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Inelastic binary collision 

A model of granular  mater ials: 

Smooth (fr ictionless) spheres which dissipate their  kinetic energy by inelastic collisions 

𝑣1 𝑣2 𝑣′1 𝑣′2 

Restitution coefficient 𝑒 ≡ −
𝑣′1 − 𝑣′2
𝑣1 − 𝑣2

< 1 

𝐧 
𝐯1 

𝐯2 

𝐯′1 

𝐯′2 

𝐠 ≡ 𝐯1 − 𝐯2 

𝐠′ ≡ 𝐯′1 − 𝐯′2 
𝐠′ ∙ 𝐧 = −𝑒 𝐠 ∙ 𝐧  

Relative velocities 



Inelastic binary collision 

Velocities,  𝐯′′1 and 𝐯′′2,  which result in 𝐯1 and 𝐯2 after  an inelastic collision: 

𝐧 
𝐯′′1 

𝐯′′2 

𝐯1 

𝐯2 

𝐠′′ ≡ 𝐯′′1 − 𝐯′′2 𝐠′′ ∙ 𝐧 = −
1

𝑒
𝐠 ∙ 𝐧  

For  frictionless particles,  𝐠′′ = 𝐠 − 1 +
1

𝑒
𝐠 ∙ 𝐧 𝐧 

Exercise 1) Please derive the following relations.  

𝑑𝐠′′ =
𝜕𝐠′′

𝜕𝐠
𝑑𝐠 =

1

𝑒
 𝑑𝐠 𝑑𝐯′′1𝑑𝐯′′2 =

1

𝑒
 𝑑𝐯1𝑑𝐯2 

Jacobian 



𝐫 

𝑑𝐫 

(the center of dr) 

𝐯 

Velocity distribution functions 

“The number of particles in a volume dr with 

the velocities v~v+dv at time t” = 𝑓 𝐫, 𝐯, 𝑡 𝑑𝐫𝑑𝐯 

If there is no collision, we can trace the par ticles by 

𝐫 → 𝐫 + 𝐯𝑑𝑡 

𝐯 → 𝐯 + 𝐅 𝑚 𝑑𝑡 𝐅 = 𝑚
𝑑𝐯

𝑑𝑡
 

External 

body force 

𝑓 𝐫 + 𝐯𝑑𝑡, 𝐯 + 𝐅 𝑚 𝑑𝑡, 𝑡 + 𝑑𝑡 − 𝑓 𝐫, 𝐯, 𝑡 𝑑𝐫𝑑𝐯 = 0 

The number  of par ticles does not change: 

𝑓 𝐫 + 𝐯𝑑𝑡, 𝐯 + 𝐅 𝑚 𝑑𝑡, 𝑡 + 𝑑𝑡 − 𝑓 𝐫, 𝐯, 𝑡 𝑑𝐫𝑑𝐯 ≡
𝜕𝑓

𝜕𝑡
𝑐𝑜𝑙𝑙

𝑑𝐫𝑑𝐯𝑑𝑡 

Because of collisions,  the number  of par ticles change dur ing 𝑑𝑡: 

𝜕𝑓

𝜕𝑡
+ 𝐯 ∙ 𝛻𝑓 +

𝐅

𝑚
∙
𝜕𝑓

𝜕𝐯
≡
𝜕𝑓

𝜕𝑡
𝑐𝑜𝑙𝑙

 
For  simplicity,  

𝐅 = 𝟎 



Boltzmann equation 

The change of the number of particles after collisions:  
𝜕𝑓

𝜕𝑡
𝑐𝑜𝑙𝑙

𝑑𝐫𝑑𝐯𝑑𝑡 

• Case 1: “Direct collision”,  𝐯 → 𝐯′ ≠ 𝐯 ,  lose the number  of par ticles with 𝐯 
• Case 2: “Inverse collision”,  𝐯′′ ≠ 𝐯 → 𝐯,  gain the number  of par ticles with 𝐯 

Here, we assume that no par ticle goes out from the volume dr.  

𝐠 

𝐧 
(side-view) 

𝑑𝜑 

𝑏𝑑𝜑 

𝑏 

(top-view) 

𝑏𝑑𝜑 × 𝑑𝑏 

𝑑𝑏 

The number of direct collisions: 

The par ticles in a volume element 

𝑑𝑉 ≡ 𝑏𝑑𝜑 × 𝑑𝑏 × 𝐠 𝑑𝑡 
will collide with the scatter  par ticle.  

𝑑𝑏 

𝜑 

scatter 

𝑏 = 𝜎 sin 𝜃 , 𝑑𝑏 = 𝜎 cos 𝜃 𝑑𝜃 

∴ 𝑑𝑉 = 𝜎2 𝐠 ∙ 𝐧 sin 𝜃 𝑑𝜃𝑑𝜑𝑑𝑡 
            ≡ 𝜎2 𝐠 ∙ 𝐧 𝑑Ω𝑑𝑡 

“The number of particles in 𝑑𝑉” 

= 𝑓 𝐫, 𝐯1, 𝑡 𝑑𝑉𝑑𝐯1 

“The number of scatters in 𝑑𝐫” 

= 𝑓 𝐫, 𝐯2, 𝑡 𝑑𝐫𝑑𝐯2 

𝜃 

𝑏 

𝐠 𝑑𝑡 



Boltzmann equation 

𝜕𝑓

𝜕𝑡
𝑐𝑜𝑙𝑙

= 𝜎2 𝑑𝐯2 𝑑Ω
𝐠∙𝐧<0

𝐠 ∙ 𝐧
1

𝑒2
𝑓 𝐫, 𝐯′′1, 𝑡 𝑓 𝐫, 𝐯′′2, 𝑡 − 𝑓 𝐫, 𝐯1, 𝑡 𝑓 𝐫, 𝐯2, 𝑡  

The amount = (inverse collisions “gain”) – (direct collisions “loss”) 

𝑓 𝐫, 𝐯′′1, 𝑡 𝑓 𝐫, 𝐯′′2, 𝑡 𝜎
2 𝐠′′ ∙ 𝐧 𝑑Ω𝑑𝐯′′1𝑑𝐯′′2𝑑𝐫𝑑𝑡 

The number of inverse collisions: 

1

𝑒2
𝑓 𝐫, 𝐯′′1, 𝑡 𝑓 𝐫, 𝐯′′2, 𝑡 𝜎

2 𝐠 ∙ 𝐧 𝑑Ω𝑑𝐯1𝑑𝐯2𝑑𝐫𝑑𝑡 

𝑑𝐯′′1𝑑𝐯′′2 =
1

𝑒
 𝑑𝐯1𝑑𝐯2 𝐠′′ ∙ 𝐧 = −

1

𝑒
𝐠 ∙ 𝐧   (Exercise 1) 

𝑓 𝐫, 𝐯1, 𝑡 𝑓 𝐫, 𝐯2, 𝑡 𝜎
2 𝐠 ∙ 𝐧 𝑑Ω𝑑𝐯1𝑑𝐯2𝑑𝐫𝑑𝑡 

The number of direct collisions: 

(The number of particles in 𝒅𝑽) × (The number of scatters in 𝒅𝐫) 

Boltzmann eq. 𝜕

𝜕𝑡
+ 𝐯 ∙ 𝛻 𝑓 = 𝜎2 𝑑𝐯2 𝑑Ω

𝐠∙𝐧<0

𝐠 ∙ 𝐧
1

𝑒2
𝑓′′𝑓′′2 − 𝑓𝑓2 ≡ 𝐼 𝑓, 𝑓  

cf.) Note the similar ity with the Master  equation! 



Boltzmann equation 

Exercise 2) Please derive above relations of collision invariants.  

 𝜓 𝐯 𝐼 𝑓, 𝑓 𝑑𝐯 =
𝑑2

2
 𝑑𝐯𝑑𝐯′ 𝑑Ω

𝐠∙𝐧<0

𝐠 ∙ 𝐧 ∆ 𝜓 𝐯 + 𝜓 𝐯′ 𝑓𝑓′ 

∆𝐴 𝐯 ≡ 𝐴 𝐯′ − 𝐴 𝐯  

Collision invariants 

𝜓 𝐯 = 𝑚  𝑚𝐼 𝑓, 𝑓 𝑑𝐯 = 0 Mass 

𝜓 𝐯 = 𝑚𝐯  𝑚𝐯𝐼 𝑓, 𝑓 𝑑𝐯 = 0 Momentum 

𝜓 𝐯 =
𝑚𝐯2

2
  

𝑚𝐯2

2
𝐼 𝑓, 𝑓 𝑑𝐯 = −

𝜋𝑚𝜎2

16
1 − 𝑒2  𝐠 3𝑓𝑓′𝑑𝐯𝑑𝐯′ Kinetic energy 



𝜕

𝜕𝑡
+ 𝐯 ∙ 𝛻 𝑓 = 𝐼 𝑓, 𝑓  

Hydrodynamics 

Boltzmann eq. 

𝜕

𝜕𝑡
 𝑓𝑑𝐯 + 𝛻 ∙  𝐯𝑓𝑑𝐯 =  𝐼 𝑓, 𝑓 𝑑𝐯 = 0 

e.g.) Integrate over  v 

 𝛻 and v is independent.  

 Collision invariant 

𝜕

𝜕𝑡
𝑛 + 𝛻 ∙ 𝑛𝐮 = 0 

𝑛 𝐫, 𝑡 =  𝑓 𝐫, 𝐯, 𝑡 𝑑𝐯 

𝐮 𝐫, 𝑡 =
1

𝑛 𝐫, 𝑡
 𝐯𝑓 𝐫, 𝐯, 𝑡 𝑑𝐯 

Number density 

Velocity field 

Continuity eq. 



Hydrodynamics 

𝑇 𝐫, 𝑡 =
2

3𝑛 𝐫, 𝑡
 
𝑚𝑉2

2
𝑓 𝐫, 𝐯, 𝑡 𝑑𝐯 

𝐕 ≡ 𝐯 − 𝐮 𝐫, 𝑡  

“Granular” temperature 

Velocity fluctuation 

 𝑑𝐯𝐯 × Boltzmann eq.  

𝜕

𝜕𝑡
𝐮 + 𝐮 ⋅ 𝛻𝐮 = −

1

𝑚𝑛
𝛻 ∙ 𝝈 

Equation of motion 

 𝑑𝐯
𝑚𝑉2

2
× Boltzmann eq.  

𝜕

𝜕𝑡
𝑇 + 𝐮 ⋅ 𝛻𝑇 = −

2

3𝑛
𝝈: 𝛻𝐮 + 𝛻 ∙ 𝐪 − 𝜁𝑇 

Energy eq. 

Exercise 3 ) Please derive the equation of motion from the Boltzmann eq. 

(The derivation of the energy eq. is given in the lecture note.) 



Hydrodynamics 

𝜎𝑖𝑗 = 𝑛𝑇𝛿𝑖𝑗 + 𝑚 𝑉𝑖𝑉𝑗 −
1

3
𝛿𝑖𝑗𝑉

2 𝑓𝑑𝐯 ≡ 𝑛𝑇𝛿𝑖𝑗 + 𝐷𝑖𝑗𝑓𝑑𝐯 Stress 

Heat flux 𝑞𝑖 =  
𝑚𝑉2

2
−
5

2
𝑇 𝑉𝑖𝑓𝑑𝐯 ≡  𝑆𝑖𝑓𝑑𝐯 

Cooling rate 𝜁 = −
𝑚

3𝑛𝑇
 𝑉2𝐼 𝑓, 𝑓 𝑑𝐯 



Chapman-Enskog method 

“Slightly” inhomogeneous 

𝛻~𝐤 𝜖~ 𝐤 ≪ 1 

𝛻 → 𝜖𝛻 

Dispersion relation 

𝜔 𝑘 = 𝜔0 + 𝑘𝜔1 + 𝑘
2𝜔2 +⋯ 

             ~ 𝜔0 + 𝜖𝜔1 + 𝜖
2𝜔2 +⋯ 

𝜕

𝜕𝑡
=
𝜕

𝜕𝑡0
+ 𝜖
𝜕

𝜕𝑡1
+ 𝜖2

𝜕

𝜕𝑡2
⋯ 

𝜔𝑖~
𝜕

𝜕𝑡𝑖
 𝜔~

𝜕

𝜕𝑡
 

Introduce different time scales 

𝑓 = 𝑓0 + 𝜖𝑓1 +⋯ 

Perturbative expansion of 𝑓 𝐫, 𝐯, 𝑡  



Chapman-Enskog method 

𝜕

𝜕𝑡
+ 𝐯 ∙ 𝛻 𝑓 = 𝐼 𝑓, 𝑓  Boltzmann eq. 

𝜕

𝜕𝑡
=
𝜕

𝜕𝑡0
+ 𝜖
𝜕

𝜕𝑡1
+⋯ 𝛻 → 𝜖𝛻 𝑓 = 𝑓0 + 𝜖𝑓1 +⋯ 

𝑶 𝟏  
𝜕

𝜕𝑡0
𝑓0 = 𝐼 𝑓0, 𝑓0  

𝑶 𝝐  
𝜕

𝜕𝑡0
𝑓1 − 𝐼 𝑓0, 𝑓1 − 𝐼 𝑓1, 𝑓0 =

𝜕

𝜕𝑡1
+ 𝐯 ∙ 𝛻 𝑓0 

𝜕𝑛

𝜕𝑡0
= 0 

𝜕𝐮

𝜕𝑡0
= 𝟎 

𝜕𝑇

𝜕𝑡0
= −𝜁0𝑇 

𝑶 𝟏  𝜕𝑛

𝜕𝑡1
= −𝛻 ∙ 𝑛𝐮  

𝜕𝐮

𝜕𝑡1
= −𝐮 ∙ 𝛻𝐮 −

1

𝑚𝑛
𝛻 𝑛𝑇  

𝜕𝑇

𝜕𝑡1
= −𝐮 ∙ 𝛻𝑇 −

2

3
𝑇𝛻 ∙ 𝐮 

𝑶 𝝐  

Hydrodynamic eqs. 

Closed equation of 
𝑓0 



Chapman-Enskog method 

cf.) This idea, “projection of phase-space functions on hydrodynamic fields”,  

is quite impor tant in statistical mechanics, e.g. the mode-coupling theory (MCT).  

Assume that 𝑓 𝐫, 𝐯, 𝑡  depends on r and t through the 

hydrodynamic fields, 𝑛 𝐫, 𝑡 , 𝑢 𝐫, 𝑡 , and 𝑇 𝐫, 𝑡 .  

𝜕𝑓

𝜕𝑡
=
𝜕𝑓

𝜕𝑛

𝜕𝑛

𝜕𝑡
+
𝜕𝑓

𝜕𝐮
∙
𝜕𝐮

𝜕𝑡
+
𝜕𝑓

𝜕𝑇

𝜕𝑇

𝜕𝑡
 

𝛻𝑓 =
𝜕𝑓

𝜕𝑛
𝛻𝑛 +
𝜕𝑓

𝜕𝐮
∙ 𝛻𝐮 +

𝜕𝑓

𝜕𝑇
𝛻𝑇 

Combined with the 1st-order  hydrodynamics,  

the 1st-order  Boltzmann eq. is now written as 

𝜕

𝜕𝑡0
𝑓1 − 𝐼 𝑓0, 𝑓1 − 𝐼 𝑓1, 𝑓0 = 𝐀 ∙ 𝛻log𝑇 + 𝐁 ∙ 𝛻log𝑛 + 𝐂: 𝛻𝐮 

Exercise 4) Please show the explicit forms of A, B, and C.  

Note that 𝑨 ∝ 𝑽,𝑩 ∝ 𝑽,  and C is a traceless tensor.  



𝜕

𝜕𝑡0
𝑓1 − 𝐼 𝑓0, 𝑓1 − 𝐼 𝑓1, 𝑓0 = 𝐀 ∙ 𝛻log𝑇 + 𝐁 ∙ 𝛻log𝑛 + 𝐂: 𝛻𝐮 

Linear in 𝑓1 !!! 

Chapman-Enskog method 

𝑓1 ≡ 𝛂 ∙ 𝛻log𝑇 + 𝛃 ∙ 𝛻log𝑛 + 𝛄: 𝛻𝐮 

−𝜁0 𝑇
𝜕

𝜕𝑇
+
1

2
𝛂 − 𝐽 𝑓0, 𝛂 = 𝐀 

−𝜁0 𝑇
𝜕𝛃

𝜕𝑇
+ 𝛂 − 𝐽 𝑓0, 𝛃 = 𝐁 

−𝜁0𝑇
𝜕𝛄

𝜕𝑇
− 𝐽 𝑓0, 𝛄 = 𝐂 𝐽 𝑎, 𝑏 ≡ 𝐼 𝑎, 𝑏 + 𝐼 𝑏, 𝑎  

Substitute 𝑓1 in the 1st-order  Boltzmann eq. and use the 0th-order  hydrodynamics 

𝛂, 𝛃, and 𝛄 are determined by solving the equations, i.e.  𝑓1 is obtained. 



Chapman-Enskog method 

𝜎𝑖𝑗 = 𝑛𝑇𝛿𝑖𝑗 + 𝐷𝑖𝑗𝑓𝑑𝐯 ≡ 𝑝𝛿𝑖𝑗 − 𝜂 𝛻𝑖𝑢𝑗 + 𝛻𝑗𝑢𝑖 −
2

3
𝛿𝑖𝑗𝛻𝑘𝑢𝑘  Stress 

Heat flux 𝑞𝑖 =  𝑆𝑖𝑓𝑑𝐯 ≡ −𝜅𝛻𝑖𝑇 − 𝜇𝛻𝑖𝑛 

Kinetic theory Phenomenological expression 

𝛻 → 𝜖𝛻 𝑓 = 𝑓0 + 𝜖𝑓1 +⋯ 

𝑶 𝟏  

𝑶 𝝐  

𝑝 = 𝑛𝑇 

𝜂 = −
1

10
 𝐃: 𝛄 𝑑𝐯 

Hydrostatic pressure 

Shear viscosity 

𝑶 𝝐  

𝜅 = −
1

3𝑇
 𝐒 ∙ 𝛂 𝑑𝐯 

𝜇 = −
1

3𝑛
 𝐒 ∙ 𝛃 𝑑𝐯 

Thermal conductivity 

“2 nd-thermal conductivity” 



Chapman-Enskog method 

e.g.) From the 0th-order  Boltzmann eq.  

𝑓0 ≅
𝑛

2𝑇/𝑚 3/2
exp −

𝐯2

2𝑇/𝑚
1 + 𝑎2 𝑒 𝑆2

𝐯2

2𝑇/𝑚
 

𝜂 =
15

2 1 + 𝑒 13 − 𝑒 𝑑2
𝑚𝑇

𝜋
1 +
3 4 − 3𝑒

8 13 − 𝑒
𝑎2 𝑒 ∝ 𝑇 

Shear viscosity 

Thermal conductivity 

“2 nd-thermal conductivity” 

𝜅 =
75

2 1 + 𝑒 9 + 7𝑒 𝑑2
𝑇

𝜋𝑚
1 +
797 + 211𝑒

32 9 + 7𝑒
𝑎2 𝑒 ∝ 𝑇 

𝜇 =
750 1 − 𝑒

1 + 𝑒 9 + 7𝑒 19 − 3𝑒 𝑛𝑑2
𝑇3

𝜋𝑚
1 + ℎ 𝑒 𝑎2 𝑒 ∝ 1 − 𝑒

𝑇3/2

𝑛
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