﬂ'yD ) (=1)"n! ,Hl}r%lﬂy R(A—z’w)"“g(w)dw
1 1
= —. i ™) (w)d.
" )\H}rI(I)IJriy R)\—iwg (w)de
1 .
= o (7" ) —inH]g"™ ()

holds for n = 0,1,2,---, where A — +0 + ¢y implies the limit to the point
iy € iR from the right half plane and H|[g| denotes the Hilbert transform
defined by

Hlgl(y) = —1p~V-/ gl + y)de
m R W
—1y ol d
= aggo/g S (9ly +w) =gy —w)) dw.

Lemma 3.2. Suppose K > 0. Then,
(i) If an eigenvalue A of T} exists, it satisfies Re(A) > 0.
(i) If K > 0 is sufficiently large, there exists at least one eigenvalue A near
infinity on the right half plane.
(iii) If K > 0 is sufficiently small, there are no eigenvalues of T7.

See [3, 5] for the proof.

Eq.(3.7) combined with Lemma 3.1 yields

. x 2
lim /}Rﬁg(w)dw =7m9(y) = 7

240 Y —w)
. Yy—w _ _
Jim [ o) = 7)) = O

Let y1, 42, - - - be roots of the equation H|g|(y) = 0, and put K; = 2/(mg(y;)).
The pair (y;, K;) describes that some eigenvalue A = \;(K) of T} on the
right half plane converges to the point iy; on the imaginary axis as K —
K;+0. Since Re(A) > 0, the eigenvalue A;(K) is absorbed into the continuous

9



spectrum on the imaginary axis and disappears at K = K. Suppose that y.
satisfies sup,{g(y;)} = g(y.) and put

K. = inf{K;} = (3.10)

7g(ye)

In what follows, A.(K') denotes the eigenvalue of T} satisfying A. — +0 + iy,
as K — K.+ 0 (y. and A\, may not be unique). The following formulae will
be used later.

Lemma 3.3. The equalities

‘ . 2
Diin) =, Iy, D)= -

o2
dK |k=r.  K2D'(iy,)
hold.

Proof. The first one follows from Eq.(3.9) and the definition of (y., K.). The
derivative of Eq.(3.9) as a function of A gives

—2 dK
D\ = —-_".
) iK (V)2 dX

This proves the second one. [J

The eigenvalues of T, satisfy the same statement as Lemma 3.2. The
limit * — +0 for Eq.(3.8) provides

X h
xlfilo/Rx? +(y— Qw)zg(“’)dw =5m9(y/2) = 2
. Y — 2w _ 1 B
mli}IErlO/RxQ + (y — 2w)? (w)dw = STH|g|(y/2) =

Let y1, Yo, - - - be roots of the second equation, and define K](-z) = 2h/(mg(y,/2))

and K = inf; { K ](2)}. In what follows, we assume the following;
(A1) h < 1.

It is easy to verify that this condition is equivalent to K, < K®. This
implies that the eigenvalue A\, of T} still exists on the right half plane after all
eigenvalues of T, disappear as K decreases. In other words, as K increases
from zero, the eigenvalue A, of T} first emerges from the imaginary axis before
some eigenvalue of T, emerges.

10



Theorem 3.4 (Instability of the incoherent state).

Suppose (A1) and g(w) is continuous. If 0 < K < K, the spectra of operators
Ty,T,, - - - consist only of the continuous spectra on the imaginary axis. There
exists a small number € > 0 such that when K. < K < K.+¢, the eigenvalue
A. of T exists on the right half plane. Therefore, the incoherent state is
linearly unstable.

This suggests that a first bifurcation occurs at K = K, and the eigenvalue
A of T plays an important role to the bifurcation.

Example 3.5. It is known that if g(w) is an even and unimodal function,
there exists a unique eigenvalue on the positive real axis for K > K,.. Since
we are interested in a Hopf bifurcation in this paper, let us consider the
following bimodal frequency density defined as the sum of two Lorentzian

density [9]
1 1 1
gw) =5 <(w S + CEE 1) : (3.11)

where wg > 0 is a parameter. When ¢”(0) > 0 = wy > 1/\/§, it is a bimodal
function. The equation Hlg|(y) = 0 has at most three roots given by

y1 =0, 92:\/0%%—1, y3:—\/wg_1-

Among them, y, and y3 exist only when wy > 1. Otherwise, the eigenvalue
uniquely exists on the positive real axis as in the unimodal density case. In
what follows, we assume wy > 1. Since g(0) < g(y2) = g(y3) = 1/(27), y.
and K, are given by

2
Y=t Jwi—-1, K.= = 4.
0 79(Ye)

Eq.(3.9) is calculated as

A+1 2

by = A+124w? K (3.12)
This shows that there are at most two eigenvalues on the right half plane
for each K. The motion of the eigenvalues A = A(K) as K increases is rep-
resented in Fig.3 (a). When K < K. = 4, there are no eigenvalues. At
K = K, a pair of eigenvalues \.(K.) = +i\/wi — 1 pops up from the con-
tinuous spectrum on the imaginary axis. At K = 4wy > K., two eigenvalues
collide with one another on the real axis. For K > 4wy, there are two eigen-
values on the positive real axis. One of them goes to the left side as K
increases, and it is absorbed into the continuous spectrum and disappears at
K =2/(mg(0)) > 4wy. The other goes to infinity on the positive real axis as
K — oo. Later we will show that a Hopf bifurcation occurs at K = K..

11
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Figure 3: (a) The motion of the eigenvalues as K increases for the density
(3.11). The imaginary axis is the continuous spectrum. (b) The motion of the
generalized eigenvalues as K increases from zero for (3.11). The imaginary
axis is a branch cut of the Riemann surface of the generalized resolvent. The
dotted curve denotes the path of the generalized eigenvalue on the second
Riemann sheet. See Section 5 for the detail.

4 Linear stability

When 0 < K < K., there are no spectra of operators 17,715, -+ on the
right half plane, while the continuous spectra of them exist on the imaginary
axis. Hence, one may expect that the incoherent state is neutrally stable.
Nevertheless, we will show that the order parameter is asymptotically stable
in a certain sense. For this purpose, we need the following assumption. Let
0 be a positive number and define the stripe region on C

S(0) :={z€C|0<Im(z) <d}.
We assume that

(A2) The density function g(w) has an analytic continuation to the region
S(6). On S(0), there exists a constant C' > 0 such that the estimate

l9(2)] < z€5(9) (4.1)

L+ |2
holds.

Let H, be the Hardy space: the set of bounded holomorphic functions
on the real axis and the upper half plane. It is a subspace of L*(R, g(w)dw).

For ¢ € Hy, set ¢¥*(2) := ¢ (2).

12



A function f; € L*(R, g(w)dw) parameterized by ¢ is said to be convergent
to zero in the weak sense if the inner product (f;, 1*) decays to zero as t — oo
for any ¢ € H,. Note that Py € H, and the order parameter is written as
m(t) = (Z1, Py) = (Z1, Py). This means that it is sufficient to consider the
stability in the weak sense for the stability of the order parameter. The next
lemma plays an important role in the generalized spectral theory.

Lemma 4.1. Let f(z) be a holomorphic function on the region S(J). Define
a function A[f]()\) of A to be

ANW = [ o)

for Re(A) > 0. It has an analytic continuation A[f]()\) from the right half
plane to the region —0 < Re(\) < 0 given by

AlfI(N) Re(A) > 0
AP =4 i AU Re(y =0 4.2

ALFIN) + 27 f(—iX) —6 < Re()) < 0.
See [3, 5] for the proof.

It is known that the semigroup e’* of an operator T is expressed by the
Laplace inversion formula

1 Ty
e’ = lim — / M\ —T)7tad), (4.3)

y—=00 270 Jo sy,
for t > 0 (under a certain mild condition for 7" [15]). Here, z > 0 is chosen
so that the integral path is to the right of the spectrum of T (see Fig.4(a)).
Lemma 4.2. The resolvent of T} = 1w + i K f;P is given by
K fy
1 —iK fiD(\)

1

A=T)"o=N—iw) "o+ —

(A —iw) ™', Fo)

. (4.4)

Let A. be a simple eigenvalue of T7. The projection II. to the eigenspace of
A¢ 1s given by

1
Ao —iw’

¢ = (A —iw) ™', Po) (4.5)

See [5] for the proof.

13



Lemma 4.2 provides
(A =T1)""¢,0")

= (=) 0 4 T

1— inlD()\) (()‘ - iw>_1¢7 PO) ’ (()‘ - iw)—1w7 PO)a

which is meromorphic in A on the right half plane. Suppose ¢,v¢ € H,. Due
to Lemma 4.1, (A — T1) " '¢,%*) has an analytic continuation, possibly with
new singularities, to the region —0 < Re(\) < 0 (Lemma 4.1 is applied to
the factors D(M), (A —iw) o, ¥*), (A —iw) "1, Py) and (X —iw) 1, Ry)).
A singularity on the left half plane is a root of the equation

1 —iK fi(D(\) + 2mg(—i))) = 0. (4.6)

Such a singularity of the analytic continuation of the resolvent on the left
half plane is called the generalized eigenvalue (see Sec.5 for the detail).
Now we can estimate the behavior of the semigroup by using the analytic
continuation. We have
41y

1
Tt *) li - At A=T -1 * d\
(6 (ba w ) ygrolo 27i iy € (( 1) ¢7 w ) )

where the integral path is given as in Fig.4 (a). When ¢,¢p € H,, the

integrand (A — T1)'¢, 1*) has an analytic continuation to the region —§ <
Re(A) < 0 which is denoted by R(\).

Lemma 4.3. Fix K such that 0 < K < K.. Take positive numbers ¢, R
and consider the rectangle shaped closed path C represented in Fig.4 (b). If
e > 0 is sufficiently small, the analytic continuation of (A — T7) ¢, ¥*) is
holomorphic inside C' for any R > 0.

Because of this lemma, we have

z+iR —e—iR
0 = / (A —T1)1¢,w*)d>\+/ AMR(N)dA
z—iR —e+iR
iR iR—e
+ / (A =T1) "o, v )dA + / MR(A)dA
z+iR iR
—iR+x iR
+ / (A =T1) "¢, 0" )dA + / MR(N)dA.
—iR —e—iR

Due to the assumption (A2), we can verify that four integrals in the second
and third lines above become zero as R — oo. Thus, we obtain

1 —e+iR
(eTtp, 1p*) = lim — eMR(N)dA.

R—o0 271 _e—iR

14
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Figure 4: Deformation of the integral path for the Laplace inversion formula.

This proves |(e™'¢,1*)] ~ O(e ') as t — oo. We can show the same result
for the operators 15,753, - - - .

Theorem 4.4 (Local stability of the incoherent state).
Suppose (A1) and (A2). When 0 < K < K., (eTi'¢,9*) decays to zero
exponentially as ¢t — oo for any j = 1,2,--- and any ¢,v» € H,. Thus, the
incoherent state is linearly asymptotically stable in the weak sense.

See [5] for the detail of proofs of Lemma 4.3 and Theorem 4.4.

5 The generalized spectral theory

For the study of a bifurcation, we need generalized spectral theory developed
in [4] and applied to the Kuramoto model in [3] because the operator 77 has
the continuous spectrum on the imaginary axis (thus, the standard center
manifold reduction is not applicable). In this section, a simple review of the
generalized spectral theory is given. All proofs are included in [3, 4].

Let H, be the Hardy space with the norm

19]lm. = Sup0\¢>(2)!- (5.1)

Im(z)>

With this norm, H is a Banach space. Let H', be the dual space of H; the
set of continuous anti-linear functionals on H,. For p € H' and ¢ € H,
p(¢) is denoted by (1] ¢). For any a,b € C, ¢,¢ € H, and p,& € H',, the
equalities

(] ag +0y) = a(u] ¢) +blu|¥),
(ap +0€ | §) = alu] @) + (| d),
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hold. An element of H' is called a generalized function. The space H is a
subspace of L? = L*(R, g(w)dw) and the embedding H, < L? is continuous.
Then, we can show that the dual (L?)’ of L? is continuously embedded in H’, .
Since L? is a Hilbert space satisfying (L?)" ~ L? we have three topological
vector spaces called a Gelfand triplet

H, C L*(R,g(w)dw) C H',.

If an element ¢ € H, is included in L*(R, g(w)dw), then (¢ |1)) is given by
019) = (60.6") = [ S)v@ig(e)de
R

(the conjugate 1* is introduced to avoid the complex conjugate W in the
integrand). Our operator 7} and the above triplet satisfy all assumptions
given in [4] to develop a generalized spectral theory. Now we give a brief
review of the theory. In what follows, we assume (A2).

The multiplication operator ¢ — iw¢ has the continuous spectrum on the
imaginary axis; its resolvent is given by (A — iw)™!, and it is not included
in L?(R, g(w)dw) when A is a purely imaginary number. Nevertheless, we
show that the resolvent has an analytic continuation from the right half
plane to the left half plane in the generalized sense. We define an operator
A(N) : Hy — H'_, parameterized by A € C, to be

[ (A —iw)™re, ), Re(A) >0,
lim

ANG|0) = § reiit, (A=) 7607 Re() =0,

i)™
(

((A— i) ", 0")

| F2mo(—iAe(—iNg(~iA) 5 < Re(A) <0,

for ¢, € H,. Due to Lemma 4.1, (A(\)¢ | 1) is holomorphic. That is, A(\)¢
is a H! -valued holomorphic function in A. In particular, A()) coincides
with (A — iw)™! when Re(\) > 0. Since the continuous spectrum of the
multiplication operator by iw is the whole imaginary axis, (A — iw)™! does
not have an analytic continuation from the right half plane to the left half
plane as an operator on L?(R, g(w)dw), however, it has a continuation A(\)
if it is regarded as an operator from H, to H',. A(\) is called the generalized
resolvent of the multiplication operator by iw.

The next purpose is to define an analytic continuation of the resolvent of
Ty in the generalized sense. Note that (A —T})~! is rearranged as

A —iw—iKfiP) ™ = (A —iw) "o (id — iK fiP(A — iw) 1)~
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Since the analytic continuation of (A —iw)™! in the generalized sense is A()),

we define the generalized resolvent R(\) : Hy — H! of Ty by
RO\ == A(N) o (id —iK iP*AN))

where P* : H' — H'_is the dual operator of P. For each ¢ € H;, R(\)¢pisa
H' -valued meromorphic function. It is easy to verify that when Re(\) > 0, it
is reduced to the usual resolvent (A—T7)~!. Thus, R()\) gives a meromorphic
continuation of (A — T1)~! from the right half plane to the left half plane as
a H' -valued operator. Again, note that 77 has the continuous spectrum
on the imaginary axis, so that it has no continuation as an operator on
LA(R, g(w)dw).

A generalized eigenvalue is defined as a singularity of R(\), namely a
singularity of (id — i fyP*A(X)) ™"

Definition 5.1. If the equation
(id —iKfiP*AN))n =10 (5.2)

has a nonzero solution p in H! for some A € C, X is called a generalized
eigenvalue and p is called a generalized eigenfunction.

It is easy to verify that this equation is equivalent to

D(N) Re(\) > 0,
£ Re(lg)rg+oD(A) Re(A) =0, (5.3)

D(\) 4+ 2mg(—iX\) —d < Re(N) <0,

where we use f; = 1/(2i). When Re(\) > 0, this is reduced to Eq.(3.9).
In this case, p is included in L?(R, g(w)dw) and a generalized eigenvalue on
the right half plane is an eigenvalue in the usual sense. When Re(\) < 0,
this equation is equivalent to Eq.(4.6). The associated generalized eigen-
function is not included in L*(R, g(w)dw) but an element of the dual space
H' . Although a generalized eigenvalue is not a true eigenvalue of 77, it is an
eigenvalue of the dual operator:

Theorem 5.2 [3, 4]. Let A and i be a generalized eigenvalue and the as-
sociated generalized eigenfunction. The equality 77y = Au holds.

Let Ao be a generalized eigenvalue of 17 and vy a small simple closed curve
enclosing Ag. The generalized Riesz projection Il : H, — H, is defined by

M= —— [ RO

271 o
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Ke<K

Figure 5: The motion of the (generalized) eigenvalue as K decreases. When
0 < K < K,, it lies on the second Riemann sheet of the resolvent and it is
not a usual eigenvalue but a generalized eigenvalue.

Asin the usual spectral theory, the image of it gives the generalized eigenspace
associated with ).

Let A = A.(K) be an eigenvalue of T; defined in Sec.3. Recall that when
K. < K, )\ exists on the right half plane. As K decreases, A. goes to the
left side, and at K = K., \. is absorbed into the continuous spectrum on
the imaginary axis and disappears. However, we can show that even for
0 < K < K., \. remains to exist as a root of Eq.(5.3) because the right hand
side of Eq.(5.3) is holomorphic. This means that although A, disappears
from the original complex plane at K = K., it still exists for 0 < K < K, as
a generalized eigenvalue on the Riemann surface of the generalized resolvent
R(A). In the generalized spectral theory, the resolvent (A —T7)~! is regarded
as an operator from Hy to H', not on L*(R,g(w)dw). Then, it has an
analytic continuation from the right half plane to the left half plane as H’ -
valued operator. The continuous spectrum on the imaginary axis becomes
a branch cut of the Riemann surface of the resolvent. On the Riemann
surface, the left half plane is two-sheeted (see Fig.5). We call a singularity
of the generalized resolvent on the second Riemann sheet the generalized
eigenvalue.

On the dual space H' , the weak dual topology is equipped; a sequence
{un} C H', is said to be convergent to p € H, if (u,, | 1) € C is convergent to
(1| ) for each ¢ € H,. Recall that an eigenfunction of a usual eigenvalue A
of T is given by vy(w) = (A —iw) ™! (Eq.(3.6)). A generalized eigenfunction
1y of a generalized eigenvalue iy on the imaginary axis is given by

I 1
pa = _ lim .
A—+0+iy X\ — 1w’

where the limit is considered with respect to the weak dual topology. This
means that (uy |v) is defined by

(r ) = lim (— !

: = lim :
A—=+0+iy A — 1w %) A—=+0+iy Jp A — iw

Y(w)g(w)dw. (5.4)
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A generalized eigenfunction ) associated with a generalized eigenvalue A on
the left half plane is given by

(i) = [ o b@lg@)ds + 2mo(-iNg(-i0). (55)
RA — W

To perform a center manifold reduction, we need the definition of a center
subspace. Usually, it is defined to be an eigenspace associated with eigenval-
ues on the imaginary axis. For our case, the operators T}, 7T5,--- have the
continuous spectra on the imaginary axis. Therefore, we define a generalized
center subspace as a space spanned by generalized eigenfunctions associated
with generalized eigenvalues on the imaginary axis. Note that this is a sub-
space of the dual H,, not of L*(R, g(w)dw). As K increases from zero, some
of the generalized eigenvalues of T} get across the imaginary axis at K = K,
and they become usual eigenvalues on the right half plane (see Fig.5). Hence,
there is a nontrivial generalized center subspace at K = K. given by

E° := span{u, | A(K,) € iR},

The next purpose is to perform a center manifold reduction.

Example 5.3. Let us consider the density (3.11) given in Example 3.5. The
equation (5.3) for generalized eigenvalues is given by (3.12); the left hand
side of it already gives an analytic continuation of D(\). By solving it, it
turns out that two generalized eigenvalues exist at A\(0) = —1 % iwy when
K = 0. As K increases, they go to the right side as is shown in Fig. 3 (b).
They get across the imaginary axis when K = K. = 4, and become usual
eigenvalues for K > K,.. One of them again becomes a generalized eigenvalue
at K =2/(mg(0)) by getting across the imaginary axis from the right to the
left. The generalized center subspace for K = K, is a two-dimensional space.

6 Center manifold reduction

Recall that y. € R is defined as a number satisfying sup,;{g(y;)} = g(ye),
where y1,ys, -+ are roots of the equation H[g|(y) = 0. This gives a point
1y, on the imaginary axis to which some eigenvalue of T; approaches as
K — K.+ 0. For a Hopf bifurcation, we assume the following:

(A3) There are exactly two nonzero values y. and —y, satisfying sup,{g(y;)} =
g(£y.). Each of the corresponding eigenvalue of T} denoted by A7 (K) and
A, (K), respectively, is simple near K, (i.e. the eigenspace is one dimen-
sional).

+

dA
(A4) The real part of ﬁ k. is positive.
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(A5) g(w) is an even function.

The assumption (A3) implies that the generalized center subspace at
K = K, is a two dimensional space given by

) 1
E¢ =span{p,p-}, py:= lim (6.1)

A—+0tige X — iw
The assumption (A4) means that the generalized eigenvalues A of T} trans-
versely cross the imaginary axis from the left to the right. Due to (A5), it is
easy to verify that the following equalities hold:

2 - -

D(Zyc) = D(_Zyc) = ?7 D/(Zyc) = D/(_iyc)a D/,(iyc) - D”(_iyc)' (62)
It seems that (A3) and (A4) are satisfied for a wide class of even and bimodal
densities g(w) as long as the distance of two peaks are sufficiently far apart,
see Example 3.5.

In what follows, we assume (A1) to (A5) and perform the center manifold
reduction We put ¢ = K — K, which plays a role of a bifurcation parameter.
Our ingredients are;

Equations: The equations (2.3) for j = 1,2 with f; = 1/(2i), fo = h/(2i)
are given by

. € K
Zl = TCZl + §,PZ1 —+ 5(]1 . 772Z_1 — mZQ —h- mZ;g),

. (6.3)
Zo =127+ K(mZy — s — h-TaZy),

where T, is an operator 7T} estimated at K = K_; that is, K in T} is denoted
by K = K.+ ¢ and accordingly T} = T, + P /2.

Center subspace: As K increases from zero, a pair of the generalized
eigenvalues of Ty denoted by AX(K) gets across the imaginary axis at 4-iy.
when K = K., and they become usual eigenvalues on the right half plane
when K > K.. The associated generalized eigenfunctions at K = K, and
the generalized center subspace is given in (6.1).

Projection: The projection to an eigenspace is given in Lemma 4.2. The
projection to the generalized center subspace spanned by py and p_ is

D'ine) Al_i)rgc((/\—iw)_lgb, Po)ﬂ++m AEI_TZ!%((/\—W)_IQ Po(),u—)-
6.4

We divide our result into two cases, h = 0 and h # 0 because types of
bifurcations of them are different.

g =
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6.1 Center manifold reduction (h = 0)

Assume h = 0. Then, T, = 2iw. Since II.7; is a linear combination of
and p_, we suppose 1I.7; = K./2 - (ay(t)p+ + a—(t)u—). The scalar valued
functions a4 () and a_(t) denote coordinates on the center subspace, and our
purpose is to derive the dynamics of a4.. Since a solution decays to zero with
an exponential rate for (id —I1.)Z; direction and Z; (j = 2,3, - - - ) directions,
we assume that (id — II.)Z; and Z; (j = 2,3,---) are of order O(a?) which
stand for O(a2, aya_, o). Thus, we write

7= o (s + o (D) +O(?). (6.5)

Then, 7, is given by

m = /21 - g(w)dw
R

K, : 2
= ol [ e i [t o)
= oy +o_+ O(aQ), (6.6)
where we have used Eq.(6.2). Further, we make the following ansatz
d
e~ O(a?), c(;ti = Fiy.as + O(a?), (6.7)

which will be verified if the dynamics on the center manifold is derived.

For m,n =0,1,2,---, we define functionals denoted by p7" - u € H'_ by
mon et i ! ! (6.8)
. = lim im .
e o 5 O — i)™ (O — i)™

where the limit is considered with respect to the weak dual topology.

Lemma 6.1. The following equalities hold.

Wi = ipis £ Yo,
W4 = (A== Yelras

) 2
(n+Po | Py) = D(+iy.) = o
(L2 Py | Py) = =D’ (%iy.),
1
<M3iP0|P0> = 2 ( iYe),
<# - Py | Po> =0,
1

_Py| P = D' (iy,
< T 0| 0> %iye (@?J),
(py - 1> Po | Py) = ! D'(—iye),

- 21y,
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where Py(w) = 1 is a constant function.

Proof. For the first equality, we have

wpl = lim Y i lim m
+ Aotiye (A — iw)? Aotiye (A — iw)?
= ¢- lim — + gy, lim ;
AsEiye A — iw Aotiye (N — iw)?
= ipe oyl

The second one is proved in a similar manner. The third one is given in
Lemma 3.3. The fourth and fifth equalities are easily shown by the integra-
tion by parts, see Lemma 3.1. To prove the sixth equality, we use the partial
fraction decomposition as

1

Py Py = i I !
(g - pu_ Py | Py) ,\+i>ri1iychi>n—liyc R()Ur—iw)()\,—iw)g(w) w

= lim  lim ! / 1 + ! (w)dw
Aoty A o—iye AL — A Jp\ Ay —iw A —iw g
1
- —D(iy.) + D(—iy.)) = 0.
S (=Dline) + D)) =0

The last two equalities are also verified by the partial fraction decomposition.
O
Lemma 6.2. Define

K2 K2 K2
Zy = 4 aiﬂi + TOF_MQ_ - @Owr&—(lhr —p) +0(a?). (6.9)

It satisfies the second differential equation of (6.3) up to the order O(a?).

Proof. By substituting Eqs.(6.5), (6.6) and (6.9) in the equation, we can
confirm with the aid of Lemma 6.1 and (6.7) that

Zy = (TyZs + K (m Zy — 1 Z3))
is of order O(a?). O

Let us apply the projection II. to the both sides of the first equation of
Eq.(6.3) to get

K., . ) € K_
7(044_/14_ + oz_,u_) = TCXHCZ1 —+ §T]1HCP0 - ?771]._[022. (610)

Theorem 5.2 gives

K. K. .
TeWeZy = T (g +aop-) = = iye - (g — a-p-).
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The definition of II. combined with Lemma 6.1 yields

-9 —9
P, — ,,
" T KD(ig)" T KD (=)
~K2 /1 1 1
]._.[CZ - __—c - QDN.C o Q_D/_'C - _D/'C
> 1D/ i) (2% (iye) T (—iye) + P (iy )) it

— ¢ [ Za? —1Y, — W.) — —ayo_D'(—iy, _
AD'(—iy.) \ 2 ~ Y 2y, T Y e + Ye) | 1

+0(a®).
Substituting these equalities into Eq.(6.10) and comparing the coefficients

of py and p_, respectively, in the both sides of the equation, we obtain the
dynamics on the center manifold

da , _
d—: = iyear +prie(ay +a ) + (@ + @) (p2af + psa’ + praga) + O(a?),
do— . _ N _ _
T e +Pie(oy +as) + (@ +a-) (ppal +p3ad + paara) +0(a?),
(6.11)
where p; to ps are complex numbers defined by
—2 K2D"(iy.) _ K2D'(iy.) _ K?

P11 = P2 = pP3 = —

8iy.D'(iy.)’ ba= diy,.
This is a (real) four dimensional dynamical system. The next purpose is
to reduce it. Since the system is invariant under the action (ai,a_) —
(ePay,ePa_) for f € R, we can assume without loss of generality that
arg(ay ) + arg(a_) = 0. Hence, we assume ay = rye™™ with ro ¢ € R.
Substituting this into the system, we obtain the three dimensional system

(& =y.+0(r2) =y + O(e),
7+ = eRe(pi)ry. + eRe(pre™*¥)r_ + Re(p2)ri + Re(pze®)rir_
R Rl ol O
= cRe(p1)r_ + cRe(pre” Q“p)?ur + Re(pQ)r + Re(py 2zw)r r2
)

{ +Re(p36_4w)r+7‘_ + Re(pse )3 + Re(pse ) ror2 + O(rd).

(6.12)
To derive this, note that Re(ps) = 0. Now we apply the averaging method.
The right hand sides of the equations of r and r_ are averaged over ¥ to
obtain the averaging equation

i+ = eRe(p1)ry + Re(pa)rs + O(r
r_ = eRe(p1)r_ + Re(p2)r® + O(r

Kng(in)’ 8Dl<iy0) 7

),
. (6.13)

H- =~
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It is known that the averaging equation provides an approximate solution
within the error of order O(e). Further, if the averaging equation has a
stable fixed point, then the original system has a stable periodic orbit [6].
If O(rl)-terms are neglected, the averaging equation has at most four fixed
points:

—eRe(p1)
Re(pa) .

The last three fixed points exist as long as —¢Re(p1)/Re(p2) > 0. The Jacobi
matrices of the system at the fixed points are given by

5Re@n)(é 2),eRe@n)<]f ?),5Reun)(é f;),eReqn)(}f fg),

respectively. Because of the assumption (A4) and Lemma 3.3, we have
Re(p;) > 0. This shows that when ¢ = K — K. < 0, the point (0,0) is
stable, and when ¢ = K — K. > 0 and Re(py) < 0, the fixed point (r,r.)
exists and is stable. This proves that when ¢ > 0 and Re(p2) < 0, the aver-
aging equation (6.13) has a stable fixed point (r,,7_) = (14, 7.) + O(¢), and
the system (6.11) has a family of stable periodic orbits

(a+7 047) = (r*ei(yctJFO(f))Jriﬁ + 0(5)’ r*e*i(chro(g))Jriﬁ + 0(8)) ,

(ry,r—) =1(0,0), (7+,0), (0,7y), (74,7s), T4:i=

where § € R is an arbitrary constant induced by the action (ay,a_) —
(ePay,e®a_) and it is specified by an initial condition. Since the order
parameter is 71 = ay + a_ + O(a?), we obtain a family of stable solutions

m = 2r.e” cos(y.t + O(e)) + O(e). (6.14)
This completes the proof of Theorem 1.3 (i).

6.2 Center manifold reduction (h # 0)

Assume h # 0. Then, Ty = 2iw + hKP. We again assume (6.5), and make
the following ansatz

d
e~ O(a), ggziwﬂi+om% (6.15)
Lemma 6.3. Define
K7 K K7
Zy = of pf + Toﬂ_;ﬂ_ - chﬂha—(lﬁr — p-)

hK3 D'(iy.) , hK} D' (—iy.) 3
c _ c_- N IV _ 4 ( ) . 1
% 1.4 Qo g s 1_-n a”p (). (6.16)
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It satisfies the second differential equation of (6.3) up to the order O(a?).
This is proved in a similar manner to Lemma 6.2. Let us apply the
projection II. to the both sides of the first equation of Eq.(6.3).

K., . . 9 Kch
7(OZ+ILL+ —+ Oé,,d,) = TCXHCZl + 5771HCP0 + TnQHCZ?l + O(Oég) (617)
Lemma 6.3 with Lemma 6.1 gives
K? , K? ,
Ny = (Zz, P()) = — 4C O&_D,@yc) — 4C OZ2_D/(—Z'yC)

hKZ D'(iy.) , hK?D'(—iy.) ,
— o, — 8]
4 1—-h + 4 1—-h ~
Kc2 D’(iyc) 2 K02 D’(—iyc) 2 3
= T TR T 1oy o-Tol)

+ O(a®)

Lemma 6.4. 1I.Z_; is given by

4
R D (i)

4 ,
0.7, = —iarg(o.)
LT KD (i) a

efiarg(a_)ui + O(a)
See [2] for the proof.

Substituting these equalities into Eq.(6.17) and comparing the coefficients
of py and p_, respectively, in the both sides of the equation, we obtain the
dynamics on the center manifold

do : —i

dt+ = iy + qe(ag + a) + (gaf + gza? )e ™) + 0(a?),
da_ . — — —targ(a
— = —iyeas Gy +a2) + (@0l + g0l )e )+ 0(o?),

(6.18)
where ¢, ¢y and ¢3 are complex numbers defined by

2 WK,  hK, D'{iy.)
T K2D(iy) BT 1-n BT I1-onD(iy)

q1

(¢1 is the same number as p;). Note that ¢, is a real number. The next
purpose is to reduce this system by the same way as the last section. Since
the system is invariant under the action (o, a_) — (e®ay,ea_) for B € R,
we can assume without loss of generality that arg(a)+arg(a_) = 0. Hence,
we put ay = roet™ with r1,1 € R. Substituting this into the system, we
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obtain the three dimensional system

Y=y + O(€)>
i+ = eRe(q1)ry + eRe(qie™)r_ + gor2 + Re(gze™*)r2 + O(r
i_ = eRe(q1)r— + eRe(qie?™)ry + gor? + Re(gze*¥)r2 + O(r

),
).
(6.19)

Now we apply the averaging method. The right hand sides of the equations
of r, and r_ are averaged over ¢ to obtain the averaging equation

Hw Hw

{ 7y = eRe(q)ry + gari + O(r

3
i)v
r_ =eRe(q)r_ + qr* + O(r3). (6.20)

)

If O(r3)-terms are neglected, the averaging equation has at most four fixed
points:

—eRi
(ryr_) = (0,0), (r.,0), (0,r.), (re,rs), 7.:= %@”
2
The last three fixed points exist only when —zRe(q1)/g2 > 0. The Jacobi
matrices of the system at the fixed points are given by

5Re(q1)<(1) (1)) 5Re(q1)<_01 ?) gRe(ql)((l) _01> 5Re(q1)(_01 _01)

respectively. Because of the assumption (A4) and Lemma 3.3, we have
Re(gq1) > 0. This shows that when ¢ = K — K. < 0, the point (0,0) is
stable. When K — K. < 0 and ¢o > 0, the fixed points (r,,0), (0,7y), (rs, )
exist but they are unstable. When K — K. > 0 and ¢, < 0, the fixed point
(7, 7) is stable. Since h < 1 (the assumption (Al)), ¢go < 0 is equivalent to
h < 0. This proves that when K — K. > 0 and h < 0, the averaging equation
(6.20) has a stable fixed point (ry,r_) = (r.,7.) + O(e?), and the system
(6.18) has a family of stable periodic orbits

(g, 0 = (r @GO 4 O(c2) o OB | O(c2))

where € R is an arbitrary constant induced by the action (a4, a_) —
(ePay,ePa_) and it is specified by an initial condition. Since the order
parameter is 171 = ay + a_ + O(a?), we obtain a family of stable solutions

m = 2r.e” cos(y.t + O(g)) + O(£?). (6.21)

This completes the proof of Theorem 1.3 (ii).
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